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Department of Physics Priv.-Doz. Dr. Axel Pelster

Quantum Field Theory Problem Sheet 11

Problem 20: Electron-Proton Scattering

Consider a scattering process where an electron and a proton in the initial state

|i〉 = |pi, si; Pi, Si〉 (1)

go over into an electron and a proton in the final state

|f〉 = |pf , sf ; Pf , Sf〉 . (2)

The corresponding scattering operator Ŝ is given with the time ordering operator T̂ via

Ŝ = T̂
{
e−iĤI/~

}
, (3)

where Hamiltonian operator in the interaction picture

ĤI =
e

c

∫
d4xÂµ(x)

{
ĵµe (x)− ĵµp (x)

}
(4)

contains the normal ordered current density operators

ĵµe = c : ˆ̄ψe(x)γµψ̂e(x) : , ĵµp = c : ˆ̄ψp(x)γµψ̂p(x) : . (5)

a) Show that the scattering matrix Sfi = 〈f |Ŝ|i〉 in lowest order is given by

Sfi =
e2

~2c2

∫
d4x

∫
d4y 〈0|T̂

{
Âµ(x)Âν(y)

}
|0〉〈pf , sf |ĵµe (x)|pi, si〉 〈Pf , Sf |ĵνp (y)|Pi, Si〉 .

(6)

(2 points)

b) Insert the Fourier decomposition of both the photon propagator

〈0|T̂
{
Âµ(x)Âν(y)

}
|0〉 =

i~
cε0

∫
d4k

(2π)4
e−ik·(x−y)

−gµν
k2 + iε

(7)

and the field operators

ψ̂e(x) =
∑
p,s

√
mc2

V ep

{
e−ip·x/~u(p, s)âp,s + eip·x/~v(p, s)b̂†p,s

}
, (8)

ψ̂p(x) =
∑
P,S

√
Mc2

V EP

{
e−iP ·x/~u(P, S)âP,S + eiP ·x/~v(P, S)b̂†P,S

}
(9)
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in (6) with the respective relativistic dispersion relations ep =
√

p2c2 +m2c4 and EP =√
P2c2 +M2c4. Show that the scattering matrix results in

Sfi =
e2~
ε0c

(2π~)4δ(pf + Pf − pi − Pi)

√
mc2

V epi

√
mc2

V epf

√
Mc2

V EPi

√
Mc2

V EPf

×ū(pf , sf )γ
µu(pi, si)

−igµν
(pf − pi)2 + iε

ū(Pf , Sf )γ
νu(Pi, Si) . (10)

Interpret (10) via Feynman diagrams. (3 points)

c) Justify why the cross section of this scattering process is defined according to

σ =
1

4

∑
si,sf ,Si,Sf

∫
d3pf

V

(2π~)3

∫
d3Pf

V

(2π~)3
|Sfi|2

JT
. (11)

Insert (10) into (11) and apply the heuristic rule (see lecture)

δ(pf + Pf − pi − Pi)2 =
V Tc

(2π~)4
δ(pf + Pf − pi − Pi) . (12)

Show that the cross section can then be rewritten as

σ =

∫
d3pf

∫
d3Pf

e4(mc2)2(Mc2)2Mfi

16π2ε20cV Jepi
epf

EPi
EPf

(pf − pi)4
δ(pf + Pf − pi − Pi) (13)

and determine the expression for the spinor contribution Mfi. (1 point)

d) The expresion for Mfi contains terms of the form ,,adjoint spinor · matrix · spinor”. As it

represents a complex number, its complex conjugate coincides with its adjoint. Considering

the hermiticity of γ0 and the anti-hermiticity of γi prove the identity:{
ū(pf , sf )γ

µu(pi, si)

}∗
= ū(pi, si)γ

µu(pf , sf ) . (14)

(1 point)

e) For both four-spinors

u(pi, si) =
1√
2


√
piσ

mc√
piσ̃

mc

 χ(s) , χ

(
+

1

2

)
=

(
1

0

)
, χ

(
−1

2

)
=

(
0

1

)
(15)

prove the property ∑
si=±1/2

u(pi, si)ū(pi, si) =
6 pi +mc

2mc
. (16)
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Show that all summations with respect to the spin variables si, sf , Si, Sf in Mfi can be

explicitly performed with the help of (16), so that Mfi is of the form

Mfi =
1

16(mc)2(Mc)2
Tr

{
(6 pf+mc)γµ(6 pi+mc)γν

}
·Tr

{
(6 Pf+Mc)γµ(6 Pi+Mc)γν

}
. (17)

(3 points)

f) Determine the traces in (17) with the methods of Problem 18 and show

Mfi =

2

[
pf · Pf pi · Pi + pf · Pi pi · Pf − (mc)2Pf · Pi − (Mc)2pf · pi + 2(mc)2(Mc)2

]
(mc)2(Mc)2

. (18)

(2 points)

g) Go now into a reference system where the incoming proton rests:

EPi
= Mc2 , Pi = 0 . (19)

In the reference system the number of incoming particles per time and area is given by

J = |~je| with jke = 〈i|ĵke |i〉. With the help of (1), (5), (8), (15) and (20) show that the

current density then reads

J =
|pi|c2

V epi

. (20)

Note: Use the identities from the lecture√
piσ

mc
σ̃µ
√
piσ

mc
= Λµ

ν(pi) σ̃
ν , (21)√

piσ̃

mc
σµ
√
piσ̃

mc
= Λµ

ν(pi)σ
ν . (22)

(2 points)

h) Determine the cross section from (11), (18) – (20) by nelecting the proton recoil. This

approximation follows from performing the formal limit M → ∞ so that you have, for

instance: EPf
≈ Mc2. With this approximation show that you obtain the Mott cross

section (
dσ

dΩf

)
Mott

=

(
dσ

dΩf

)
Ruth

1− β2 sin2 θ/2

1− β2
, (23)(

dσ

dΩf

)
Ruth

=
α2m2~2c2

4|pi|4 sin4 θ/2
. (24)

Here the following notations were introduced: Ωf stands for the solid angle, α = e2/(4πε0~c)
represents the Sommerfeld fine structure constant, β = |pi|c/epi

denotes the dimensionless

velocity, and θ abbreviates the angle between pi and pf . (4 points)

Drop the solutions in the post box on the 5th floor of building 46 or send

them via email to radonjic@physik.uni-kl.de until January 28, 2021 at 12.00!


