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The aim of this paper is to classify map germs (C2,0) —» C and germs of
curve singularities in C2? given by an equation of the type f = (x? + y9)* +
S ig+jp>2pg@ijX'y? =0 with a fixed Milnor number p(f) = dim¢ C[[x, y]11/
(0f/0x, df/ dy). Here we always suppose p < q and ged(p, q) = 1.

The moduli space M, ,, of the map germs described above is an affine
Zariski-open subset of C2(P~ D@~ D-r-a+2+la/Pl deyided by a suitable action of
Kapq (the group of 2pg-roots of unity) depending on u(f).

The moduli space T, , , of all plane curve singularities described above
(which is the moduli space of all plane curve singularities with the semigroup
{2p,2q, u—2p—1)(g—1)+1) if u is even) is C?~ 2@~ D*Fl-1 deyided by a
suitable action of py, d = u — 2p — 1)(2q — 1).

In both cases we also get an algebraic universal family. It turns out that the
Tjurina-number t(f) = dim¢ C[[x, y11/(f, 8f/0x, of/0y) = u(f) — (p — 1)(g — 1)
depends only on u(f) and p and q.

Constructing the moduli spaces we use the graduation of C[[x, y]] defined
by p, q: deg x'y’ = ig + jp.

We use the following idea to construct the moduli spaces: Let u = (2p — 1)
(29 — 1) + d. We prove that for all f of the above type we can choose the
same monomial base of C[[x, y]11/(df/0x, df/0y) (Lemma 2). We choose a, f§
and that o < p,aq + Bp = 2pq + d. Hence p( fo) = u with fo = (x? 4+ y9)% + x*y~.
Then we consider a universal y-constant unfolding of f, as a “global” family
(Lemma 3). The parameter space U of that unfolding is an affine open subset of
C2p~D@-D=p=a+2+la/rl The group p,,, acts on U and M, ,, = U/, p,.
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To construct T, , , we consider the Kodaira-Spencer map of the universal
u-constant unfolding. The Kernel of the Kodaira-Spencer map is a Lie-algebra
acting on U. The integral manifolds of that Lie-algebra are the analytically trivial
subfamilies of the unfolding.

We choose a suitable section transversal to those integral manifolds, which
turns out to be isomorphic to C®?~2@~2)*+la/PI=1 The group u, acts on the
corresponding family and we prove that T, , , = C®?~2@-2+lr=1/,,

1. A normal form for map germs (C2, 0) - C with initial term (x? + y%)?

LEMMA 1. Let

2
f= <x" +y'+ Y h,-jx‘y") + ) wyxiyl

ig+jp>pq iq+jp>2pq+d

then p(f) 2 (2p — )29 — 1) + d, and p(f) = 2p — )29 — 1) + d iff

Ja= Y (= D¥/Plwy; # 0.

ig+jp=2pq+d

Proof. Either f is irreducible or the components of f have the same tangent
direction. This implies that

#(f) = u(f)—2p(2p - 1),

where f is the blowing up
2
]=j:(_).;-}2)_;y_) = (x" + y"_"+Zhi,~x"y‘”"’> + Zwijxiyi+j—2p

2
= <x" + y"_" + h;,j_priyj) +

ig—p)t+ijp>@—pp

iy,
+ Y Wi j—i+2pX Y-
i(q—p)+jp=2(@—pp+d

Using induction we may assume that

wiH=2p—D2q-p—1)+d
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and

uH=Cr-D2g—-p-D+diffo£ ¥  (=1)Pw;

ig+jp=2pq+d

= Z (- 1)[i/p]wi,j—i+2p'
i(q—p)+jp=2(p—q)ptd

This yields the if part of the result. Now if f is as above and u(f) > (2p — 1)
(29 — 1) + d, the condition f; = 0 says that (x? + y9) divides Xig+ jp=2pq+aWij X'V’
and adding — 4%, 4 jp=2pg+aWijx'y’ to the first part of f one gets f=
(x? + y? + ---)2 + terms of degree greater than 2pq + d. Continuing this way,
we get the result.

LEMMA 2. Let f = (x? + y9)? + Ziq+jp>2pqhijxiyj and p(f)=@2p—-1)
(29 —1)+d. Let y, 6 such that yq + p=3pq —q — p + d,y <p. Let B={(i,j)e
N%i<2p—1,j<q—1}u{(, j)eN?i<p, j<q}u{( j),G HeN?i<y j<
0 + q}. Then {x'y’} j)en is a base of C[[x, y11/(0f/0x, 0f/0y).

Proof. We use the algorithm of Mora (cf. [3]) to compute a Groebner base of
the ideal (9f/0x, df/0y). We consider C[[x, y]] as a graded ring with deg x = g,
degy = p. Let f; = 1/2p(9f/0x) and f, = 1/2q(9f/0y).

Consider s(f71, f>) = y2~1 fi — x?~ 1 f, and let f; be the reduction of s(f}, f3)
= y17 1 f, — xP~! f, with respect to the initial terms x2?~! resp. x?y?~! of f;
resp. f5, 1.e.

s(fi, 2)=fs+hifi+hfs
fr= Y Lxny”

Yi<p
qyi+péi=3pg—q—p+i
and the initial terms of h, resp. h, have degree >pq — presp. >pq —q. f3 #0

because of u(f) < 0. Let k be the minimal such that [, # 0, ie. [,x"y% is the
initial term of f3. Consider now

s(f2, f3) = by 7y — xPTVf
= [, y%*9 + terms of degree > pd; + pq
=:fy.

It is not difficult to see that the reductions of s(f;, f3)and s(f;, f4)i = 1,2, 3 with
respect to the initial terms of fy, f,, f3, f4 are zero, ie. f1, f2, f3, fa is a
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Groebner base of (9f/0x, df/dy). This implies that

{xiyj}(i,j)eB”Bl ={Gj),i<2p—-1,j<q—-1}u{G)),
l<pa]<6k}u{(l’])’l < yk:j < 6’( + ‘I},

is a base of C[[x, y11/(df/ox, df/dy).

O+ 4
51‘ T
q—l T BI

Vi p 2p—1

This implies u(f) = (p — 1)(@ — 1) + gy« + pdx and therefore y = y, and § = &
and B = B'. O

LEMMA 3. Let f=(x" + y)? + Zige jp>2pqax'y’ and u(f)=(2p —1)

Re—1+d.
Let y, 6 be defined by

y<p and yq+dop=3pq—q—p+d
Let Bo = {(i,j),ig+jp>pgi<p—2,j<q—2};

B, ={(i, j),iq + jp = 2pq + d,i < p, j < 6}
U{(,j)ig+jp=2pg+di<y,j<d+q)

There is an automorphism ¢: C[[x, y]] — C[[x, y]] such that
. . 2 . .
flo)= (x" +y+ Y h.~,~x'y’> + Y wix'y!
(i, )eBo @i, j)eBy
for suitable h;j,w;;jeC.

Proof. Using Lemma 1 we may assume that

2
f= <x" +yi+ Y bijxiy") + Y iyl

ig+jp>pq iq+jp>2pq+d
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Assume that there is an automorphism ¢® such that

2
flo = (4wt T Wpayie § bty +

(i, j)eBo igtjpzpatk

+ Y whxlyi+ Y By,

(i, j)eB1 ig+jp>2pg+k

oV = identity.
Now

Y hxiyi=(xP+y)H+ Y (= 1)ERc®xioyio

igtjp=2pq+k iq+jp=2pq+k

for a suitable homogeneous H of degree pq + k and iy < p,ioqg + jop = 2pq + k.
I Ziips2pgsr(— D #£0 and (ig,jo)¢ B, then k>pg—q—p+d
(Lemma 1) and jo = 8,ip =y or jo =96 + q.

Let a, B be defined by ga + pp = 2pq + d, o < p, then w,; # 0. Notice that

a—1l=ymodpand f—1=0Jmodg.
Let

g=xr 4y N RO Y by

(i, j)eBo iq+jp=pq+k
and
0g & og 0
imeexiy!| =2 — -2 =k — —d
() exy<ayax 6x6y>’éq+’1p pg+p+q
1

e:= . (_1)li/p]-[a-1+€/p]+ 1 .(k)
(g + BPWag ip+ia=2pa+k Y

. _Jlo—=1do—9) ifjo=6, ic=v
W“h“”’)’{(io—v+p,jo—6—q) if jo>6+4.

Let y: C[[x, y1] = C[[x, y]1] the automorphisms corresponding to the vector
field w, then g(¥) = g¢.
Hence,

fWeo®)=g*+ Y whxiyi+ Y o abxiyi

(i, j)eBo ig+jp>2pgtk
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and

Y o (—1Ere®

ig+jp=2pq+k

= % (=)Y) + (— 1) ag + fphwge.

iqg+jp=2pq+k

If (io, jo) ¢ By we may assume now that X, jp=2pq+x(— 1)“/”14’]‘) =0.
Let g,:=g + 3H and

i 0 0 o
Y x4 dH+m St = S dxy,
ig+jp=pqt+k X y (i, j)eBo

The degree of the initial part of m, resp. n; is ¢ + k resp.p + k.
We define p®**V by
P40 = 9V + my
e** () = o(y) +

and
(k+1) _ p(K) (k)
hiTY = k7 + dij
k+1 k) i (i s L
ng )= W?,-’ if (3, j) # (ios Jo)

k+1) _ [i/p) oK) 3f (7. i
WEOJ-O) = Wiotjo + Z (=1 Cij if (io, jo)€ By .
ig+jp=2pq+k

Then

2
iy,j (k+1)i,,J
f((p"‘*”)=(x"+y"+ S RSx4 Y b x'y’) ¥

(i, j)eBo ig+jp>pg+k+1

+ ) witUxiyl Y cfF Uxlyd
(@i, j)e By ig+jp>2pq+k+1

for suitable b+ 1), ck* ).
LEMMA 4. Let

=P+ yD)2+ Y ai(t)x'yl, a(t)eC[t]

ig+jp>2pq

and u(f,) =(2p —1)2q —1) + d for teC.
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Let y,6,By,B; be as in Lemma 3. There is a C[t]-automorphism
@.: C[1[[x, y11 = CLe1[[x, y1] such that

2
ft(¢:)=<xp+yq+ Y hij(t)xiyj> + Y wioxty!

(i, j)eBo (i, j)eB1

for suitable h;j(t), w;j(t)e C[t].
The proof is similar to that of Lemma 3. O

Let us consider the family
. . 2 . .
F(x,y,H, W)= (x" +y1+ Y H,-,~x‘y’> + Y W'y
G, j)eBo G, j)eB1

depending on the parameters H = (H;j)¢, jyeso» W = (Wij)g, jyes, and define N =
#Bo + #B,, then u(F) = (2p — 1)(2q9 — 1) + d on the open set U defined by
W # 0, g + Pp =2pq + d, in C" = Spec C[H, W]. Notice that N = 2(p — 1)
(@g—1)—p—q+ 2+ [q/p] is not depending on d!

The group of 2pg-roots of unity acts on U:

A€ tapgs Ao ((hig), (wij)) == (A7 9P~ Pahy;), (A9 7P~ 2Py, ), a
THEOREM 1. U/pu,,, is the moduli space of all functions

f=&+y9)* + Z aijxiyj

ig+jp>2pq

with u(f) = 2p —1)(2qg — 1) + d and F is the universal family.
Proof. Using Lemma 3 we have to prove the following

LEMMA 5. Let ¢ be an automorphism ¢: C[[x, y]] — C[[x, y]] such that
F(o(x), @(y), h, W) = F(x, y, h, w) (*)
for (h, w), (h, w)e U < CN then A-(h, w) =(h, w) for a suitable L€ i, ,,.

Proof. Let X:=¢(x), j:=¢@(y) then grouping the squared part of (*) one
gets:

<x” +y1+ %P+ 7+ Y hEy + Zhi,.x"yf> x

X (x" + Y1 —xP — j =Y by + Zhijx‘yf>

=Y w;x'pl — Y wyxtyd.
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This equation implies obviously that the degree of the initial term of ¢(x) is >q
and

X = '1"<x + X a‘i}’x"y") y= l”(y + 2 aﬁ?’x‘yf), A€ 2pg.

iqg+jp>q ig+jp>p

We may assume that 4 =1 and prove (h, w) = (h, w).

Let the degree of the leading parts of both sides of the above equation be
2pq+m and let r be the degree of ¢, ie. a{) =0if ig+jp<q+r af =0
ifig + jp < p + rand a{y # 0 or a{? # 0 for suitable i, j with ig + jp=q +r
resp. iq +jp=p +r.

1. Step. We prove that
@r>pg—p—q

P | - 1
y a‘.‘.’x‘yl=;y“'l-k, Y aPxiyl = —-ax"’“k

igt+jp=q+tr iq+jp=p+r

(b) h="hand w;;=w;;ifig+jp<3pg—p—q+4d.
First of all m > d + r because the leading part of the left side of the equation is
divisible by x? + y?and m < d + r would imply that the leading part of the right
side is a monomial. This implies w;; = w;; if ig + jp < 2pq + d + r. Now h;; = h;;
if iq + jp < pq + r. Otherwise the leading part of the left side of the equation
would be 2(x? + y9)(h;; — h;;)x'y’ for some i, j with ig + jp < pq + r and therefore
of degree 2pq +r < 2pq + m.

Now suppose r < pg — p — q. Then there is at most one monomial of degree
p+rresp.q+r.

If ig + jp = pq + r for some (i, j)€ B, and

qio + Pio=q +r
qiy +pjiy=p+r

then

(hij — hi)xiyd — pall) xiotP=1yio _ gq@ xiyhita=1_
otherwise the leading part of the left side of the equation would have degree
2pq +r < 2pq + m.

But (i, j)€ By, ie. i < p—1 and j < g — 1. This implies h;; = hy;, al}) =a?) =0
(because of r < pg — p — q we have i; < p — 1). This is a contradiction since
a #0oral® # 0 by the definition of r.

iojo i1j1
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Similarly one gets a contradiction if there is no (i, j)e B, with gi + pj = p + r,
resp. no iy, jo With gip + pjo = q + r resp. no iy, j; with gi; + pj; =p +r.
This proves that r > pqg — p — q. With the same method we obtain

1 1
Y a@xiyl=— Ex""k and Y, aPxiyl = ;y"‘lk.

ig+jp=p+tr ig+jp=q+r

(b) is clear now by the choice of B, and the fact that r > pg — p — q.

2. Step. We prove that r > 2pq — p — q.
Assume that r < 2pqg — p — q. Then deg k < pq, i.e., k is a monomial.
The leading part of the left side of the above equation is divisible by x? + y4.
The leading part L of the right side is

(W5 — wi)x'yl + Wap,k(fxa—lyﬁq—l _ Exa‘l'p—lyﬂ—l)
p q
if ig + jp = 2pq + m for some (i, j)e B, or

waﬁ. k(%x"_ lyﬂ+q—1 _ gxa+p—1yﬂ—l>

if iqg + jp # 2pq + m for (i, j)e B, .
Letk=k-xy"Mfa+¢—1<ptheni=a+é—landj=B+n+q—1.1f
a+é—12p theni=a+¢—1—pand j=f+n+29g—1.But (a+¢—1, 8+
n+q—1)¢B; and (0 + & —1—p,f+n+2q—1)¢B,. This implies L =
Wag* kx®~1y#~1((o/p)y? — (B/p)x*) which is not divisible by x? + y% This is a
contradiction and therefore r > 2pg — p — gq.
Now iq + jp < 4pq — 2p — 2q + d for (i, j)e B, then w;; = w;; for all (i, j)e B;.
d

2. The construction of the moduli space

We will construct the moduli space of all plane curve singularities given by an

equation (x? + y9)2 + X ;4 jp>2pa%ijx'y’ = 0 with fixed Milnor number p.
For u being even we get especially the moduli space for all irreducible plane

curve singularities with the semigroup I' = (2p,2q, 4 — 2(p — 1)(q — 1) + 1).
We use the family

VF)s U x C:>U

constructed in Theorem 1.
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U admits a C*-action defined by

Ao ((hij), (Wij)) = (A4 P~ Pap,;), (Aia*ip=2pay, ),
We get
F(2x, APy, h,w) = A*P4F(x, y, Ao (h, w)).

If u=Q@2p—1)Q2q9—1)+dand ag + fp = 2pq + d, o < p, then U = CV was
defined by W, ; # 0.

For the construction of the moduli space it is enough to consider the restriction
of our family to the transversal section to the orbits of the C*-action defined by
Wa, B = 1

Let W’ be defined by W = (W, 3, W’) and G(x, y, H, W') = F(x, y, H, 1, W’).
The parameter space of G is C¥~! = Spec C[H, W'].

The group u, of dth roots of unity acts on the family

V(G)sC2xCNV 1N !
induced by the above C*-action
G(A%x, APy, h,w') = A?P1G(x, y, Ao(h,w)) A€ p,.

LEMMA 6. Let ¢: C[[x, y]]1 — C[[x, y1] be an automorphism and ue C[[x, y]]
a unit such that

u* G(o(x), o(y), b, w') = G(x, y, b, W)

then there is a A € py such that (h, w') and 4o (h, w') are contained in an analytically
trivial subfamily of V(G)—» CV ™1,
Proof. Let

o(x) =Y aPx’y’ and @(y) =Y a@x'y), u=7Y u;x'y’.
u* G(o(x), @(y), h, w') = G(x, y, h, ')

implies

(1) a =0ifig+jp<q

@) a5 = o= dpaiy = i},

Let a{") = 47 and a{?, = A”.
We will prove later that A4 =1.
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Now we may assume that A = 1 and prove that (h,w’) and (h, w') are contained
in an analytically trivial subfamily of V(G) -» C¥~1.
We choose
(1) u(t)e C[t][[x, y]] with the following properties u(0) = 1, u(1) = u and u is
a unity for all te C.
(2 . C[t1L[x, y1]1 = CLt1L[x, y1] with the following properties ¢, = identity,
@1 = ¢ and ¢, is an automorphism of positive degree for all te C.
Let H(t) := w(t)G(¢,(x), ¢,(y), h, w') and apply Lemma 4. There is an C[¢]-auto-
morphism ®,: C[t][[x, y]] — CLt1[[x, y]] such that

H(®,) = F(x, y, h(t), w(t))
for suitable h;;(t), w;;(t) € C[t] with the property

h(O) = h
w(0) =(1, w').

H(®,) has a constant Milnor number, i.e. w,4(f) has to be constant.
This implies

H(®:) = G(x, y, h(z), w'(2)).
But,
G(x, y, h(1), w'(1)) = H(®,) = G(®1(x), D;(y), b, ').
Using Lemma 5 and the fact that @, has positive degree we get

k= (1)

W = w (L),
ie. (h,w) and (h, ') are in the trivial family
G(x, y, h(t), w(t)) = w(®,)G(D: ¢, h, W').

To finish the proof of Lemma 6 we have to prove

LEMMA 7. Let

2
fk=(x"+y4+ ) aﬁ?x‘yj) +xy 4+ Y by, k=12

iq+jp>pq iqg+jp>2pg+d

a<p,oq+ fp=2pq+d
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Let ¢: C[[x, y]] = CLLx, y]] be an automorphism with the property

@o(x) = A% + terms of degree > q
o(y) =A%y + terms of degree > p

and u a unit, such that

fil@)=fr-u

then 24 = 1.
Proof. u = A*"% 4 terms of higher degree.

2
ufy = 12""<x" +y+ Y alxly ) + Ayt 4+ Y BiPxyd

ig+jp>pq iq+jp>2pq+d
. 2
filo) = 12""<x’ +y'+ Y agxly ) +
ig+jp>pq

b
R A e D W o

ig+jp>2pq+d

for suitable af’l‘), 5"‘)

This implies

<2x" +2+ Y @) +aP)xy ) Y @y —a?xly

ig+jp>pa iqg+jp>pq

=1=-xyf+ Y AT — by

iq+jp>2pq+d

Because the leading term of the left side of the equation is divisible by x? + y9,
we get A9 = 1. 0

We consider now the Kodaira-Spencer map of the family
V(G) —» CN 1

p: DercC[H, W'] » C[H, W'1([x, y]]/( % a—G>

" 0y
defined by

p(6) = class(6G).
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The kernel of the Kodaira-Spencer map is a Lie-algebra L and along the integral
manifolds of L the family is analytically trivial. We will choose a transversal
section to the integral manifolds of L and divide by the action of y,; to get the
moduli space. To describe this transversal section we choose a suitable subset of
B,;:

BZ = {(l’])EBl’l < %J < 5} U{(l’])eBl,] < 5 - q}

5+q Cors
g
8 B, /j
5—q+1 =
y+1
Y 4 2p—1

Let M:= #Bo+#B,=N—(p—1)(g—1)=(p — 2)(q — 2) + [q/p] — 1. Let
W’ = (Wij)(ij)eBz and CM = Spec C[H, W/,}

2
G,(x,y, H, W"):= (x" +yi+ Y Hux‘y"> +xyP+ Y Wiy

(i,j)eBo (i,j)eB2

As before p, acts on the family V(G,) = C? x C™ —» CM.

THEOREM 2. CM/u, is the moduli space of all plane curve singularities defined by
an equation

P+y2+ Y agxiy/=0

iq+jp>2pq

with Milnor numbers p = (2p — 1)(2q — 1) + d and G, is the corresponding univer-
sal family.

Especially the Tjurina number 7 = u — (p — 1)(q — 1) only depends on p for
these singularities.

COROLLARY. Let I" = (2p,2q,2pq + d), d odd, a semigroup.

Then CP~2@a-2*+laiP1=1/), is the moduli space of all irreducible plane curve
singularities with the semigroup T.

G, is the corresponding universal family.

Proof. To prove the theorem we compute generators of the kernel of the
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Kodaira-Spencer map.
Let

GO=xP+y1+ Y Hyx'yl

(i,j)eBo

GV =xyf+ Y WXy, e
(i,J)eB1
ig+jp>2pq+d

G = G2 4 GV,

Let 6 Dere C[H, W'] be a vector field which belongs to the kernel of the
Kodaira-Spencer map, i.e.

0G 0G
5GE(G,$,a—y>
Now
o G 0G
0G =2G Y OSH;x'y' + Y  oWx'y'=S8:-Gmod —,—
(i.j)eBo (i.j)eB1 0x " Oy
ig+jp>2pq+d

for a suitable Se C[H, W'][[x, y]].
We will associate to any monomial x°)”, (a,b)# (0,0), a vector field
d45€ Derc[H, W'] such that

0G 9G
b
5,,,,G—xmeod(a 6)

Obviously {d,} generate the kernel of the Kodaira-Spencer map as C[H, W']-
module.
Now consider

xaybG — xaybG(O)2 + xaybG(l).

a G(O) a G(O)

Let xy*G?9 = Y E®x'y/ + L, — > T L, )

(i,j)eBo

for suitable E{f € C[H, W], L,, L, e C[H, W][[x, yI],

1
L, = ) x**1yb + terms of higher degree

b+1

1
L,= 5 ?y”*" + terms of higher degree,
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then
b . aG(l)
xay G = G© Z Etl_zfxty; + xaybG(l) _ %Ll _
(i.j)eBo Ox
oG\WH 0G oG
—3L,—— 3y mod (a, 6_y) .

The leading term of

9G» oG
Xy 00 il T~ T
is —(d/2pg)x**2y**P.

Using Lemma 2 we get

1L oG . aG(l)

xaybG(l) —_ 1 ax —2L2—‘ay
- G oG
= Y Db xt mod(a—, —>
(i,))eB: 0x’ Oy
ig+jp>2pq+d+aq+bp
for suitable D e C[H, W'].
This implies
G 0G
(i.j)eBo (i,j)eB1 ox’ 6
iq+jp>2pq+d+aq+bp

We define for (a, b) # (0,0)
5a,b(Hij = ‘lz‘E‘i'}’

0as(Wij)=D3}, ie,

1 ab ab
%ap =3 YES o aH,, + D5 aw,,

The vector fields 8, have the following properties:

(1) 8, is zero if ag + bp > 2pq — 2p — 2q

(2) 8.5(Wy) =0 ifig+jp<2pq+d+aq+ bp

(3) 6.s(Wij) = — dJ2pq if (o)) = (@ + a,B +b) or (L) =@ +a—p,B+b+0)
(in this case ig + jp = 2pq + d + aq + bp).
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(4) 64(H;j) =0 for all (i, j)e B, if ag + bp = pq — 2p — 2q
(5) For ig + jp =2 3pq + d — q and (i, j)e B, there is (a’,b’) such that

()= @+d\B+b)or ) =@+d —p B+ +a)
ie. 5a’,b’(Wij) = — d/2pq.

(6) For any (a,b), aq + bp < pq — q, always (x +a,f+b) or (x +a—p,
B+ b+ q)eB,,ie. ,,(W;;) = — d/2pq for the corresponding (i, j)€ B;.

(1) and (4) hold because of the fact that

iq + jp <2pq—2p—2q if (ij))e By
ig+ jp<4pg+d—2p—2q if(ij)eB,.

(2) and (3) hold because of the fact that the leading term of G'*) has degree 2pq + d
and because of Lemma 2. To prove (5) we consider two cases

1. Case iza—1
In this case (i, j)e B, implies i < p — 1. But ig + jp = 3pq + d — q implies
>f Thenad =i—a,b=j—§ have the required properties. Notice that
i < a — 1 and ig + jp = 3pq + d — q implies (i, j) ¢ B,
2 Case i<a—1
Now ig+ jp>3pq+d—q implies j>f+q then a =p+i—a, b =
Jj — B — q have the required properties. (6) is similar to (5):
We may assume that (« + a, § + b)¢ B,. Thisimplies2p — 3 > o + a > pand
> 2 because b<q—2,a<p—2 Suppose (x +a—p, B+ b+ q)¢ B, then
,B+b+q>B+2q—1,i.e.b>q— l,ora+a—p=>a—1l,ic.a>p—1,but
this is not possible. O

For the coefficients to the vectorfields d,, we get, because of (1)—(6), the fol-
lowing matrix:

ligq+jp>3pqg+d—gq

24 d |
3E® 2pq . I ,
S T aq +bp <pq -
2pq | S gq_+_bg§1_)q—1
P4 pe
2pq
I‘__d_
2pq
d
2pq
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This implies that the kernel of the Kodaira—Spencer map is generated (as
C[H, W']-module) by the vector fields

0 . L
Sij==5— (,j)eB,, igq+jp=3pg+d—gq
awij

and
rq 0 0
[—_——- EY — 4 —
hm d (i,j)szo Y 0H;; * Wi m *
2pq) 0
+ ——==|D%
(i,j)zejg1 < d d 6Wij

2pqt+d+aq+bp<ig+jp<3pq+d—gq
x (I,m)e B;\(B, v {(®,B)},lg + mp <3pq +d — g,

) a+af+b) flza
with (I, m) = {(a +a—pB+b+gq) else.

The vectorfields J; , act nilpotentely on C[H, W’']. Namely, if we consider
C[H,W'] as a graded algebra defined by degH;; =pq—iq—jp <0,
deg W;; = 2pq — iq — jp < O then the E¥} resp. D{} are polynomials in C[H, W']
of degree >aq + bp + pq — iq — jp resp. =aq + bp + 2pq — ig — jp. Notice
that their degree is always <0. Let Ae C[H, W'] be any polynomial of degree
0 = deg A = s(deg A = minimum of the degrees of the monomials in 4). Then the
degree of 8),,(4) > s. Therefore there is some n with 67,(4) = 0.

LEMMA 8. Let A be aring of finite type over afield k. L = Der,(A) a Lie-Algebra.
Let d,,...,90, vector fields with the following properties:
(1) 6,,...,6,€eLand L < 36,4

(2) [6ia 51] € Zk>max{i,j} 5kA
(3) There are x,...,x,€ A such that

5x)=1and 5,x)=0 j>i

4) o4,...,0, act nilpotentely on A.
Then A[x,,...,x,] = A.

The Lemma is not difficult to prove. A similar lemma was used in the
construction of the moduli space for curve singularities with the semi-group

<pq> (cf. [1], [2]).

Obviously A” is the ring of all elements of A being invariant under 6, ...,

re
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Now A%[x,] = A and the conditions (2)—(4) of the lemma are satisfied for
84,...,0,— acting on A%,

Now we may apply the Lemma 8 to the kernel of the Kodaira-Spencer map and
its generators {0}, }.

Because of the lemma the geometric quotient of C¥ = = Spec C[H, W’] by the
action of the kernel of the Kodaira-Spencer map exist and is isomorphic to the
transversal section to the maximal integral manifolds (which intersect therefore
each of these integral manifolds exactly in one point) defined by

Wim =0, (,meB;\(B, v {(®h)}.

Now we use Lemma 6 and get Theorem 2. Notice that
{GO% Y} . peso Y {X'V }i.pen. U {X'V,iq + jp < 2pg,(i, j)€ B}

is a base of the free C[H, W']-module C[H, W’][[x, y]1/G, dG/dx,3G/dy). This
implies p — 7= #(B,\B,) =(p — (g — 1) O
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