EXCELLENT HENSELIAN RINGS NOT
CONTAINING THEIR RESIDUE FIELD

BY L
ALEXANDRU BREZULEANU and GERHARD PFISTER

In [2] an example of a henselian discrete valuation ring not containing its residue field
-is given. From this construction it is not clear how to choose such a ring to be also excel-
lent. Ch. Rotthaus developed in [4] the construction of excellent discrete valuation
rings. We can also use these ideas for our example (see Section 1). In Section 2 we cons-
truct some excellent rings which do not have sufficiently many derivations.

1. We start with the prime field F, of characteristic p > 0.

Let {X, Y, X,;; i, j € N} be a family of indeterminates (N the natural
numbers). Let L = F,(X,;i,jeN) and K = L(X* ";neN). We con-
sider the elements r,= ¥, X,; Y’/ € K[[Y]], where ieN. The set of the

121 }
r, is algebraically Emommwmmbd over K(Y) (cf. [4], p. 123).

1.1. Let A be the algebraic closure of Ay = L [Y, X*™" + r,; ne N}
in K [[Y]]. Then A is a henselian, discrete valuation ring with completiok
K [[Y]] (cf. [1] or [2]), and has the following properties

i) the residue field K of A cannot be embedded into A ;

ii) A s excellent.

Proof. (i) We first remark that X ¢ A. (Xe A would mean that
X is algebraic over 4,, and this would give an algebraic relation between
some of the 7, over K (¥).) If h: K — A would be an embedding of K in
A, then X" — b (X*"") = Ya,, with a, € A, n e N. Hence a, =Y"a,,,,
ie. ape M Y"4A = (0). It would follow that X e 4.

nzl
(ii) Forany te N, let L, = L (X**)and A, be the algebraic closure
of Ay =L[Y, X" +r,; n=0,...,8] in L[[Y]]. Then 4, is a
discrete valuation ring with completion L,{[¥]] (cf. [1] or [2]), and A=

=lim 4,. In 1.2 we prove that A, is excellent, ie. Q(4,) — L,((Y))
l .
is separable. The ring B = lim L,[[ Y]] is a discrete valuation ring, with
—>
residue field X and completion K [[Y]]. In 1.8 we prove that B is excel-

lent, i.e. Q (B) — K ((Y)) is separable. The inclusion 4 - B induces the
equality A = B. The field extension Q(4) — @ (B), which is lim (Q(4,)—

—_

— L,((Y))), is still separable. Hence thlv@?mv is separable, i.e.
A is excellent.

1.2 The ring A, (defined above) is ewxcellent.

Indeed, let s, = X? "' + 7, withi=0,...,tand ¥,y =7, — =
=8, — mwz with §=0,...,t —1. Then Ay =L [X, Ty -5 Fey Sl
The morphism of L [Y, 7, ..., 7;]-algebras f: 4o - L [¥, Ty oeey
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