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Buchberger’s algorithm

Input: Ideal I = 〈f1, . . . , fm〉
Output: Gröbner basis G of I

1. G = /0
2. G := G∪{fi} for all i ∈ {1, . . . ,m}
3. Set P := {spol(fi , fj) | fi , fj ∈ G, i > j}

4. Choose p ∈ P, P := P \{p}
(a) If p

G−→ 0 II no new information
Go on with the next element in P.

(b) If p
G−→ h 6= 0 II new information

Build new S-pair with h and add them to P.
Add h to G.
Go on with the next element in P.

5. When P = /0 we are done and G is a Gröbner basis of I.

How to predict zero reductions?
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Signatures

Let I = 〈f1, . . . , fm〉.
Idea: Give each f ∈ I a bit more structure:

1. Let Rm be generated by e1, . . . ,em and let ≺ be a compatible monomial
order on the monomials of Rm.

2. Let α 7→ α : Rm→ R such that ei = fi for all i .

3. Each f ∈ I can be represented via some α ∈ Rm: f = α

4. A signature of f is given by s(f ) = lt≺(α) where f = α .
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How to use signatures?

General idea: Per signature we only need to compute 1 element for G.

Several elements with the same signature?

Choose 1 and remove the others.

Our goal: Make good choices.

Our task: Keep signatures correct.
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Think in the module

α ∈ Rm =⇒ polynomial α with lt(α), signature s(α) = lt(α)

S-pairs/S-polynomials:

spol
(

α,β
)
= aα−bβ =⇒ spair(α,β ) = aα−bβ

s-reductions:

γ−dδ =⇒ γ−dδ

Remark
In the following we need one detail from signature-based Gröbner Ba-
sis computations:

We pick from P by increasing signature.
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Signature-based criteria

s(α) = s(β ) =⇒ Compute 1, remove 1.

Sketch of proof

1. s(α−β )≺ s(α),s(β ).

2. All S-pairs are handled by increasing signature.
⇒ All relatons ≺ s(α) are known:

α = β + elements of smaller signature

6 / 19



Signature-based criteria

s(α) = s(β ) =⇒ Compute 1, remove 1.

Sketch of proof

1. s(α−β )≺ s(α),s(β ).

2. All S-pairs are handled by increasing signature.
⇒ All relatons ≺ s(α) are known:

α = β + elements of smaller signature

6 / 19



Signature-based criteria

S-pairs in signature T

What are all possible
configurations to reach

signature T?

RT =
{

aα | α handled by the algorithm and s(aα) = T
}

Define an order on RT

and choose the maximal
element.

7 / 19



Signature-based criteria

S-pairs in signature T

What are all possible
configurations to reach

signature T?

RT =
{

aα | α handled by the algorithm and s(aα) = T
}

Define an order on RT

and choose the maximal
element.

7 / 19



Signature-based criteria

S-pairs in signature T

What are all possible
configurations to reach

signature T?

RT =
{

aα | α handled by the algorithm and s(aα) = T
}

Define an order on RT

and choose the maximal
element.

7 / 19



Signature-based criteria

S-pairs in signature T

What are all possible
configurations to reach

signature T?

RT =
{

aα | α handled by the algorithm and s(aα) = T
}

Define an order on RT

and choose the maximal
element.

7 / 19



Special cases

RT =
{

aα | α handled by the algorithm and s(aα) = T
}

Choose bβ to be an element of RT maximal w.r.t. an order E.

1. If bβ is a syzygy =⇒ Go on to next signature.
2. If bβ is not part of an S-pair =⇒ Go on to next signature.
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How our matrices look like
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Hybrid Matrix Multiplication
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Reduce to zero
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New information
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First attempts

2011 – University of Kaiserslautern
Bradford Hovinen – LELA

https://github.com/Singular/LELA

2012 – UPMC Paris 6, INRIA PolSys Team
Fayssal Martani – new implementation in LELA
https://github.com/martani/LELA

2012-2013 – University of Kaiserslautern
Bjarke Hammersholt Roune – MathicGB

https://github.com/broune/mathicgb
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