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Problem 13: Quantization of Maxwell Field

The operators of the transversal vector potential Ay (x,t) and their canonical conjugated
8AJ_,L'(X,t)

5 in the Heisenberg picture obey the equal-time commutation

momenta 7;(X,t) = €
relations

fi(x, t),frj(x’,t)} - [/Alu(x, t),/hj(x’,t)} - 0,[121M(x, t),frj(x’,t)] — ih 65 (x —xX)(1)

with the transversal delta function
1

x — x|’

/ / 1 /
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a) Demonstrate that the commutation relations (1) are compatible with the quantized ver-

sion of the transversality condition
81»/1M (X, t) =0. (3)

Here we have used the Einstein summation convention that implies a summation over equal

indices. (2 points)

b) In the lecture it is shown that the field operator A (x,t) has the following Fourier

decomposition:
J&J_(X7 t) — Z /d3ka {G(k, )\)ei(kxfwkt)dk/\ 4 G(k, )\)*efi(kxfwkt)dL)\} (4)
A=+

Here the dispersion reads wy = c|k| and the polarization vectors e€(k, A) fulfill the properties

kek,\) =0, ek, N\ ek, \)" =0\, e(—k,\) =€k, -\ =€k, N)*. (5)
Prove
A _ 3 —k —i(kx—wkt) A
Q) —2(27r)3Nk /d re(—k,\)e 1L(x,t) + EOwkﬂ'(x, t) (6)
and the corresponding relation for &L 5 (4 points)

c) Determine the commutators

G, G ] =7, [&L,A, &L,x] =7, [&km &L,,\/} =7. (7)



How do you have to fix the normalization constants Ny, so that the operators ay , and

dL , can be interpreted as annihilation and creation operators of a single particle? (6 points)

d) According to the lecture the Hamilton operator of the electromagnetic field reads

a-l / P {lfri(x, (%, 1) + %@-ALJ—(X, DAL (x, t)} | (8)
0

2 €0

Show that the normal ordered Hamilton operator : H := H — (0|H|0) has the following

representation:

H:i= > / A hon af, \Gcx - (9)

A=+1
(4 points)
e) The momentum operator of the electromagnetic field reads
b= /d%; [v x AL (x, t)] X F(x, 1) . (10)
Demonstrate that the normal ordered momentum operator : p := p — (0|p|0) has the

following representation

pi= > /d3khdeAdk,A. (11)

A=1
(4 points)
f) The spin operator of the electromagnetic field reads
S = /d% A (x,t) x #(x,t). (12)
Prove that the normal ordered spin operator : S := S — (0[|S]0) possesses the following
representation
N k .
8= ) / d*k Ahm f, \Gcx - (13)
A=+1
Hint: Use the following identity for the polarization vectors
1\ % NS
G(k, )\) X €(k, )\) = —Z)\mé)\x . (14)
(4 points)

Drop the solutions in the post box on the 5th floor of building 46 or send them
via email to radonjic@physik.uni-kl.de until December 31, 2020 at 12.00!



