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Abstract

Pfister, G. and J.H.M. Steenbrink, Reduced Hilbert schemes for irreducible curve singularities,
Journal of Pure and Applied Algebra 77 (1992) 103-116.

We study the Hilbert scheme of zero-dimensional subschemes of Spec(A) for a one-dimensional
local noetherian k-algebra. Its connected components M, parametrize the ideals of colength 7in
A. The M, are embedded in a linear subspace M of a certain Grassmanian. We study the
structure of M by its intersection with the Schubert cells. The case of rings A with monomial
semigroup is specially treated.

1. Introduction

Let &k be a field and let 4 be a local integral noetherian k-algebra of dimension
one, such that its normalization A is a discrete valuation ring with residue field k.
Let v: A—NU{} be the corresponding discrete valuation. We let I' =
v(A\{0}) denote the semigroup of A, I(n)={fE A |v(f)=n} and I(n)=
I(n)N A for n€N. Define ¢:=min{n|I(n)C A} and m = multiplicity of A.
Then I(c)=c¢ is the conductor ideal and c¢=dim,(A/c). We define &=
dim,(A/A)=#(N\I'). Then 6 +1=c¢=26, and ¢=25 if and only if A is
Gorenstein (cf. [6, p. 80, Proposition 7]).

In this paper we study the Hilbert scheme of zero-dimensional subschemes of
Spec(A), in other words, the space Hilb(A) of nonzero ideals in A. Note that this
is a punctual Hilbert scheme in the sense of larrobino [5], and not a Hilbert
scheme in the usual sense [4, Exp. 221]. We will show that its connected
components _ parametrize the ideals in A of colength 7.
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In Section 2 we will construct a space  which is a special linear section of the
Grassmannian of 8-dimensional subspaces of A/I(28), and for each 7 a closed
embedding of (_ into ., which is an isomorphism for 7= c¢. We will also study
the partition of # by its intersection with the Schubert cells corresponding to the
natural flag.

In Section 3 we will investigate the structure of # in the case of certain
semigroups, which we baptize monomial semigroups (see Definition 9). In that
case the strata of the partition above appear to be isomorphic to affine spaces,
and we determine their dimensions.

2. Construction of A

Let A be the local ring of a reduced and irreducible curve singularity with
semigroup I'. We fix the following notation. Let / be a nonzero ideal in A. We
let (1) =UKA/I), «D)=min{o(f)|feI}, TU)={uv(f)| fEN0}}, L,U)=
(1) —t(I) and 6(I) = #(N\I(I)). For I = A we get 0, 0, I" and & respectively.
We let [a,b]:={xEN|a=x=b}, [a,9)={xEN|x=a} an let ¢c(I) be the
conductor of T,(1), i.e. max{n €N |n -1 & T (I)} =min{n EN|[n, 2) C I,(I)}.
We have the following relations:

(i) =(I)=11)+ 8(1) -5,

(i) c(l)=46+8(1).

Indeed, let f, € I with v(f,) = «(I), then

)+ 8=UA/D=If'AIf{'I=1f"AIA)+ I(AIf ')
=1(I) + &(I) .

Moreover, I,(I) is a I'-module, so y € I" implies that ¢(I} — 1~y & I,(I). Hence

#{yerl|y<c)y=8().

Definition 1. For A, I" as above, we let . be the subset of Grass(s, A/I(25))
consisting of the 8§-dimensional linear subspaces which are A-submodules.

Observe that the group 1+ m , acts by multiplication on A//(28) and hence on
Grass(8, A/I(28)). The fixed points of this action are exactly the points of . If
we embed Grass(, A/I(26)) by its Plicker embedding, we get .# = Grass(,
A/I(28)) N P(V), where V C A(A/I(28)) is the linear subspace of fixed points
under the action of 1+ m , (this works because 1 + m , acts by unipotent linear
transformations on A2(A/1(28))). We endow . with the reduced scheme struc-
ture. By construction, /# is a projective scheme.

Definition 2. For each 7>0 let 4 be the set of ideals of codimension 7 in A.
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Observe that each ideal of codimension 7 in A satisfies I(r +28)C1C I(7).
Choose a uniformizing parameter ¢ in A. Then I28)Ct ' IC A, and
I(A/t™T)=1(A/I)— 7= 6. Define the map &, : M,— M by ¢_(I)=1t"1/1(25).

Theorem 3. For all 7, the map ¢_ is injective and its image is a Zariski-closed subset
of M. For 7= c the map ¢_ is bijective.

Proof. Let x € / correspond to the A-submodule J of A of colength 8. Then ¢/ is
an A-submodule of A of colength 7 + 8, and x € Im(¢, )< t'J C A. This is clearly
the case for r=c, hence ¢, is bijective in that case. In general, the condition
t"J C A defines a Zariski-closed subset of /. The injectivity of ¢, is also clear. [

Examples. (1) Let A4 = k[[, ’]]. Then ., is a point, whereas #_= M = P'(k)
for r=2.

(2) Let A = k[[*, £’]). Then M is defined inside ?°(k) by the Pliicker relation
Ty T3y — W3y, + W7, =0 (which defines the Grassmannian) and the linear
equations 7, = m,, — m,; = 0. Thus # is a quadratic cone. # is the vertex of this
cone, and J(, and ., are two different lines through this vertex.

(3) Let A=k[[¢},t']]. The image of ./ under the Pliicker embedding of
Grass(3, 6) in ?°’(k) is defined by the Pliicker relations defining the Grassman-
nian and the linear relations

o3 = Mioa ™ Mias = Mg = Mizga — Tizs = Tize = Taag = Taas
= My T Toys = Mise — Tage + Tays = 0.

We will consider this example later in more detail.

For the study of ., a very useful observation is that A/I(28) has the
canonically defined flag

0CV,C---CV,, = A/I(26),

where V, = I(26 — i)/I(28). This induces a partition of Grass(5, A/I(28)) into
Schubert cells

W, ford=za =z---=a,=0,

aj.ay,..., ag

defined by

W

= {A € Grass(8, A/1(28)) | dim(ANV;,,_ )=ifori=1,...,8
anddim(ANV)) <ifor j<é+i—a;}
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(see [3, p. 195]). We have

& b,=afori=1,...,68.

Definition 4. Let A be a subset of [0, 26 — 1] such that #4 = § and A U [28, =) is a
I'-module. Let I'({)=I'(I)— 7(I). Then #(A):= the subset of M parametrizing
ideals [ with I (I)= AU [28, ).

Lemma 5. Let A={b,,...,b} withO0=b < ---<bs<28. Leta,_,,,=b,— i+
Lfori=1,...,6. Then M(A)=MNW, . O

The proof is left to the reader. In the sequel we will let W(A) denote the
Schubert cell containing #(A), and by abuse of language write W(I'), (1)
instead of W(I' N[0, 28 —1]), etc.

Theorem 6. [ is connected.

Proof. Let G=1+m . It acts on A/[(28) by multiplication and leaves the
standard flag invariant. Hence it also acts on Grass(8, A/I(28)) preserving the
partition into Schubert cells. G obviously also acts on ., hence it preserves each
stratum #(A). As 1+ I(28) acts trivially on Grass(8, A/I(28)), G acts via a
unipotent quotient on #. As J is projective, the only closed G-orbits on .# are
points. However, G has a unique fixed point P on J(, corresponding to 1(8)/
1(28). As the image of G in Aut(A/I(28)) is connected, each orbit is connected
and has P in its closure. Hence  is connected. []

Remark. The stratum .#(I") corresponds to the cyclic A-modules in A/I(28),
which form one G-orbit (namely G.A/I(28)), of dimension dim(G/1 +m ,)) =
dim(m ;/m ,) = 8. Observe that M(I") = M\{A| ACV,,_,}, hence M(I") is open
in . Below we will see examples of strata #(A) with A I of dimension =34.
Hence J is reducible in general.

As a consequence of the proof of Theorem 6, one obtains a fairly good picture
of the adjacencies of strata in .# by looking at an affine neighborhood of P in
Grass(8, A/I(28)). Such an affine open neighborhood U, is given by putting
Ts.1. 270, and we have an isomorphism Mat,(k)=U, given by
Z —rowspace(Z | 1), mapping 0 to P. In the sequel we will use the matrix
coefficients Z,; (i,j=1,....,8) as affine coordinates on U,.

The action of G on Grass(8, A/I(258)) is induced by right multiplication with
matrices as follows. Let N € Mat,(k) be given by N,,, =1, fori=1,...,6 -1
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and N, =0 else. Then ¢’ acts by right multiplication with (%" "% ') if j <& and
with (§ ™y ") if j = 8. Hence
26-1

g=1+ > a;t leavesrowspace(Z | I)invariant

i=1

z I
i ta78—J i j=8 | —
orank| > a,ZN’ Y a(Z'N°7+N')+ > a,ZN 8
j<8 j<é j=8
PR s ‘
@(2 a(Z'N°7'+ N+ a,ZN' ) Z-3 a,ZN'=0.
j<8 j=8 j<8

Hence we have the following proposition:

Proposition 7. Equations for M N\ U, can be obtained as follows. Let {g;};_, be a
set of generators of A/I(28) as a k-algebra. Write g, =}, a,t’. Then

(Z|heunU, & 3 a(Z'N°'Z+[N',Z])
j<é

+>a,ZN"°Z=0 fori=1,...,e. [

j=8

3. Monomial semigroups

From now on we assume that k is an algebraically closed field of characteristic
zero. For simplicity we will restrict to the case that A is complete.

Definition 8. A monomial curve singularity over k is an irreducible curve singu-

larity with local ring isomorphic to A = k[[¢*, ..., ¢*"]] for certain a,,...,q,, €
N. Without loss of generality we may assume that ged(a,,...,a,,)=1. In that
case the semigroup I" of A has generators a,,...,a,,, and again we may assume

that a,,...,a,, form a minimal set of generators for I

Definition 9. A semigroup I in N is called monomial if 0€ I', #(N\I") <% and
each reduced and irreducible curve singularity with semigroup I" is a monomial
curve singularity.

Theorem 10. For a semigroup I' CN the following are equivalent:
(1) I' is a monomial semigroup.
(2) I' is a semigroup from the following list:
(i) I,,,:={im|i=0,1,...,s}U[sm+b,x) with1=b<m, s=1,
(i) I, ={0)u[m,m+r—1JU[m+r+1,0) with2<=r=m~—1,
(i) I, ={0, m}U[m +2,2m|U[2m + 2, =) with m =3.
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(3) 0T, & :=#(N\TI') < and the following property holds: if x € N\I" and
c(x):=min{n €N |[n, ) CTU(x+ )}, then I' N (x + ') C [e(x), ).

Proof. (2)=(3) This is an easy case-by-case check.

(3)= (2) Suppose that I"satisfies (3). Let m := min(/'\{0}) and s, be given by
1=b<mand sm+ b=min(I"\mN). If [sm + b,) C T, then I'is of type I, _ ,.
Else there exists r>b with [sm+ b,sm+r—1]CT but sm+r&TI. We will
prove that s =1 and b =2.

Assume s > 1. Thensm + b€ I N (b + I') so by (3) we have c(b)=sm + b, i.¢.
sm+b+i€luU(b+TI) for all i=0. But sm+b+i&b+ 1T for 0<i<bh, so
sm+b+ielfori=1,...,b—1. This means that r =2b. On the other hand,

r<m+ b and we get
(*) m>r—bz=b.

If r=1 (modm), then r=m+1. Now 2m—-1& [ and (s —1)m+2m—1=
(s +1)ym —1€ I This implies by (3) thatsm+r=(+1)m+1€lrU(2m—1+
I'),ie. (s—1)ym+2€&l. This implies m=2,b=1,r=3 and sm+r=2s+3=
(s +1)m+ b &I and we get a contradiction.

If r1 (mod m), then m + r — 1 & T because of (*) and s >1. On the other
hand, we have (s —1)m+m+r—1=sm+ r—1€& I This implies using (3) that
sm+reElU(m+r—1+1),ie. (s—1)m+1&l. This is a contradiction and
hence s = 1.

Assume now that b>2. First of all r<m+b—1. Forif r=m+ b —1, then
2m+1€Tand m + 1 & T This would imply that m+r=2m+b—-1€(m+1+
INur,ie m+b-2¢c/l. This is a contradiction again.

Now r<m+b—1 implies r—b+1&I. But m+r>m+r—b+1=m+
b+1by(»),iem+r—b+le€landm+relU(r—b+1+1T). This implies
m+ b —1&I'; a contradiction. Hence we have s =1 and b <2. Recall r <m + b.

If =2 and r=m+1, then I'=T,. If b=2 and r<m, then r—1&T.
Because m+r—1€l we get m+rel’U(r—-1+1), i.e. m+1ETI; con-
tradiction. Remark that r #m as sm+ r & I

We are left with the case b =1. Now 2= r <m + 1. Assume there exists »' > r
with m + r' Z I'. Take r’ minimal with this property. If r' = r+1, then m +r' —
r=m+lel. lIftr>r+1, thenm+r—1++ —r=m+r’ —1€I. This implies
by (3) that m+relu(r—r+1I), 1e. m+re€r —r+1I, so m+rel,
contradiction. Hence [m +r+1,°)CI'so I'=1, ..

(2)= (1) Let A be a local k-subalgebra of k[[¢]] with semigroup I, . We have
A=k[[8n> &mi2>- -+ Bam-1ll, Where g =1+ b.""" (mod %), (It is clear
that a coordinate change will eliminate the coefficient of ™' in g, .) It is sufficient
to find a substitution ¢ = ¢(s) = s(1+ Y} ,., a,s') in such a way that the coefficient
of s*” " in each g,(¢(s)) is 0. This coefficient is equal to
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N
b, + the coefficient of s "' in (1 +> a,.s’)

i=2

=b,tjas, it Fopiioj(@y, o 0500,1)

So our equations for the a4, can be solved recursively. The cases of I, and I, ,
can be treated in the same way.

(1)=>(3) Suppose that I' has not property (3). Then there exist x € N\T,
y=y'+x€l'N(x+TI) and yEI'U(x+1I) such that y>y. Let A,=
k[[t'| i € I']] be the monomial singularity with semigroup I'. Put

A=K + A0 +ut’, f i€ T\{y,v'}]].
Then A has semigroup I, but for all changes of variables ¢ = ¢(s) either s” " or s”
will have a nonzero coefficient somewhere, if A and p are general enough. So A is

not a monomial singularity. [

Remark. For the monomial singularities we have the following invariants:

type embedding c ) Gorenstein
dimension type
Fm,s,b m smitb=1 S(m—1)+b_1 m—1
sm+bifb>1
Fm,r m—1 m+r+1 m m—r
I m—1 2m+2 m+1 1

Here the Gorenstein type of a Cohen—Macaulay local ring is defined as the
minimal number of generators of its dualizing module (cf. [6, Chapter 1V, Section

3)).

Remark. Notice that the simple irreducible complete intersection curve singu-
larities all have monomial semigroups:

type Ay: kf[x, y]J/GE ~y*Th) has semigroup I , , ,
type E: K[[x, y]]1/(x> ~ y*) has semigroup I , ,
type Ey: k[[x, y]]/(x* = y*) has semigroup I5 ,

type W,: k[[x, y, z]]/(x* — 2, y* — xz)  has semigroup [,
type Z,,: k([x, y, 2]]/(x*> — yz°, y* — 2°) has semigroup I, .

In the case of type Wj, the parametrization is given by (x, y, z) = (¢, £, t*); in
the case Z, it is given by (x, y, z) = (¢, £°, *).

Remark. Here is another view on the class of monomial semigroups. Between the
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invariants ¢, m and 6 we have the following inequalities. Write ¢ = sm + r with
O0=r=m—1. Then

ifr=2

r—1
m—lSBSs(m“1)+{(] else .

Observe that I'=1,, <6 takes the maximal possible value. All semigroups
with 6 = m are of type I', , and the only semigroup with 8 = m + 1 and which is

n.r

Gorenstein (i.e. with y el ce—-1-y &) is I

We fix the foliowing notation. Suppose A4 is as before and that the semigroup I’
of A is monomial. Let AC[0,28 — 1] such that AU[28, %) is a I"-module and
#A4=205. Let § be the set of minimal generators for A U[28, x) as a I'-module,
and let A:=SNA={y€A|Vy ely—y &A}. For each y€A let
J,:=[y+1,26 —1\A. We fix a parameter ¢ in A such that A=k[[¢" |y €T]].

Theorem 11. With these notations, for each A-submodule I of length & in A/I(28)
corresponding o a point in M(A) there exist uniquely determined u, € k (for
Yy € 4" and jE J)) such that I is generated by the elements g, (y € A’ ) where

c— Y i
g =+ X u .

JEL,

Proof. For each y € A’ choose A, €I such that i, =¢" mod I(y +1). If a, t’ is
the first term in & with ]EJ and a, #0, replace h,by h,—a, t’h where
vy=v"+vy" with y E A, y"e F\{O} In this way we arrlve at generators g, for 1
as above. Conversely, given such generators, for each y € A there exist uniquely
determined y'€ A’ and y" €I with y =1y’ + y” (here we use property (3) of
Theorem 10), and we get a k-basis of / by taking all t"’”gy, for y € A. Because ['is
monomial, in the process of reducing this basis to reduced row echelon form, the
elements g, with y’ € A’ are not affected. Hence these are uniquely determined
by I, and [ has indeed semigroup A. [

Corollary. If I' is a monomial semigroup, then each M(A) is an affine space of
dimension ), #1,, and the codimension c(4) of M(A) inside W(A) is equal to

ZYEA\;\' #Jy' |:|

We now proceed to the analysis of # in the monomial cases. We first observe
that there is a hierarchy between these, which goes as follows. Let I be a
monomial semigroup with conductor ¢. Put I'*=I"U {c—1}. Then I'* appears
to be a monomial semigroup again. In fact rr: . ,=rnr, ., iftb=2 T, =
Erzx L.n—1 lf 5_2 Fm [ I—;nfl,l.l’ F:I - m 1.2 and Fmr = Erx,l.l'

Let us write J(, for .4, when we want to specify which semigroup is under
consideration. We have a natural map j:J,.— 4, defined by j(I)=
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0+ (27" Ck[[]1/(£*°) for TCk[[e])/(r*° ). It is clear that j is injective and
that Im(j) is the union of all strata #((A) in 4 such that A= {b,..., b}, with
0<b, < ---<bs=28—-1and b, + c—1E€E AU |28, =).

Remarks. (1) If I'is Gorenstein, then #(A) CIm(j)< b, >0& A% I So in this
case we have M = M(I") U Im( j).

() Iftb,+c—1€A4, then b, =25 — 1.

(3) In general, Im( ) is closed in J and .# = Im(j) U U #((A), where we take
the union over all A such that b, =0, b, + ¢ —1&ZAU[28, %) or by <25 — 1.

We start with the study of J for the semigroups which are lowest in this
hierarchy.

(I '=T,,,,. We have 8 =m— 1. From the Corollary above we see that
M(A) = W(A) for ecach A. Hence the adjacencies are determined by the remark
before Definition 4. We have m — 1 irreducible components 4, ..., ,. The
intersection of J#, with the open patch U, consists of row spaces of matrices
(Z | 1) such that Z, =0 if i>r or j<r. In particular, dim(.#(,) = r(m — r) and
dim() =max{r(m —r)|r=1,...,m -1} =[m7/4].

Iy r=1,,,={0,m}U[m+2,%). We have § =m. Claim: if A has the
minimal element b, then ¢(4) =1 if b, + m + 1 & A and else ¢(4) = 0. Moreover,
in the former case, #(A) N U, is defined inside W(A) N U, by the single equation
tr(Z) = 0. Again the adjacencies are as for the corresponding Schubert cells, This
follows from Proposition 7; the equations for . N U, are: ZN'Z=0 for j=
0,2,...,m—1.

Let

A, ={b,b+2,....2b+1,b+m, bt m+2,....2m—1},
Ay, ={b,b+2,....2b,b+m,....2m—1},

for b=0,...,m—2 (notice that A,=I"). Remark that I'* =1, Then

m,1.1

ae=1m(jy 0 U T, with Im(j) 0 T03,) = 37
dim M(A,) = (b +1)(m —b)— b +1.

Especially
dim M(A,, 5 1) =[m74] + 1

implies

dim A = dim Im(j) +1=[m"4] +1.
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Using Remark 3 above, we have to prove that if W(A) C W(4,) for some A with

b =min(4), then #(A) C #(4,). But this is clear, because in U,, #(A) and

AM(4,) are defined by the single equation tr(Z) =0 inside W(A) and W(4,).
(1) =1, ,. Recall that I'* =1, , . Let

A, ={bYU[b+r+1,2b+r]Ulb+m,b+m+r—1]
Ulb+m+r+1,2m-1],
Ay ={b}U[b+r+1,2b+r—1|U[b+m,2m—1],

for b=0,...,m—r—1. Then

M

a=1m(j)u"J (@) withIm(j) N H(E,) = H(A,) .

dmMA)=b+)m~-b—r)+r,

i.e.
(3 iftm=3,
dim A =11,24] itm=4.

Again it is enough to prove that if W(A)C W(4,) for some 4 with b = min(4),
then #(A)C #M(4A,). We may assume that b+ m+r&Z A (otherwise M(A)=
W(4)). In this case M(A)N U, is defined in W(A)N U, by the equations
tr(ZN’)=0, j=0,...,r—1. As in the case I, ,, we conclude that .#(4)C
M(A,). _

Using Proposition 7 we see that # N U, is defined by the equations ZN’Z =0,
j=0,...,m~—1, j#r. We conclude the following facts:

(1)  {Z|DeUNU,|k(z)=1) =TIV HE, , )N U,

(notice that for r = m — 1 we have just one component);
(2) M(I'yN U, is defined by the equations

rk(Z)=1,
tr(ZN)=0 j=0,...,m—1, j#r,
Z,.j=0 fori=r+2,...,m, allj,

whereas #M(4,,_, )N U, is defined by

k(Z)=1,
tr(ZN)=0 j=0,....m—1, j#r,
Z;,=0 forj=1,...,.m—r—1, alli;
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(3) if m=3, then M = M)V M(A,_,).
It is enough to prove (1) and (2), because of the fact that in the case m =3,
tk(Z) =1 follows from Z* =0, hence (3) holds. It suffices to prove that

{ZEMat, (k) |tk(Z)=1,ZN’Z=0for j=0,...,m—1, j#r}
is the union of the two irreducible components
{ZEMat, (k)| tk(Z)=1, ZN'Z=0for j=0,...,m—1, j#r,
Z,.j=0fori=r+2,...,m,allj}
and
{(ZEMat, (k) |1k(Z)=<1,ZN’Z=0for j=0,...,m—1, j#r,
Z;,=0forj=1,..,m—r—1,alli}

because obviously #(A4,,_,_,) is contained in the first of these components and
M(I') in the other one, and moreover ZN'Z =0 tr(ZN’) =0 (as tk(Z) =1).

Now consider the Segre embedding #” ' x 2" ' — 9""2”1, (x, y)—x.'y. The
image corresponds to all m X m matrices Z of rank 1. Writing Z = x.'y we find
that ZN’Z =06 'yN’x = 0. We will prove that

{(x, VEP" ' x " " |'yN'x =0for j=0,...,m—1, j#r}

is irreducible if r = m — 1 and the union of two components defined as the closure
of y,#0 resp. x,, #0 (where x=(x,...,x,), y=(¥1s-- -, V)
If r =m — 1, we have the following system of equations:

Xyt tx,y,=0
Xyt tx,y, =0

Xy +x,y,=0.
If r<m -1, we have
tme*lx — . — tyNM»lx:O ,

SO

ylxm=0
y]xm—1+y2xm=0

ylxr+2+..'+ym—r—lxm=()‘
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If y, #0, thenx, ,=---=x,=0,1e Z,=0fori=r+2.
If x,, #0, then y, =---=y, _ ,=0,ie Z,=0forj=m—-r—-1.
We finish with the remark that

S={(x, VEP xP" Y x,.y,=0forv=0,...,r—1}

i—j=v

is irreducible of dimension m — 1. Indeed, it is clear that each irreducible
component of § has dimension =m — 1. Looking at these equations for fixed y,
we see that there is a unique component of S of dimension m — 1 projecting
birationally onto 2" ' and that the set of points in "' for which the fibre has
dimension at least i has codimension i+ 1. This implies that § has no other
component of dimension =m — 1.

If one takes r = 1 in the above description, the results remain valid, and apply
to the case of I' | ..

Let us consider the special case of I, (the E, singularity). Then for A we have
the possibilities

{0,3,4} {2,3,5} {3,4,5} {1,4,5} {2,4,5}.
M N U, is defined by rk(Z) =1, tr(Z) =0=1tr(ZN), i.e. by
Zy 7y Zy;
rank | Zy; 2y, Zy; =1.
Zy —Zy 2y~ Zy

One can prove that this defines a threefold with a singular line with transverse
singularity of type A,. For the different 4 we get for #(A) N U, the following:

A MANU, .
{3,4,5)  {(0|D},
00
{2,3,5} (0() v#0¢,
0

0

0 v

{1.4,5} (0 0
00

0

0

0

0
(2,4,5) (0
0

(IV) Let I'=1,,. Here I'*=1,, ,,. As I' is Gorenstein, /4 =Im(j) U .#(T")
and

u
v
0
u
0
0
u
0
0
I
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4 itm=3,
dm A=\ 4 41 itm=4.

Using Proposition 7 we see that # N U, is defined by the equations
Z'NZ=[Z,N"] and ZN’Z=0forj=1,...,m—1.

As before, we are interested in characterizing ((I"). The situation is not as easy
as before. It is no longer true that (I") is a union of .#(A)’s (as is the case for
the corresponding Schubert cells): if m =4, then (¢, t') € M(I) N M(A) with
A=1{2,4,6,8,9}. Obviously W(A)C W(I'). On the other hand, dim ((A)=
dim W(4) —1=5=dim #(I"), hence #(4) is not contained in H(I").

For m =3 (the singularity E,) one can check by explicit computation that
M = M(I'). We omit the details. We just mention that Sing(.#) is the union of the
closures of #({2, 5, 6, 7}) and ({3, 4, 6, 7}) with transverse types A, resp. D,.

(V) I'=1,,, (the singularity of type A, ). Then I' is Gorenstein and I'* =
I, (if s=2). Hence again # = Im( j) U #(I") and dim # = s by induction on
s. Furthermore, #((I") is dense in 4 and Im(j) =\ _, #({x,2s +1— x)) (here
(x, y) denotes the semigroup generated by x and y). With Proposition 7 we see
that J# N U, has equations Z(‘N)'*Z =[Z, N°]. For small s we get:

s=1: /M%“g"(k),

s =72: M is a quadratic cone in ?°(k),

s =3: M is a threefold with a singular line with transverse singularity of type
A,. At the point P, # has embedding dimension 5.

Remark. Consider a ring A and A-modules £ with a resolution of the form
0> A—> A" E—0.

Let us call such modules 1-n A-modules. The isomorphism classes of 1-n
A-modules are in 1-1 correspondence with their Fitting ideals, i.e. with ideals in
A which are generated by at most n elements (see {1, p. 146]). Hence for A the
local ring of a reduced and irreducible curve singularity, the isomorphism classes
of such modules are parametrized by open subsets of # (and by the whole of . if
n is large enough).

Remark. There is some more structure on £ which we have not exploited yet.
First, we have the residue pairing R on k[[¢]]/(¢°®). If I is an A-submodule of
K[[£]]/(t*) of length 8, then also I = {x € k[[¢]]/(:**) | R(x, I) =0} is such an
A-submodule. This defines an involution on /. In the neighborhood U, it is given
by Z+ —J'ZJ, where J;=1if i+j=06—1 and 0 else. The stratum #(4) is
mapped to M(A"), where A" =[0,26 —1]\(26 —1— A). In particular, #(I") is
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stable under this involution & I’ is Gorenstein. Hence, in the non-Gorenstein
case, #(I") cannot be dense in /#, as there exists another stratum with the same
dimension.

In the monomial case, we have an action of k* on .#, induced by the k*-action
on A, (Af)(t) = f(At) for A € k*. There is a unique fixed point in each stratum,
the zero point in the corresponding Schubert cell. In particular, the equations for
M N U, are quasi-homogeneous with weight (Z,) =8 +i— .
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