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Problem 18: Identities for Dirac Matrices

In view of evaluating Feynman diagrams it is necessary to investigate useful identities of

Dirac matrices. To this end it is not necessary to use the explicit form of the Dirac matrices

γµ in a particular representation. All identities follow directly from the defining anticom-

mutators of the Clifford algebra [γµ, γν ]+ = 2 gµν I, where I denotes the unity matrix.

a) Determine the following contractions of Dirac matrices:

γµ γ
µ = 4 , (1)

γµ 6 a γµ = −2 6 a , (2)

γµ 6 a 6 b γµ = 4 a · b , (3)

γµ 6 a 6 b 6 c γµ = −2 6 c 6 b 6 a . (4)

(4 points)

b) For the matrix γ5 = iγ0γ1γ2γ3 prove the following properties

γ5γ5 = I , (5)[
γ5 , γµ

]
+

= 0 . (6)

(2 points)

c) With the help of the matrix γ5 show

Tr (6 a1 6 a2 . . . 6 a2n+1) = 0 . (7)

Which result do you get then for the trace of products with an odd number of Dirac matrices?

(2 points)

d) Prove the following trace identities of the Dirac matrices:

Tr ( 6 a 6 b ) = 4 a · b , (8)

Tr ( 6 a 6 b 6 c 6 d ) = 4
[

(a · b) (c · d)− (a · c) (b · d) + (a · d) (b · c)
]
, (9)

Tr
(
γ5
)

= 0 , (10)

Tr
(
γ5 6 a 6 b

)
= 0 . (11)

(4 points)
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e) Prove that the commutator of Dirac matrices

Sµν =
i

4
[γµ , γν ]− (12)

fulfills the commutation relations of the Lorentz algebra:[
Sαβ , Sγδ

]
− = i

(
gαδ Sβγ + gβγ Sαδ − gαγ Sβδ − gβδ Sαγ

)
. (13)

(3 points)

f) Prove the following contractions

γλ S
µν γλ = 0 , (14)

γλ S
µν γκ γλ = 2γκ Sµν . (15)

(2 points)

Problem 19: Discrete Symmetries for the Quantized Dirac Field

In the Dirac theory the field operator ψ̂(x) is decomposed into plane waves with the mo-

mentum p and the spin s according to

ψ̂(x) =
∑

s=±1/2

∫
d3p

√
mc2

(2π~)3Ep

{
e−ipx/~u(p, s)âp,s + eipx/~v(p, s)b̂†p,s

}
, (16)

where we have introduced p = (Ep/c,p) with the relativistic dispersion Ep =
√

p2c2 +m2c4.

The respective four-spinors u(p, s) und v(p, s) are defined in the Weyl representation as

u(p, s) =
1√
2


√
pσ

mc
χ(s)√

pσ̃

mc
χ(s)

 , v(p, s) =
1√
2


√
pσ

mc
χc(s)

−
√
pσ̃

mc
χc(s)

 (17)

and the two-spinors χ(s), χc(s) read

χ

(
+

1

2

)
=

(
1

0

)
, χ

(
−1

2

)
=

(
0

1

)
, (18)

χc
(

+
1

2

)
=

(
0

1

)
, χc

(
−1

2

)
=

(
−1

0

)
. (19)

a) Prove the relation

u(p̃, s) = γ0u(p, s) , v(p̃, s) = −γ0v(p, s) , (20)



3

by using (17) and the explicit representation

γ0 =

(
0 1

1 0

)
. (21)

(1 point)

b) A space inversion is implemented on the level of the creation and annihilation operators

by the linear operator P :

P âp,sP−1 = ηP âp̃,s , P â†p,sP−1 = ηP â
†
p̃,s , (22)

P b̂p,sP−1 = −ηP b̂p̃,s , P b̂†p,sP−1 = −ηP b̂†p̃,s , (23)

where p̃ = −p. With the help of (16) and (20) determine the transformed field operator

ψ̂ ′P (x) = Pψ̂(x)P−1 . (24)

Prove that ψ̂ ′P (x) will obey the Dirac equation if ψ̂(x) satisfies(
iγµ∂µ −

mc

~
I
)
ψ̂(x) = 0 . (25)

(2 points)

c) For the 2x2 matrices

c =

(
0 −1

1 0

)
, σ0 =

(
1 0

0 1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i c

)
, σ3 =

(
1 0

0 −1

)
(26)

prove the relation

c σµ = (σ̃µ)∗ c . (27)

Then show

v(p, s) = CūT (p, s) , u(p, s) = Cv̄T (p, s) , (28)

by applying (17)–(19) and the explicit representation (21) and

C =

(
c 0

0 −c

)
. (29)

(3 points)

d) The charge conjugation is implemented on the level of creation and annihilation operators

by the linear operator C:

Câp,sC−1 = ηC b̂p,s , Câ†p,sC−1 = ηC b̂
†
p,s , (30)
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Cb̂p,sC−1 = ηC âp,s , Cb̂†p,sC−1 = ηC â
†
p,s . (31)

With the help of (16) and (28) calculate the transformed field operator

ψ̂ ′C(x) = Cψ̂(x)C−1 . (32)

Prove with (26), (27) and (29) that the matrices

γµ =

(
0 σµ

σ̃µ 0

)
, (33)

obey the identities

γµ = γ0(γµ)†γ0 , (γµ)T = −C−1γµC . (34)

Show then that ψ̂ ′C(x) fulfills the Dirac equation (25) provided that ψ̂(x) obeys it. (4 points)

e) For the matrix

γ5 =

(
−1 0

0 1

)
(35)

and (29) prove the relations

γ5Cu(p, s) = −(−1)1/2−su(p̃,−s)∗ , γ5Cv(p, s) = −(−1)1/2−sv(p̃,−s)∗ . (36)

(2 points)

f) The time inversion is implemented on the level of creation and annihilation operators by

the antilinear operator T :

T âp,sT −1 = ηT (−1)1/2−sâp̃,−s , T â†p,s̃T −1 = ηT (−1)1/2−sâ†p̃,−s , (37)

T b̂p,sT −1 = ηT (−1)1/2−sb̂p̃,−s , T b̂†p,s̃T −1 = (−1)1/2−sηT b̂
†
p̃,−s . (38)

With the help of (16) and (36) calculate the transformed field operator

ψ̂ ′T (x) = T ψ̂(x)T −1 (39)

by taking into account the antilinear property of T :

T
(
αâp,s + βb̂†p,s

)
= α∗T âp,s + β∗T b̂†p,s . (40)

Prove the identity

γ̃µ = (γ5C)−1(γµ)∗(γ5C) . (41)

Which equation fulfills ψ̂ ′T (x) provided that ψ̂(x) solves the Dirac equation (25)?

(3 points)

Drop the solutions in the post box on the 5th floor of building 46 or send

them via email to radonjic@physik.uni-kl.de until January 21, 2021 at 12.00!


