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Abstract

We describe, by matrix factorizations, all the rank two maximal
Cohen-Macaulay modules over singularities of type z3 + 23 +x3 +z3.!
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(briefly MCM) module over R has a minimal free resolution of periodicity 2,
which is completely given by a matrix factorization (p, ), ¢, 1 being square
matrices over S such that o = ¢ = f1d,, for a certain positive integer n.
Therefore, in order to describe the MCM R—modules, it is enough to describe
their matrix factorizations. In this paper we give the description, by matrix
factorizations, of the graded, rank 2, indecomposable, MCM modules over
Kz, 1o, 23, 74] /(23 + 23 + 23 + 23). Part of this study was done with the
help of the Computer Algebra System SINGULAR [GPS].

The MCM modules over the hypersurface f3 = 2% + x3 + x3 were described
in [LPP] as 1-parameter families indexed by the points of the curve Z =
V(f3) € P2 This description is mainly based on Atiyah’s theory of the
vector bundles classification over elliptic curves, in particular over Z, and on
difficult computations made with the Computer Algebra System SINGULAR.
The description depends on two discrete invariants — the rank and the degree
of the bundle — and on a continuous invariant — the points of the curve Z.

The classification of vector bundles is of great interest, in particular of ACM
bundles (i.e. those which correspond to MCM modules) over the singularities
of higher dimension. In the paper [EP], matrix factorizations which define
the graded MCM modules of rank 1 over f; = x3 + 235+ 23+ x3 are described.
There is a finite number of such modules, which correspond to 27 lines, 27
pencils of quadrics and 72 nets of twisted cubic curves lying on the surface
Y = V(f);) C P2 From a geometrical point of view the problem is easy, but
the effective description of the matrix factorizations is difficult and SINGULAR
has been intensively used.

In the present paper we continue this study for the graded MCM modules of
rank two. We obtain a general description of the MCM orientable modules
of rank two. They are given by skew—symmetric matrix factorizations (see
Theorem 6). The technique is based on the results of Herzog and Kiihl (see
[HK]) concerning the so—called Bourbaki exact sequences. The matrix fac-
torizations of the graded, orientable, rank 2, 4—generated MCM modules are
parameter families indexed by the points of the surface Y, that is, two pa-
rameter families and some finite ones in bijection with rank 1 MCM modules
described in [EP] (see Theorem 8. Here an important fact is that two Goren-
stein ideals of codimension 2 define the same MCM module via the associated
Bourbaki sequence if and only if they belong to the same even linkage class).
We also describe the non—orientable MCM modules of rank 2 over f;. There
is a finite number of such modules, which correspond somehow to the rank



1 modules described in [EP]. The graded MCM modules, non—orientable,
of rank 2 are 2-syzygy over f; of some ideals of the form J/(fy), J being
an ideal of the polynomial ring S = Kz, x9, x3, 24|, (K is an algebraically
closed field of characteristic zero), with f; € J, dimS/J = 2, depth S/J =1,
whose Betti numbers over S satisfy 31(J) = Go(J) + 1 and Fao(J) = 1 (see
Lemma 11). This result has been essential in the description of the graded,
non—orientable MCM modules. The paper highlights bijections between the
classes of indecomposable, graded, non—orientable MCM modules of rank 2,
4 and 5-generated and the classes of rank 1, graded, MCM modules (see
Theorem 13 and Theorem 16). Consequently, there exists a bijection be-
tween the classes of indecomposable, graded, non—orientable MCM modules
of rank three, 5—generated and the classes of rank 1, graded, MCM mod-
ules (see Corollary 17). These results remind us of the theory of Atiyah
and give small hope that the non-orientable case behaves in the same way
for higher rank. We also show that there are no indecomposable, graded,
non-orientable MCM modules of rank 2 6-generated. Consequently, there
exist no indecomposable, graded, non—orientable MCM modules of rank four,
6-generated.

Until now, the description of graded rank 2 MCM modules is not too far from
the theory of Atiyah. But the description of graded, rank two, 6-generated
MCM modules is different (see Section 6) from what we expected, since a
part of them, given by Gorenstein ideals defined by 5 general points on Y,
forms a 5-parameter family (see [Mig], [IK]). However, we believe that behind
these results there exists a nice theory of graded MCM modules over a cubic
hypersurface in four variables which waits to be discovered.

We express our thanks to A. Conca, R. Hartshorne, J. Herzog and G. Valla
for very helpful discussions on Section 6 and Theorem 6.

1 Preliminaries

Let R, := K|z, 29,...,2,]/(fn), where f, = 23 + 23 + ... + 23 and K is
an algebraic closed field of characteristic 0. Using the classification of vec-
tor bundles over elliptic curves obtained by Atiyah [At], Laza, Pfister and
Popescu [LPP] describe the matrix factorizations of the graded, indecompos-
able and reflexive modules over R3. They give canonical normal forms for the
matrix factorizations of all graded reflexive R3—modules of rank 1 (see Sec-
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tion 3 in [LPP]) and show effectively how we can produce the indecomposable
graded reflexive Rz3—modules of rank > 2 using SINGULAR (see Section 5 in
[LPP]). We recall from [LPP] the description of the rank 1, three-generated,
non—free, graded MCM R3-modules since we shall use it in the last section
of our paper. First we recall the notations. Let Py = [—1:0: 1] € V(f3).
For each A = [A1 : Ay : 1] € V/(f3), A # By, we set

0 Ty — )\1.]73 To — /\2]}3
Q) = T+ T3 —Tg9— /\21E3 —wIxs s
) wIs (1 — )\1)1’3 — I
A2 .
where w = {25 and, if A = [A; 1 1:0] € V(f;), we set
0 T, — )\1.772 T3
Q) = T+ 23 —)\1131 )\1$1 + )\%ZEQ
To r3 — I —I

Let 3y the adjoint matrix of ay.

Theorem 1 ((3.7) in [LPP]). (ax,B)) is a matriz factorization for all
A€ V(f3), N # Py, and the set of 3-generated MCM graded Rs—modules,

My = {Cokeray | A € V(f3), A # Py}

has the following properties:

(1) All the modules from Mg have rank 1.
(i1) Each two different modules from My are not isomorphic.

(i1i) Every 3—generated, rank 1, non—free, graded MCM Rs—module is iso-
morphic with one module from M.

Now we consider the case n = 4. In this case we do not have the support
of Atiyah classification. The complete description by matrix factorizations

of the rank 1, graded, indecomposable MCM modules over R4 was given in
[EP].

The aim of the present paper is to classify the rank 2, graded, indecomposable
MCM modules over R4. From now on, we shall denote R = Ry, f = f, and we



preserve the hypothesis on K to be algebraically closed and of characteristic
Zero.

Let M be a rank 2 MCM module over R, and let p(M) be the minimal
number of generators of M. By Corollary 1.3 of [HK], we obtain that
u(M) € {3,4,5,6}.

First of all we consider the 3—generated case. The description of the
rank 1 MCM R-modules is given in [EP]. We recall the notations. For
a,b,c,d,e € K such that a®> = 0® = ¢ = d® = —1,e> = 1, # 1, and
bed = ea, we set

0 T1 — ATy T9 — bxs
alb,e,dye) = x1 — —b%z3 — abc’e? b w3 — abee?
,C, Q, = 1 CIo T3 aoc e"xry C"T3 aoce~"Ty
xg — dry Ao+ b3+ acry —1 — cro — axy

and

B(b,c,d,e) = a(b,c,d,e),

that is, the transpose of a(b,c,d,e). Then each of the matrices a(b,c,d,¢)
and (b, ¢, d, ) forms with its adjoint, a(b, ¢, d, €)*, respectively 5(b, ¢, d, e)*,
a matrix factorization of f.

For a,b,c € K, distinct roots of —1, and ¢ as above, we set

0 T1 + o T3 — ATy
n(a,b,c,e) = | x1+exs —x3+ cay 0
r3 — bZL'4 0 —Tr1 — €2ZE2
and
0 T+ 23 Lo — ATy
I a,b,c) = | x1 —a’bws —x9+cay 0
To — bl’4 0 —x1 + Gb2I3

The matrices n(a, b, c,e) and ¥(a, b, ¢) form with their adjoint, n(a,b, c,e)*,
respectively 9(a, b, ¢)*, a matrix factorization of f.

Theorem 2 ((3.4) in [EP]). Let

M = {Coker a(b, c,d,e), Coker B(b,c,d,e) | b,¢c,d, e € K,
V=c=d=—1bed=ca, =1, ¢ #1}



and
N = {Cokern(a,b,c,e), Cokerd(a,b,c) |e* =1, e#1
and (a,b,c) is a permutation of the roots of — 1}.

Then the sets M, N of rank 1, 3-generated, MCM graded R-modules have
the following properties:

(i) Every 8—generated, rank 1, indecomposable, graded MCM R—-module is
isomorphic with one module from M UN..

(ii) If M = Cokera(b,c,d,e) (or M = Coker 3(b,c,d,e)) belongs to M
and N € M, then N ~ M if and only if N = Coker a(be, ce, de, ) (or
N = Coker 3(be, ce, de, €2)).

(111) Any two different modules from N are not isomorphic.

(iv) Any module of N is not isomorphic with some module of M.

The map M — Qp(M) is a bijection between the 3-generated, indecompos-
able, graded, MCM R-modules of rank two and the 3—generated, indecom-
posable, graded, MCM R-modules of rank 1. Thus, from the above theorem
we obtain the description of the rank 2, 3—generated, indecomposable, graded
MCM R-modules.

Theorem 3. Let

M* = {Coker a(b, ¢,d,e)*, Coker 3(b,c,d,e)* | b,c,d, e € K,
bV’ =c"=d*=—1,bed =ca, ¢ =1, # 1}

and

N* = {Cokern(a, b, c,e)*, Cokerd(a,b,c)* | e* =1, e #1

and (a,b,c) is a permutation of the roots of — 1 }.

Then the sets M*, N* of rank 2, 3—generated, MCM graded R—modules have
the following properties:

(i) Every 3—generated, rank 2, indecomposable, graded MCM R—-module is
isomorphic with one module from M* UN*.
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(ii) If M = Coker a(b, c,d,e)* (or M = Coker 3(b,c,d,e)*) belongs to M*
and N € M*, then N ~ M if and only if N = Coker a(bg, cs, de, €?)*
(or N = Coker 3(be, ce, de, £%)* ).

(111) Any two different modules from N** are not isomorphic.

(iv) Any module of N* is not isomorphic with some module of M*.

Corollary 4. There are 72 isomorphism classes of rank 2, indecomposable,
graded MCM modules over R with three generators.

2 Skew symmetric matrices and rank 2 ori-
entable MCM modules

Let ¢ = (aij)1<ij<2s be a generic skew symmetric matrix, that is
Ay = O,Qij = —0Qyj4, for all Z,] = 1, ce ,28.

Then
det () = pf(e)*,
where pf(p) denotes the Pfaffian of ¢ (see [Bol, §5, no. 2] or [BH, (3.4)]).

Like determinants, Pfaffians can be developed along a row. Set ¢;; the matrix
obtained from ¢ by deleting the it and jth rows and columns. Then, for
alli=1,...,2s,

2s

pi(p) = Z(—l)iﬂa(i,j)azj pt(ij), (1)
=1
2
where (i, 7) denotes sign(j — 7). Multiplying (1) by pf(y), we obtain
2s
det(p) =) _ asby, (2)
j=1
for b;; = (=1)"o(i,7) pf(pi;) pf(e) when i # j and b; = 0. Since ¢ is a
generic matrix we see from (2) that b;; is exactly the algebraic complement
of a;; and so the transpose matrix B of (b;;) is the adjoint matrix of ¢. Set
1
b= —B.
pf(y)
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Then
as it is stated also in [[JP], §3].

Proposition 5. Let f = a3 4+ x5 + 23 + a3 and ¢ a skew symmetric matriz
over S = K(xy, 1y, 13,24 of order 4 or 6 such that det = f?, K being a
field. Then Coker ¢ is an MCM module over R := S/(f) of rank 2.

Proof. Let v be given for ¢ as above, that is the (i, j) entry of ¢ is (—1)" o (5, 7) pf(pi;)-
As above we have
o =vp=f-1d,, n=4or 6

because pf(p) = f. Then (p,1) is a matrix factorization which defines an
MCM R-module of rank 2. ]

Theorem 6. Preserving the hypothesis of Proposition 5, the cokernel of a
homogeneous skew symmetric matriz over S of order 4 or 6 of determinant
f? defines a graded MCM R-module M of rank 2. Conversely, each non—free
graded orientable MCM R—module M of rank 2 is the cokernel of a map given
by a skew symmetric homogeneous matriz ¢ over S of order 4 or 6, whose
determinant is f? and ¢ together with 1, defined above, form the matriz
factorization of M.

Proof. According to Herzog and Kiihl [HK], M must be 4 or 6 minimally
generated. Suppose that M is 6-generated (the other case is similar). Then
M is the second syzygy over R of a Gorenstein ideal I C R of codimension
2, which is 5-generated by [HK]. Using the Buchsbaum-Eisenbud Theorem
(see e.g. [BH], (3,4)) there exists an exact sequence

0 — S(=5) & §5(—3) & §5(—2) & 3 (3)

such that J =1Imd,, I = J/(f),ds is a skew symmetric homogeneous matrix,
ds is the dual of dy, d3 = d}, and

d1 = (pf((dg)l), - pf((dg)g), c. ,pf(<d2>5)),

where (dz); denotes the 4 x 4 skew symmetric matrix obtained by deleting

the 1 row and column of dy. ( We will see at the end of this proof that,
indeed, the entries of dy are linear forms ).
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Since f € J there exists v : S(—1) — S® such that dyv = f (v is given
by linear forms). It is easy to see from (3) that I = J/(f) has the following
minimal resolution over S :

(%)

0 — S(—5) ~2L §6(—3) 22

$(—2) L1 0.
As in [Ei], since fI = 0, there exists a map h : S°(—5) — S%(—3) such that

(dy,v)h = —f - Id5 and we obtain the following exact sequence

(¢%)

RS(—5) 07, go(—3) 12D,

R(—2) ™1 0. (4)
On the other hand, ¢ = (_Z? 8) is a skew symmetric homogeneous matrix

of order 6. Let 1 given as above. By construction 1 has the form <_ill d%)

and so (do,v)( -3, ) = —f - Ids = pf(¢)Ids. Taking h = (_, ) above, we
obtain from (4) the following exact sequence:

@), ps_9) By,

RS(—6) & RS(—5) & RS(—3)
which gives
Coker p 2 Tm ) = Q%(1).

We have pf(¢) = —f and so det(p) = f2. Therefore the entries of ¢ are
linear forms and as a consequence, the entries of dy are linear forms. O

3 Orientable, rank 2, 4—generated MCM mod-
ules

Let K be an algebraically closed field of characteristic zero,

S = Ky, 9,23, 24], f = 23 + 23 + 23 + 23, and R = S/(f). Let M be a
graded, indecomposable, 4—generated MCM R—module of rank 2. After Her-
zog and Kiihl [HK], M = Q%(I), where I is a graded 3-generated Gorenstein
ideal such that dim R/I = 1. Then I = J/(f), with J C S a graded, 3
generated ideal containing f, f € mJ by [HK]”. Let a1, s, a3 be a minimal
system of homogeneous generators of J. Since dimS/J = 1, it follows that
a1, (o, (g is a regular system of elements in S.



Let w,a,b € K with a® =0 = —1,u*>+u+1=0and 0 = (i j s) be a
permutation of the set {2,3,4} with i < j. Set

W1 = T1 — Qs, We2 = X5 — b$j7
Vgt = T4 anixs+a’r,, Ve = xi +briw; + bPa

then we have
f = Ws1Vs1 + Ws2U52.-

Let A = [A\; : A2 : A3 : 1] be a point of the surface V(f) C P3. We set
pix = i — Nivg, and @iy = a7 + Ny + Ajag, for 1 <4 <3
Let A =[A1: Ay : 1:0] be a point of V(f). We set
Pix = Ti — N3, Gix = T2 + Nxivs + Aiag, for 1<i <2

and
DP3x = T4, g3\ = ﬂfi-
fA=[A:1:0:0]€V(f), we set

2 2 92
Pix = T1 — M2, qix = T + \iZ122 + A5

and
_ _ _ .2 2
Pax = T3, P3x = T4, q2) = T3, 3 = Ty.

In all cases we have ,
f= ZP@\%‘A-
i=1

Since f € (a1, s, a3) and eventually we are interested in Q% (g, as, az), we
may suppose that either «; is in the set {p;x, gin} for each 1 < i < 3, or o;
is in the set {w,;, v} for each 1 < i <2 and = a3 is a regular element in
R/(ay, as).

Lemma 7. Let M be a graded, indecomposable, 4—generated MCM R-module
of rank 2. Then M is one of the following modules:

(1) Q%(pix, Dax, P3x) or Q&(qin, Gan, @3x), for some X € V(f),

(2) Q% (We1, V00, B) or Q%(Wea,Ve1, 3) for some a,b,aand 3 as above.



Proof. Set
I\ = (pl,vpzmprs,\)

and
0 P3x —D2x —qin 0 =@\ ¢ Dix
o) = —P3x 0 —DP1x  Qax by = q3x 0 qix  —DP2x
Dax Pix 0 q3x ’ —@2x —qin 0 —paxr
gGix  —@x —q@xn 0 —pix P2x p3x O

We have the following exact sequence:

R3(=5) ® R(—6) 25 RY(—4) 2 R¥}(—2) @ R(-3) & R3(-1) > I, — 0,
where 7 = (—p1a, P2x, P3x) and A are given by the first three rows of ¢,.
Thus, Q?(I)) = Coker(py) and (¢y, 1) is a matrix factorization of Q%(1}).
The ideals I and (qix, gax, p3x) belong to the same even linkage class since

I\ ~ (q1x, P2x; P3x) ~ (q1x, G2x, P3r)-

For the first link we consider the regular sequence {pirqix, pax, psa} and for
the second one the sequence {qiy, P2xgax, psr}. Similarly, one can see that
I, is evenly linked with the ideals (qix, p2x, gsx) and (p1a, Gox, g3x)- By [HK,
Theorem 2.1]|, we obtain that

Coker(py) = Q%(IA) = Q%(QL\? Q2A,P3,\) = Q%(lepz\, C]3A)
>~ 0% (pix, G2x, G31)-

Analogously, we see that

Coker(hy) = Q% (g1, Gax, 33) = QR (P1x, Paxs @30) = Q% (P1x, Gox, P3y)
= Q?%(lep%p?,,\)-

Thus, the case when «; is one of the forms {p;x, gir} gives (1).

Now let 0, a,b as above and § € S which is regular on R/(w,1, v,2). Set

I,p(a,b,u) = (We1, Ve2, B)

and
0 We1 —Vs2 0
_ —Wes1 0 _6 We2
¢Jﬁ<a7 b’ U) N Vg2 ﬁ 0 Vo1 ’
0 —Ws2 —Vs1 0
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0 Vg1 We2 ﬁ

_ Vo1 0 0 —Ug2
@Z)Uﬁ(a” b7 u) - — Wy O 0 — Wy
_ﬁ Vg2 We1 0

We have the following exact sequence:

-5(a,bu +5(a,bu -
Rt £, pi Lol pd B RS T T s(a,byu) — 0,

where 7" = (=03, V42, ws1) and B is the matrix given by the first three rows
of p,5(a,b,u). Thus,

Q% (I,5(a,b,u)) = Coker(p,5(a, b,u)).
As above, we see that
Q?{([aﬁ(a7 ba u)) = Q%{<w027 Vo1, ﬁ)

and
Q%{<w017 We2, ﬁ) = Q%{(Uola V52, ﬁ) = COker(¢Uﬁ(a7 ba U)) .

Thus, the case when «; is one of the forms {wy;, vy} for i < 2 gives (2). O

Let
M = {Coker(p,), Coker(¢) | A € V(f)}.

For a,b, o as above, set
20 (0,5,0) = Gy, (0,5,10), V(0 b,10) = Vi, (a,b, ),
that is, 8 = z;z,. Let
P = {Coker(p,(a,b,u)), Coker(¢y(a,b,u)) | a,b,o as above }.

Theorem 8. The set M UPcontains only non—isomorphic, indecomposable,
graded, orientable, j—generated MCM R-modules of rank 2 and every in-
decomposable, graded, orientable, j—generated MCM R-module of rank 2 is
isomorphic with one module of M UP.

Proof. Applying Lemma 7, we must show in the case (2) that 3 can be taken

T;xs. Since v,1 — wy1 (21 4 2azs) = 3a*2?, adding in ¢,5(a, b, v) multiples of
the last row to the second one and multiples of the first column to the third
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one, we may suppose the entry (2, 3) of the form v+ x40, with v, depending
only on z;,x;. These transformations modify the entries (2,2), (3,3) which
are now possibly non—zero. Adding similar multiples of the last column to
the second one and multiples of the first row to the third one, we obtain
©o3(a, b, u) of the same type as before but with § = v+ z,0. We may reduce
to consider § ¢ K. Indeed, if § € K, then, acting on the rows and columns
of p,s(a,b,u), we obtain that M = Coker(y,s(a,b,u)) is decomposable or
belongs to the set M. Now let § be not constant. Similarly, adding in
©wop(a, b, u) multiples of the first row to the second one and multiples of the
last column to the third one we may suppose that the entry (2, 3) has the form
ex;xs with ¢ € K. These transformations modify the entries (2,2), (3, 3).
After similar transformations, we obtain ¢,z(a,b,u) of the same type as
before but with 8 = exjzs. If ¢ = 0 we see that y,g(a,b,u) is a direct
sum of two 2 x 2-matrices, which contradicts the indecomposability of M =
Coker (¢y5(a,b,u)). So e # 0. Divide the second and the third column of
©wop(a, b,u) with e, and multiply the first and the last row of ¢,g(a, b, u) with
€. We reduce to the case € = 1, that is 8 = z;x;.

Now we show that two different modules from M U P are not isomorphic.
Note that the Fitting ideals of ¢y (respectively vy) modulo (zy,...,z4)?
have the form (p1x, pax, p3a) and the Fitting ideals of ¢, (a, b, u) (respectively
Yy (a,b,u)) modulo (xy,...,74)% have the form (w,1,wy) and these ideals
are all different. Thus,

{Coker(py) | A € V(f)} U{Coker(¢,(a,b,u)) | 0,a,b as above }

contains only non—isomorphic modules (similarly for ¢’s). It follows that, if
N, P € M UP are isomorphic and different, then N ~ QL(P).

If N = Coker(g,), for A € V(f), then this is not possible since the ide-
als (p1x, P2x, P3x) and (qix, g2x, g3n) are not in the same even linkage class.
Indeed, by the proof of (1) in Lemma 7, (p1x, pax, p3a) is evenly linked with
(q1x, @2, p3x) and this last ideal is obviously directly linked with (g1, g2x, g3 )-
If N = Coker(gog(a, b, u)) for some o,a,b, and N ~ QL(N), then the ideals
(Wo1, Vo2, Tjxs) and (We1, We2, T;x) are evenly linked. But these ideals are
directly linked by the regular sequence {wy1, VooWeya, ;2 }, contradiction!

It remains to show that M U P contains only indecomposable modules. If
N € M, let us say N = Coker(gpy) for A = [A; : Ag : A3 : 1], we see that
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N/z4N is exactly the module corresponding to the matrix

0 T3 —mry —a?
—x3 0 —x; a3
To T 0
3 —x5 —x2 0

whose cokernel is the special module M (see [LPP] for the special module of
rank 2 which corresponds to the special bundle from Atiyah classification).
Thus, N/x4N is indecomposable and, by Nakayama’s Lemma, N is indecom-
posable. Now let N € P, N = Coker (@bg(a, b, u)) By the permutation of the
rows and the columns of ¥, (a, b, u), we may suppose that it has the form:

W1 —Vs2 TjTg 0
Wy Vgl 0 T;Ts
0 0 Vol Vg2

0 0 —Wg2 Wa1

Suppose N is decomposable. Then v,(a,b,u) is equivalent with a direct
sum of two matrices of order 2 Ay, Ay. Let B;, By be the submatrices of
the 1, (a, b, u) given by the first two lines and columns, respectively the last
two lines and columns. Certainly Ay, Ay, By, By define some maximal Cohen-
Macaulay modules of rank one Ny, Ny, T, T5, and due to the particular form
of 1, (a,b,u) we have the following exact sequence

0—>T1—>N1@N2:N—>T2—>0.

Note that v, (a, b, u) is modulo z; or x, the sum of By, By. Thus T;/x;T; =
N;/z;N; for i = 1,2 and similarly for z,. Since we have the whole description
of rank one maximal Cohen-Macaulay modules we can see that A; is equiv-
alent with B; modulo z; and modulo z, only when A; is equivalent with B;.
Thus 7; = N, for i = 1,2 and so N = T7 @ T5. By a subtle result of Miyata (
[Mi] ) this happens only if the above exact sequence splits. This means that
there exist two matrices A, B of order two such that

2z, - 1dy = ( Wl — Vo2 >A+B ( Vot o ) ,
Weo Vgl —We2 Ws1
which is impossible. [
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Remarks 9. (1) There exists a bijection between
P, = {Coker(goa(a,b, u)) | o, a,b}

and the 2—generated, non—free, MCM R-modules, which remind us
of Atiyah’s classification. Thus, P; contains 27 modules corresponding
to 27 lines and 27 pencils of conics of V'(f).

Similarly, Py = {Coker(wg(a, b, u)) | 0,a, b} contains 27 modules.

(2) M is a kind of “blowing up” of My, Q}(Ms) from [LPP] (see the proof
of Theorem 8). Note also that M consists of two classes of modules
parameterized by the points of V(f), which is also in Atiyah’s idea.

(3) The matrices ¢ defining the modules of M UP are skew symmetric as
our Theorem 6 predicted.

4 Non—orientable, rank 2, 4—generated MCM
modules

Let M be a graded non—orientable, rank 2, MCM R-module, without free
direct summands. We should like to express M as a 2-syzygy of an ideal I,
M = Q%(I), with u(M) = p(I)+1 (this is known in orientable case by [HK],
see here Section 3).

The following proposition can be found in [B, Korollar 2].

Proposition 10. Let (A,m) be a Noetherian normal local domain with
dim A > 2 and N a finite torsion—free A—module. Then there exists a finite
free submodule F C N such that N/F is isomorphic with an ideal of A and
the canonical map F/mF — N/mN 1is injective.

Applying Proposition 10, we obtain the following exact sequence:
0O—-R— M-—1—0 (5)
for an ideal I C R, which induces an exact sequence

0— K=R/m — M/mM — I/mI — 0.
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Thus u(M) = p(I) + 1.

As we know in the orientable case to obtain MCM R-modules of rank 2 we
must choose I such that ExtL(I, R) is a cyclic R-module or, more precisely,
such that R/I is Gorenstein. In the non—orientable case one can also show
that Exth(7, R) must be a cyclic R—module, but this is not very helpful since
it is hard to check this condition for arbitrary /. Below we shall state an
easier condition.

Let J C S = K[Xy,...,X4] be an ideal such that f € mJ and I = J/(f).
Lemma 11. Let
0— g% B, g0 &g 7 g
be a minimal free S—resolution of an ideal J with depth S/J = 1.
If vank % (J/(£)) = 2 and p(Q%(J/()))) = (D) + 1 then 51 = s < 5 and

83:1.

Proof. As in the proof of Theorem 6, we obtain a minimal free resolution of
I =J/(f) over S in the following way:

Let v : S — 5* be an S-linear map such that jd;v = f Idg, where j : J — §

is the inclusion. Let d; be the composite map 5% 2% J — J/(f) =1. Then
the following sequence

(¢)

0— 5% — S”HMHS'S1 i>[—>0
is exact and forms a minimal free resolution of I over S. Since
f 8% C Im(dy,v),
there exists an S-linear map h : S — S%2*t! such that
(dy,v)h = fIdgs

and we obtain the following exact sequence
()

da,v d
Restsr 20 peatt B0 per 4 g
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which is part of a minimal free R-resolution of I. Thus, M = Q4(I) is
the image of the first map above and so s; + s3 = so + 1 = s1 + 1 because
(M) = p(QR(M)) = p(I)+1 by hypothesis. It follows that s3 = 1, 51 = sa.
As pu(M) < 3rankg M = 6 we obtain s; < 5. O

Let det N be the corresponding class of the bidual (A"N)™, n = rank N,
in CI(R) for a torsion free R—module N. Since det is an additive function,
we obtain det(M) = 0 if and only if det(I) = 0. Thus, M is non-orientable
if and only if I is non—orientable, that is, codim(J) < 1 for all ideals J C
R isomorphic with I, according to [HK]. Since M has rank 2, we obtain
codim(/) = 1. Thus, dim R/I = 2 and, from (5), we obtain depth R/ = 1,
that is, R/I is not Cohen-Macaulay. Also from (5) we obtain Q%(M) =~
Q3,(1) and so M ~ QF(I).

Proposition 12. Fach graded, non-orientable, rank 2, s—generated MCM
R-module is the second syzygy Q%(I) of an (s — 1)—generated graded ideal
I C R with depthR/I =1 and dim R/I = 2.

As in Section 3, let u,a,b € K, with
A=0=-1u+u+1=0,

o = (i j s) be a permutation of the set {2,3,4} with i < j and set

Ws1 = X1 — As, We2 = Ty — bl’ja
Vor = 2} amnxs+a’rl, ey = a7 + by + b7,
We have
!/ " / n
Vol = V51Vs1s Vo2 = VUsoUpso
for
v, o= 1 —uazrs, vl = x4+ (1+u)axs,
/ _ Z _
v, = x; —ubxj, vy = x4+ (14 u)bz;.

16



Set

Set

(,020(@, ba U) =

¢3U(a7 b7 U) =

Y40 (a,b,u) =

8030(6% b7 U) -

~—

Vo1
—Vo2
0
0

TV o, Vo2, Wo1),
TU51, Vo, Wo2),
TV, Vo2, Uol),
TV, Ut Voa),
z 0027110'27?1)0’1)
ZE 017U017w02)a

TsU 027 Vo2, Uol)u

(717 Vo2, Ua'l)
—Wy2 0 Ts
/
Vg1 TsVgo 0
"
0 We1 —Ulg
/

0 —Wg2Vsoy —Ugl
—Wgs2 0 —ij
Vo1 xv0, 0

/
0 Wea -
"
0 —We1Vs —Vp2
—Wgg —Xg 0
Vsl 0 TV
/
0 —v, We1
0 Vg1 —Wg2U,9
—We2  Tj 0
Vo2 0 TV
1"
0 vy W2
/
0 Vg2 —Ws1Vsq
We2 0 —Ts
"
Wy TsUso 0
"
0 —wypvly —wsn
/
0 Vg1 —v,,
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/
Vgl We2 — TjUpy 0
—Vg2 Wg1 0 —Zj

P10, byu) = 0 0  —wenv, Weo2 ’
Vo1 W2 O L
o Vg2 We1 _:ES,UZ;Q 0
'1/110-(@, b7 u) - 0 O Vg1 _U;/-2 )
0 0 —wevly —We
Vgl Weg2 0 T
| e wer —zyvly 0
Yao(a, by u) = 0 0 Voo —vl, |
0 0 —wsav?, —wee
Theorem 13. (1) For each 1 < t < 4, the pair (gow(a,b, u), Yo (a, b, u))

forms a matriz factorization of 0% (Iis(a,b,u)).
(2) The set
N = {Coker(gow(a, b, u)), Coker(ww(a, b, u)) |1 <t<A4, a,a,b,u}

contains only graded, indecomposable, non—orientable, j—generated MCM
R-modules of rank 2.

(8) Every indecomposable, graded, non—orientable, 4—generated MCM mod-
ule over R of rank 2 is isomorphic with one module of N .

(4) The modules of N are pairwise isomorphic. In particular, there exist
216 isomorphism classes of indecomposable, graded, non—orientable, 4—
generated MCM modules over R of rank 2.

Proof. (1) It is easy to check that
@to(aa b7 u) : ¢to(a7 b7 U) = f ' Id4

and the following sequence is exact:

R(—6)* 2, p(_5)2 @ R(—4)? L2, p(_3)4 AL R(—2)2 @ R(~1)
— li,(a,b,u) — 0,
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where A; is the 3 x 4—matrix formed by the first three rows of 1, (a,b, u).
Thus, (1) holds for ¢t = 1, the other cases being similar.

(2) Clearly I1,(a,b,u) C (v,5, we1) and so dim R/I1,(a,b,u) = 2. As xy is
zero—divisor in R/I,(a,b,u) we see that depth R/I;,(a,b,u) = 1 and, by
Proposition 12, Q%(I) is non-orientable, 4-generated of rank 2. Note that
the module Coker(gplg(a, b, u)), as in the last part of the proof of Theorem
8, is indecomposable because there exist no two matrices A, B of order two
such that

"
0 T o W1 —We2 A B Wa1 —Vso
/ O - + / .
LsUso Vo2 Vo1 —W52Vs0 —VUs1

Similarly, the cases t > 1 follows.

(3) Now let M be an indecomposable, graded, non—orientable, 4-generated
MCM R-module of rank 2. By Proposition 12, there exists a graded ideal
I C Rwithdim R/I =2, depth R/I = 1, which is 3-generated and such that
M ~ Q%(I). Then I = J/(f) with J C S = K[z, %9, 23, 74] is a 3-generated
ideal containing f. We have still f € mJ, though we are not in the orientable
case (see [EP;] for details). Let aj, s, a3 be a minimal system of homoge-
neous generators of J. If f does not belong to the ideal generated by two
oy, then, as in Section 3, f = Ele p:q: and, after a renumbering, we may
suppose that a; is necessarily either p; or ¢;, for all 1 < ¢ < 3. Then ay, as, as
is a regular system of elements in S and so R/I = S/J is Cohen—Macaulay
which is false.

Thus, we may suppose f € (ai, as). Then there exist a,b € K with a® = b3 =
—1, and o0 = (i j s) a permutation of the set o = {2,3,4}, i < j, such that
oy 18 necessarily either wy; or vy, for t = 1,2, If a3 = wy1, s = wye, then
R/(a1,az) is a domain and a1, as, a3 must be a regular system of elements
in S and so, again, R/I = S/J is Cohen—Macaulay, contradiction!

We have the following cases:
Case I: a1 = wy

Then oy must be v,9 and we have
(a1, 02) = (Vg Wo1) N (Vg Wo1).-

It follows that a zero—divisor of R/(a1, ) must be either in (v),, w,1) or

in (v/y,wy1). As we know, ag is a zero—divisor in R/(aq,as) and so ag €
/ 1

(Vg We1) OF (g € (Vo Wy1).
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I(a) Suppose
az € (Vg We1).

Subtracting from a3 a multiple of w,, we may take ag = v/, for a form
of S. Note that the matrices

0 Was1 —’UgQ 0
o —Wes1 0 _5 Weo2
= Vg2 Bugs 0w |’
0 —WyolUly —VUy1 0
0 Vg1 W2 ﬁ
B Vol 0 0o —v
Y= — Wty 0 0 —wy

/
_ﬁvo'Q Vg2 Wa1 0

give the following exact sequence:
S RERLRE R T,

where Bj is given by the first three rows of ¢. Thus. (p,1) is a matrix
factorization of Q%(I) ~ M. Adding in ¢ multiples of the first row to the
second one and adding multiples of the fourth column to the third one,
we may suppose that the entry (2,3) of ¢ depends only on x1,z,. These
transformations modify also the entries (2,2) and (3, 3), which are now not
zero. Adding similar multiples of the first column to the second one and of
the fourth row to the third one, we obtain ¢ of the same type as before but
with  depending only on x1, z,. Since v, — wy1(z1 + 2azs) = 3ax?, adding
in ¢ multiples of the first column to the third one and multiples of the fourth
row to the second row, we may suppose that the entry (2,3) has the form
Az for some A € K. These transformations modify also the entries (3, 3)
and (2,2), which are now not zero. Adding similar multiples of the first row
to the third one and of the fourth column to the second column, we obtain ¢
of the same type as before but with § = Azs. If A = 0, then, clearly, ¢ is the
direct sum of two 2-matrices which contradicts that M is indecomposable.
So. A # 0. Now we divide the second and the third column of ¢ by A and
multiply the first and the fourth row by A. The new ¢ is as before but with
A =1, that is ¢ = p1,(a, b, u).

I(b) Suppose
ag € (Vg Wo1).
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Then we may take az = 07,03, for a form §. With a similar proof as above,
we obtain M =~ Coker (v3,(a, b, u)).

Case II: a9 = wye.

Then a; = vy1. It follows that (aq, ) = (v, wee) N (Y4, wee). We have
the following two subcases:

II(a) a3 € (v),,wys). We may suppose ag = v/, for a form § and we
obtain that M ~ Coker (¢4, (a, b, u)).

II(b) a3 € (v),wy2). In this subcase we may take az = v/, 3, for a form
and we obtain that M =~ Coker (s, (a, b, u)).

Case III: a3 = vy, 0 = Vyo.

Then (a1, a2) = (Vg1 V52) N (V51 Ua) N (V5715 Vo) N (U1, v5). We proceed as in
the above cases, taking ag from one prime ideal of the above decomposition
of (a1, 2)), let us say o € (v,,0},), that is ag = v}, 8 + v},7 for some
8,7 € S. Suppose that one cannot reduce the problem to the case 3 =0 or
v = 0, this implies, for example, that v/, does not divide v and v, does not
divide 8. Then Q}((cu, a2, a3)) C S* contains the columns of the following
matrix

"
Vg9 Q3 0 Voo
"
—VUs1 0 a3 V1Y
" 1
0 —Vp1 —Usz —Vj Uy

and we can see that p(Q%((ou, a2, a3)) > 4, which contradicts Lemma 11.
Thus we may suppose, let us say a3 = v/ ,3, where [ is not a multiple
of v”,. Now we may proceed as in the above cases and we obtain, in order,
M ~ Coker(g@w(a, b, u)), M ~ Coker(gpgg(a, b, u)), M ~ Coker(wla(a, b, u)),
and M =~ Coker (¢ss(a, b, u)).

(4) The matrices
Oio(a,b,u), Vis(a,byu), 1 <t <4 o5ab u,
are equivalent in pairs. Namely:
P10(a,b,0) ~ Yse(a,b,u%), g (a,b,u) ~ Puo(a, b, u?),

<P30(aa b7 U) ~ wla(aa b7 UQ), 9040'(a7 b7 U) ~ "4020(@7 b7 u?)‘
We shall prove that the matrices of the set

N,: {wta(aabyu)a | 1 §t§47 a,a,b,u}
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are pairwise non—equivalent. We shall consider the matrices which are ob-
tained from the matrices of N, reducing their entries modulo m?. If A, B €
N are equivalent, then there exist P, (Q, two invertible 4 x 4-matrices with
the entries in K [xq,x9, z3, x4] such that PA = BQ. Let A and B be the ma-
trices obtained from A, respectively B, by reducing modulo m? their entries.
From the equality PA = B(Q), we obtain that there exist two invertible scalar
matrices P, Q € My(K) such that PA = BQ. This means that the matrices
]{, B are also equivalent by some scalar invertible matrices. We construct
the “reduced” matrices ¢, (a,b,u) and for all ¢. We see that the matrices
P1o(a, b, u), 9oy (a, b, u), have the entries of the rows 2 and 4 zero and the rest
of the matrices have the entries of the columns 1 and 3 zero. First, we choose
two matrices A, B, one of them with the rows 2 and 4 zero and the other
with the columns 1 and 3 zero. Suppose that A ~ B. It results that there
are two invertible scalar 4 x 4-matrices U, V' such that

AU =VB.
From this equality we obtain that the rows 2 and 4 in the matrix VB are
zero. Looking at the two possibilities to choose the matrix B, we see that

the non—zero elements of the columns 2 and 4 in B are linear independent.
From the above equality we get that V' is not invertible.

Hence, we could find two equivalent matrices in the set A/ only if both have
the rows 2 and 4 zero or the columns 1 and 3 zero. It is clear that we may
reduce the study of the equivalent matrices A = 31, (a,b,u), B = o, (a, b, u),
which have the rows 2 and 4 zero. Let U,V € Myy4(K) be invertible matrices
such that AU = VB. We may transform the reduced matrices A B such
that the last two rows are zero. Let

T (A A 5 _( B B _ (U U, (Vs
(v )= (00 )e=(nw) = (i)

be the decomposition of our matrices in 2 x 2 blocks. Comparing the ele-
ments in the above equality, we obtain contradiction with the fact that U is
invertible.

In the same way we check that if ¢1,(a,b,u) and @y1-(n,p,v) are different,
then they are not equivalent. O]

Let M(o,a,b), M'(t,n,p) be two rank one MCM-modules corresponding to
lines and N (o, a,b), N'(1,n, p) be two rank one MCM-modules corresponding
to conics (that is Coker (¢, (a,b)), Coker(¢y(a, b)) by [EP]).
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Remark 14. There exists an indecomposable extension in Exth(M(o,a,b),
M'(1,n,p)) only if 0 = 7. In this case, for fixed M(o,a,b) there exists 4
non—orientable MCM-modules, which are extensions F of the form

0— M — FE — M(o,a,b) — 0.

for some M/, i = 1,2 of type M'(o,n,p). So we have 4 x 27 non-orientable
MCM-modules. Similarly, taking now extensions F' of the form

0— N;,— F — N(o,a,b) —0,i=1,2

we obtain another 4 x 27 non-orientable MCM-modules. Thus all are 216 =
8 x 27.

5 Non—orientable, rank 2, 5—generated MCM
modules
As in Section 3, let u,a,b € K, with
=0 =—-1,u>+u+1=0,

o = (i j s) be a permutation of the set {2,3,4} with ¢ < j and set

Wy = Ty — aTs, Wy = T — bry,
Vg1 = T]4arixs+a’zl, v,y = i +byx; + b2
We have
!/ " / "
Vo1 = valv(rl? Vo2 = UO'QUU2
for
v, o= 1 —uaxrs, vl = o1+ (1+u)axs,
/ _ " —
v, = x; —ubxj, vy = x+ (14 u)bz;.

Consider the following ideals:
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Set

/ / 1 "

JlU a, bvu = 1}0'17?]02’“0'1,002’00'11}0'2)7
o o "o

J2c7 a, b7u - U017U027U01Uo2avcrlva2>7

( ) = (
(a,b,u) = (
( ) = (Vo1, Vo2, Vg1 Vo Ut (Vga + V3a),4
( ) = (Vo1, Vo2, vélvﬁiz, UZIU;Q)’
J5o ( ) = (Vo1, Vo2, Vg1 V2, Vg1 Ua)
Joo (@, 0,1) = (Vo1, Vo2, Vp1 Vo, V1 (Vga + U5a)),
( ) (wolvérh Vo2, U;ﬂfﬁfza walvg2)7
( ) = (Wo1V1 5 Vo2, Uy Vs Wo1Vgn)
(@, 0, 1) = (Wo1V}1, Vo2, Uy Vg, W1 (Vg + V)5)),
( ) (wUIU;h Vo2, U;ﬂ}gg, wal“;2)7
( ) (walvé—lv Vo2, Ué—lvfylm walvg2)v
( ) = (

! ! 1 ! 1
Wo1Vy1, Vo2, Ugi Uga, Wol (Vg + V)5)),

and denote by J the set of these ideals.

Set:
/ "
0 Wo1 —Vsy —Uyg 0
! " 1
(O Wes2 0 0 —UsoVs1
1/ 1
pio(a,byu) = =iy 0 v 0 0 ,
0 0 0 vl Vg2
0 0 0  —wye wenvly
" 1 ! 1/ 1
—We2Vy1 WgiVUsy —We2Ugo 0 Vs2Us1
Vo1 Vg2 ’Uélvéd UZQUZI 0
_ 1 1 / N \2
Wie (CL, ba u) - —W52V5o Wo1Ugmg W1V 0 (Uo2)
0 0 0 We1Uhy  —Ug2
0 0 0 Weo vl
!
0 wer —v, 0 0
! " !
UO']. wa‘Q O O _UO'].UO'2
1 1/ 1/
PQa(aa b7 U) — ) 0 Vo1 —VUs1 0 )
0 0 0 U:rl Vo2
0 0 0 —Wyo  WeUhy



—Wo2lyy Wellpy —We2Uss 0 Ug1Vp2
Vo1 Vo2 Us1Uo2  VgaUa 0
wag(a,b,u) = —Wealyy WeiVyy Wil  UgyWel 0 )
0 0 0 We1Vly  —Uso
0 0 0 Weo vy
0 wer —v, —V 0
Upp  We2 0 0 — Vg1 (Ugo + Vga)
p3o(a,b,u) = | —uvgy 0 Ugt Uy 0 J
0 0 0 Ué’l Vo2
0 0 0 —wy WV
—Woalh Welllhy —WeaUhy 0 Vg1 (Vg2 + Uga)
Vg1 Vg2 Up1Ups Vo1 (Vg + Uga) 0
Wao(a,b,u) = | —Weaty Weilgy —Wo1Vhy Vg1 Wl (v)5)?
0 0 0 W1V — Vg2
0 0 0 Wes Vg

Replacing v/, by v, and conversely, we get other three pairs of matrices,
pic(a,b,u), wis(a,b,u), i =4,5,6. Next, replacing w,; by v”; and conversely,
we get other three pairs of matrices, p;,(a,b,u), wi,(a,b,u), i =7,8,9, and,
finally, performing the both changes, we get the pairs of matrices
pis(a,b,u), wiy(a,b,u), i =10,11,12.

Now let us consider the following ideals:
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W2Vl , Vol Wa2Upg, sV ),
w02U0—17 Us1, w02v¢3—27 xjvol)

"
waQng Vo1, waQnga (xj + xs) o’l)?

wUQUo‘D Vo1, wUQUo‘% xSval)

We2Ws1, wolv waQU(;Qa xswal)y

ol
WeoWes1, walval, ’LUGQUUQ, Zﬂngl)

Wo2Wo; Wo1Vys Walls, (Tj + Ts)Wo1),
WaeoWes1, wO’lvgl7 wa2U027 xsw01)7

"
We2Wq1, wcrlvo-la W52V 59, xjwol)

WooWo1, Wil 1, W, (T + Ts)Wo1),

We denote by 7 the set of these ideals and set:

0 vy v, 00—y
Wea1 Ws2 0 Ts 0
pis(a,byu)y=| =2y 0 07 0 0 ,
0 0 0 v, —We
0 0 0 vVpo wyvly
WUy Vo1 Weolhy —xsvly 0
0 We1 V2  —ULoWe1 0 —x
Vo (a,b,u) = Weollly VL Uy —wevl, —xvly 0
0 0 0 WelUly W2
0 0 0 Vo ULy
0 v, v, 0 —;
Wea1 Wes2 0 X 0
poo(a,byu)=| =2y 0 07 0 0 ,
0 0 0 v, —We
0 0 0 vUpa Wyl



" / "
Wealsy Vgl WeaVypy — —T ;U 0

ol
— VU We1 V2  —UloWe1 0 —T;
Vao(a,b,u) = Woally  UbqUhg —WeiUhy —TU0y 0 ,
0 0 0 walvgl We2
0 0 0 —Vpo UL,
0 —v, v, 0 —(z; + )
We1 Wg2 0 X + x4 0
Hso(a, b, w) =y 0 WY 0 0 ,
0 0 0 U;rl —We2
0 0 0 Uy WV
WeaVy Vo1 Wl —(; + x5)U0 0
— Vv We1 Vg2 —UL oW 0 —(x; + )
v3o(a,b,u) = Woollly  VoqUNy —Wei ¥y —(Tj + T45)V00y 0 ,
0 0 0 W1V Weo
0 0 0 —Ug2 Vot

Replacing v”, by v, and conversely, we get other three pairs of matrices,
Wi (a,byu), viy(a,b,u), i =4,5,6. Next, replacing w,; by v, and conversely,
we get other three pairs of matrices, ;. (a,b,u), viy(a,b,u), i =7,8,9, and,
finally, performing the both changes, we get the pairs of matrices
Wis(a,byu), vig(a,b,u), i =10,11,12.

Clearly, the pair of matrices (p;,(a, b, u), w,(a, b, u)) forms a matrix factoriza-
tion of Q% (Jis (a,b,u)/(f)) for 1 < i < 12, and the pair (u,(a, b, u), viy(a, b, u))
forms a matrix factorization of Q%(T;,(a,b,u)/(f)) for 1 <i < 12,

Lemma 15. Let M be a graded non-orientable, rank 2, 5-generated MCM
R-module, without free direct summands. Then there exists an ideal J €
JUT such that f € J and M = Q*(J/(f)) or M* = Q*(J/(f)), where M*
is the dual of M. Conversely, for every J € JUT, the module Q*(J/(f)) is
a non-orientable, rank two, 5-generated MCM R-module without free direct
summands.

Proof. The second statement follows easily, as we already have the matrix
factorizations above of those ideals. Let M be as above. As in the beginning
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of Section 4 we see that M = ? (J/(f)), for J an ideal of S containing f,
with p(J) = 4, dim S/J = 2, depth S/J=1 and p(24(J)) = 5. We may also
suppose J = (a1, g, as, ay) with f € (g, as), where oy is necessarily either
Wyt OF Vg for t = 1,2 for some a,b and a certain permutation o as above.
Clearly we cannot have, simultaneously, oy = w,; because then (g, as) is a
prime ideal and one cannot find as, ay zero divisors, as we need. We treat
the following cases:

Case I: a1 = wy

Then we have as = v, and (o, as) is the intersection of the prime ideals
(V. o, We1), (V2y, we1). Since ag, ay must be zero divisors in S/(ag, ay) we have
the following possibilities:

(I1) a3z = v,,0, ay = v97, (I12) a3z = vgeB,04 = vy,
(13) az = V0,0, as = vy, (14) az = v,0, as = vy,

for some homogeneous 3,7y from m = (xy, 9, x3,x4). In the first case we see
that the relations given by the columns of the following matrix:

V52 a3 (07] 0 0
0 —wy 0 0 - |

are elements in Q§(J) C S*. Clearly these columns are part of the minimal
system of generators of Q4(.J) because w1, v”, form a regular system in S.
The subcase (12) is similar, this contradicts Lemma 11.

Suppose now (I3) holds. Then the relations given by the columns of the
following matrix

Vo2 Upall Vo 0 0
—Wg1 0 0 B ’Y
0 —w, 0 =07 0 ’
0 0 — W41 0 — 1}22

are part of a minimal set of generators of Q%(J) (note that w,y,v”,, v., form
a regular system in S). Contradiction! Case (I4) is similar.

Case II: a1 = v,1, a9 = Vg9

Since (aq, as) = (V51,0 5) N (V] 1,v%,) N (v, v2y) N (v, v),), we see that the

zero divisors of S/(a1, as) must be in one of the prime ideals of the above
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decomposition. Suppose az € (v),,v),). If az = B1vl, + [avl, then, as in
the proof of Case III of Proposition 13, we see that there are at least four
minimal relations between first three a. Then all o have at least five minimal
relations. Contradiction! Thus, a3 as well ay are multiples of one v,,,vY,. So
we have the following possibilities:

(I11) a3z =v,0, as =07, (I12) a3 =v"4 06, ag = vy,
(I13) a3 =v. 5,0, ag = vl 47, (I14) a3 =020, as = vy,
(II5) a3 = v, B, au = v317, (II6) a3 = v, B, au = v5y7,
(II7) a3 =v.,0, a4 = V1, (II8) g = vl ,0, g = Vs,
(I19) a3 =v.,06, a4 = V.57, (I110) g = v/ B, g = V2.

Subcase: Q3 = U1,7157 Qg = U(’Tl’Y’ (UUQUZUV) = ]-7 (UG2U;{176) =1

We see that the relations given by the columns of the following matrix

Vo2 6 Y 0 0

—Vs1 0 0 (0% Yy
0 v/, 0 —v,e O ’
O O _U(/;'I O _UO—Q

are part of a minimal system of generators of Qg(.J), which must be false.
Indeed, it is easy to see that the last four columns are part of a minimal
system of generators of QL (J). If the first column belongs to the module
generated by the last four, then there exist Ai, Ao, A3, A4 € S such that:

Vo2 = M8+ Ao,
—Us1 = A3Ug1 3+ Mgy,
0 = >\1Ug1 + )\31102,
0 = vl + Mugo.
It follows that vys | A1 and vyo | Ay and so we obtain 1 € (3,). Contradic-
tion! If (v,0v”,,3) % 1, then we are in the subcase (II5), (II6), .... In the

ol

same way we treat (112), (II3), (I114).
Subcase: a3 = v, ag = vy

We see that the relations given by the columns of the following matrix

Vo2 /6 Y 0 0

—Us1 0 0 Q3 Qg
0 =, 0 —v,, 0 ’
0 0 —v, 0 —um
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are elements in QL(J). The columns two and three, together with the last
two columns divided by (3, vs2), respectively (7, v,2), are part of a minimal
system of generators. Since /L(Q}g(J )) = 4, we see that the first column is a
linear combination of the others, as above. Thus, there exist A\i, Ao, A3, Ay € S
such that:

Vg2 = )\16 + )\277
Vo1 = AU, B/ (B, v02) + Mgy 7/ (7, vo2),
0 = >\1Ug.1 + >\3U02/<ﬂ, U02>,
O = /\Q’U:ﬂ + /\47}(,2/(77 UUQ).

It follows that v,/ (5, ve2)| A1 and vya/(7, Ve2)| A2 and so we obtain 1 € (3, 7),
which is false, as above, if (3,v,2) = 1, (7,v52) = 1. Clearly (3,7 cannot be
multiples of v,9 because otherwise J is only 3—generated. The analysis of the
possibilities (3, v,2) = v}, and (3, v,2) = v/, will lead to the conclusion that
J € J. In this way one can discuss all the above cases. O

Theorem 16. Let

&= {Coker(pw(a,b, u)), Coker(uw(a, b, u))) | 0,a,b,u, i =1,6},

&y be the set of the duals of the modules from the set &, and € = & U &,.

(1) The set € contains only indecomposable, graded, non—orientable, 5-
generated MCM R-modules of rank 2.

(2) Every indecomposable, graded, non—orientable, 5—generated MCM mod-
ule over R of rank 2 is isomorphic with one module of £.

(8) There are 648 isomorphism classes of indecomposable, graded, non—
ortentable MCM modules over R of rank 2, with five generators.

Proof. (1) For the proof of indecomposability we may proceed as in the
last part of the proof of Theorem 8. For example, let N be the mod-
ule Coker(pis(a,b,u)) and suppose that it decomposes. Then pi,(a,b,w)
is equivalent with a direct sum of two matrices: A;, of order three and A,,
of order two. Let B;, By be the submatrices of pi,(a, b, u) given by the first
three lines and columns, respectively the last two lines and columns. Cer-
tainly Ay, Ao, B1, By define some maximal Cohen-Macaulay modules of rank
one that we denote, respectively, by Ny, No, T1,T,, and due to the particular
form of p1,(a,b,u) we have the following exact sequence
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0—>T1—>N1@N2:NHT2—>O.

Since pi,(a,b,u) is modulo z; the sum of By, By, T;/x;T; = N;/x;N, for
1 = 1,2. Looking at the description of rank one maximal Cohen-Macaulay
modules we can see that A; is equivalent with B; modulo z; only when A; is
equivalent with B;. Thus T; = N, for i = 1,2 and so N = T} & T5. By [Mi],
this happens only if the above exact sequence splits, that is impossible.

(2) Tt is enough to observe that the matrices

pia(aa b7 u)? a, b7 u, Uvi = 17 1

and
ﬂio’(aa ba U’)7 a, b7 u, o, 1= ]-7 12a

are pairwise equivalent. Indeed, one may show that

pro(a,b,u) ~ pys(a,byu), pse(a,b,u) ~ psqe(a,b,u), pos(a,b,u) ~ ps,(a,b,u),
and

P100 (@, b,u) ~ pro(a,b,u), pris(a,b,u) ~ pag(a,b,u), pras(a,b,u) ~ pss(a,b,u).

One may find, in each case, a pair of some permutations matrices U;, V; such
that
U’ipiU(av b7 U) = p(i—3)0(au7 b7 U)V;, 1= 77 87 97

and
Uipio(a7 b7 u) = p(i—Q)J(au7 b; U’)‘/Zu 1= 107 117 12.

In a similar way one may group in pairs the matrices p;,(a, b, u).
(3) It is a laborious task to prove the that the modules of the list £ are pair-
wise non—isomorphic. One can use the following procedure in SINGULAR:

LIB"matrix.lib";

option(redSB);

proc isomorph5(matrix X, matrix Y)
{

matrix U[5] [6]=u(l..25);

matrix V[5] [6]=v(1..25);

matrix C=UxX-Yx*V;
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ideal I=flatten(C);

ideal J=det(U)-1,det(V)-1;

for (int j=1;j<=size(I);j++)

{

J=J+transpose(coef (I[j],x(1)*x(2)*x(3)*x(4))) [2];
}

ideal K=std(J);

return(X) ;

b

Corollary 17. Let

Fi = {Coker(wio(a,b, u)), Coker(l/w(a, b, u)) | 0,a,b,u, i =1,6},
Fa be the set of the duals of the modules from the set Fy, and F = F; U F.

(1) The set F contains only indecomposable, graded, non—orientable, 5-
generated MCM R-modules of rank 3.

(2) Every indecomposable, graded, non—orientable, 5—generated MCM mod-
ule over R of rank 3 is isomorphic with one module of F.

(8) There are 648 isomorphism classes of indecomposable, graded, non—
orientable MCM modules over R of rank 3, with 5 generators.

Proof. The map M +— QL(M) is a bijection between the 5-generated, in-
decomposable, graded, MCM R-modules of rank 2 and the 5-generated,
indecomposable, graded, MCM R-modules of rank 3. O]

Remark 18. For each 2-gen MCM module M (line or conic) there exist two
non-isomorphic 3-gen MCM modules P;, P, and 3 non-isomorphic extensions
for each:

O—>PZ-—>EZ~]~—>M—>O7

it =1,2,7=1,2,3. So there are 6 x 54 MCM of type E;;. Taking the duals
we get another 6 x 54 MCM. Thus all are 648 = 12 x 54.

Lemma 19. There exist no graded, indecomposable, non—orientable, rank 2,
6—generated MCM modules.
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Proof. Suppose there exist such MCM module M. Then M = Q%(J/(f)) for
a certain b—generated ideal J = (a1, an, a3, ay, a5) of S as hinted at in the
first part of Section 4. Then any four elements from the o; must generate an
ideal J” in J U T because, otherwise, u(Q4(J”/(f)) > 4 and so, obviously
w(Q5(J/(f)) > 5. So we may suppose a; = vy for ¢ = 1,2 and after some
permutations ag = v, v7,. Set J' = (aq,a9,a3). If (J',au) € J. and
(J',a5) € J then there are 4 minimal relations of (J',ay) and 4 minimal
relations of (J',as) over S, among them at least 6 minimal relations of J
over S which contradicts Lemma 11. In the same way we treat the other
cases. [

Corollary 20. There exist no indecomposable, graded, non—orientable, rank
4, 6—generated MCM modules.

6 Orientable, rank 2, 6-generated MCM mod-
ules

Let S = K[x1, 29,23, 24], and R = S/(f), f = a3 + a3 + 23 + 23.

We have proved that a non-free graded orientable 6-generated MCM R-
module corresponds to a skew symmetric homogeneous matrix over S of
order 6, whose determinant is f2.

Let A be such a matrix. Notice that A has linear entries and the matrix
A = Al;,—0, obtained from A by restricting the entries to =, = 0, is a
homogeneous matrix over S3 = K|[x1, x3, 23], whose determinant is f2, where
f3 = a3 + 23 + x3. Therefore, CokerA defines a graded rank 2, 6-generated
MCM over R3 = S3/(f3). These modules were explicitly described in [LPP].

Lemma 21. Let M be a non—free graded orientable 6—generated MCM mod-
ule over R. Then the restriction of M to the curve defined by f = x4 = 0
splits into a direct sum of a 3-generated MCM of rank 1 and its dual.
FEspecially, there exists A € V(fs) ~ {P} and a skew symmetric matric

' € Mgxo(K), such that M is the cokernel of a map given by the matrix
A:JI4F+ ( 0 7063‘).

(DN

(The same notations as in [LPP] and in Preliminaries.)
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Proof. Let A1 be a skew symmetric homogeneous matrix over S, correspond-
ing to M, and denote A; = Ay|;,—0. Suppose that the MCM Ss;—module cor-
responding to A; is indecomposable. Then we can generate it as described in
Theorem 4.2 and Lemma 5.4 from [LPP]. Denote with D the matrix which
we obtain by this means.

Since D ~ Ay, and A, is skew symmetric, there exist two invertible matrices
UV € Mgyxs(K) such that U - D -V + (U - D - V)" = 0. Therefore, there
exists T € Mgyg(K) an invertible matrix such that 7- D+ (T'D)* = 0. (Take
T=WVHYy1.U)

With the help of SINGULAR, we find that, in fact, there is no invertible matrix

T such that T - D is skew symmetric. Therefore, the module corresponding
to A; should decompose.

//First, we generate the matrix D

LIB"matrix.lib";

option(redsSB);

proc reflexivHull (matrix M)

{
module N=mres(transpose(M),3)[3];
N=prune (transpose(N));
return(matrix(N)) ;

}
proc tensorCM(matrix Phi, matrix Psi)
{
int s=nrows(Phi);
int g=nrows(Psi);
matrix A=tensor (unitmat(s),Psi);
matrix B=tensor (Phi,unitmat(q));
matrix R=concat(A,B,U);
return(reflexivHull(R));
+

proc M2(ideal I)
{
matrix A=syz(transpose(mres(I,3)[3]));
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return(transpose(4));

ring R=0, (x(1..3)),(c,dp);

gring S=std(x(1)"3+x(2)"3+x(3)"°3);
ideal I=maxideal(1);

matrix C=M2(I);

ring R1=(0,a),(x(1..3),e,b),1p;
ideal I=x(1)"3+x(2)°3+x(3)"3,(a-1)"3+b3+1,exb+a2-3*a+3,e*xa-b2;
qring Si=std(I);

matrix B[3][3]= 0, x(1)-(a-1)*x(3), x(2)-b*x(3),
x(1)+x(3), -x(2)-x(3)*b, -x(3) *e,
x(2), x(3)*xe, -x (1)+(-a+2)*x(3);

matrix C=imap(S,C); matrix D=tensorCM(C,B);
//We check the existence of the invertible matrix T

ring R2=0, (x(1..3),a,e,b,t(1..36)),dp;

ideal I=x(1)"3+x(2)°3+x(3)"3,(a-1)"3+b3+1,exb+a2-3*a+3,e*xa-b2;
qring S2=std(I);

matrix D=imap(S1,D);

matrix T[6] [6]=t(1..36);

matrix A=T*D+transpose(T*D); ideal I=flatten(A);
ideal Il=transpose(coeffs(I,x(1)))[2];

ideal I2=transpose(coeffs(I,x(2)))[2];

ideal I3=transpose(coeffs(I,x(3)))[2];

ideal J=I1+I2+I3+ideal(det(T)-1);

ideal L=std(J);

L;

L[1]=1

//Therefore, there does not exist an invertible matrix 7' such
that T - D skew symmetric.

So, after some linear transformations, A; decomposes into two matrices of
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order three and rank 1 with determinant f3 = % + 23 + 3, which correspond
to two points A\, A2 in V(f3) N {Fo}, Po=[—1:0:1]. Let us denote them
by A and B. We can consider A = a,, B = ay,.

Since A, is skew symmetric, there exists an invertible matrix U € Mgyq(K)
such that U- (4 %) is skew symmetric. Therefore, if we consider U = ( g; gj ),
we have the following equalities:

U - A+ (U, - A)f
Uy-B+ (Uy-B)Y =
Uy-B+ A'-Us
Us-A+ B'-US, =

I
cooo

So Uy - ay, and Uy - oy, are skew symmetric, so they have only zeros on the
main diagonal. Since the entries of the second and third line and column of
ay, and ay, are linearly independent, we easily obtain that U; = U, = 0.

Therefore, U, and Us are invertible matrices and B = —Uy ' - At - UL,
. ay, 0 0 —af
We have obtained A; ~ ( 0 af, ) ~ (0&1 o )

Therefore, there exists I' € Mgyg(K) skew symmetric, and A € V(f3)~{P}

such that Ay ~ A =a4 - + < 0 _ng>. We can write I' = (El 7?),
) 2 3

[; € Msys(K),i=1,2,3, 'y and '3 skew symmetric. ]

Remark 22 (Notation). For any A = [a : b : c] € V(f3) ~ {Py} there exists
a unique point in V(f3) ~ {Py} which we denote as A, such that of ~ a,:.
We find X' =[c:b:a)?

For A = [a : b : 1] we denote with U, and V) two invertible matrices such
that U,\ : ag\ = Qpt - V)\.
b2 bla+1) —(a+1)2

If a # 0, then we can take U, = (—(a+1)2 b2 —b(a-‘rl)) and V) = Uf\.
blat+1) (a+1)2 b2

p2 b 1 1 —2b  2b2
If a = 0, then we can take Uy, = ( —2b 1 b2) and V, = (b - -1 )
202 2 1 -b —b? 2
Notice that X = X for A = [1 : b: 1] € V(f3), and A # X' for all other
A e V(fs) N {Fo}

2Tf X corresponds to the 3—generated rank 1 MCM N, then \* corresponds to its dual
NV.
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k ¢
oegnz%ny i [1:6:0€V(fs) ~{P}and any A =z, T + (C& WOA) skew
symmetric with det A = f2, we have AX' = [0 : b : 1] in V(f3) ~ {P} and

N = a0 + (aot _%t*t ) skew symmetric with det A’ = f2 such that A ~ A’
A

2
Indeed, take A’ = U - A - U' where U = (g, T, Ty = L( e —%2) and

V3 2 0 1
T 1 -1 b b
= —= 2 b2 b2 .
2 \/5—2191—2

Therefore, Coker A and Coker A’ define two isomorphic MCM modules. This
is the reason why we may only consider the case A = [a : b: 1] € V(f3)~{ R},
from now on. [l

Remark 24. Consider A = [a: b: 1] € V(f3)~{FPy} and A = z4- F—l—( 0 —og\)

as in Lemma 21. Then there exists A = x4 - I + <06* L&) with det A = f2
such that A ~ A.

. Id 0
Indeed, consider A = (_(?A I(‘]i) A < 0 V;1>_

—UxT1 UyT% V—1

We obtainfz( P2 Tavi! ) O

0
module M corresponding to A is indecomposable if and only if 'y # 0 or

Ty 0.

Lemma 25. Consider A = z4 - + (C& ﬂt*) as above. Then the MCM

Proof. Suppose M is indecomposable. If I'1 = I's = 0, then (% 4)- A =
<m4~Fé+a>\ _a:4-Fg—a§ >, so A decomposes after some linear transformation.

This contradicts the indecomposability of M = Coker A, so we must have
Fl 7£ 0 or Fg 7£ 0.

Now, let us suppose I'1 # 0 or I's # 0 and prove that M is indecomposable.

Suppose M decomposes. Then there exists a matrix (TOI 792) equivalent to A
with T, Ts two matrices of order three and rank 1, with det T} = det T, = f
and T1|z4:0 = Qy,, T2|x4:0 = Q),, where )\1, Ay € V(f3) N {Po}

Cl{)\l 0

Since A is skew symmetric, after some linear transformations, ( o' ,,
2

should also become skew symmetric. As we saw in the proof of Lemma 21,
this gives ay, ~ aj , 50 A = Al.
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Using Remark 23, there exist U,V € Mgys(K) invertible matrices such that
0

URV = (FR) =m0+ (V0
Therefore,
) [05Y 0 . Oé)\1 O q/-1
() (v a )W
Iy Iy Vot N, 0 _
. A — Ria 2).
(—UA-Fl UA-Fg-Vkl) ( 0 NQ) 2)

Let us consider U = (¢! {2) and V= = ({1 1?) with U;, Vi € Msy3(K),
i=1,... 4

The first system of equations gives:

U-axn = ay W
UQ'O()\t = Oé/\1 ‘/2
Us-an = ax V3
U4'Oz)\t = Oin ‘/;1

By comparing the coefficients of x1, x5, z3 on the left-hand side and right—
hand side of the above equalities, we obtain easily:

U=V, =K, -Ids WlthKZ€K7 1=1,...,4.
Moreover, if A # Aj, then K1 = K4 = 0 and if X\ # \}, then Ky = K3 = 0.

Since U is invertible, we have A = A; or A = AL.

We know that ay, = T1|s,—0 where T} is a matrix of order three over S =
K[xq, 29, x3, 4] of rank 1 and with determinant f. So Coker T} is a graded
3—generated rank 1 MCM R-module. In [EP], all the isomorphism classes of
such modules are given explicitly. We obtain ay, ~ alz,—g or ay, ~ a'|;,—o
Oor ), ~ 7]|'£4:0 or &y, ~ V|$4:0'

With the help of computers, we obtain that none of the above matrices is
equivalent to ayi.eq), therefore, A # AL

LIB"matrix.lib";
option(redSB);

ring r=0,(x(1..3),1,a,b,c,d,e,v(1..9),u(1..9)),dp;
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ideal I=x(1)"3+x(2)"3+x(3)"3,
173+2,
a3+1,b3+1,c3+1,d3+1,e2+e+1,bcd-ex*xa;
gring s=std(I);

proc isomorf (matrix X,matrix Y)

{
matrix U[3] [3]=u(l1..9);
matrix V[3][3]=v(1..9);
matrix C=UxX-Y*V;
ideal I=flatten(C);
ideal Il=transpose(coeffs(I,x(1)))[2];
ideal I2=transpose(coeffs(I,x(2)))[2];
ideal I3=transpose(coeffs(I,x(3)))[2];
ideal J=I1+I2+I3+ideal(det(U)-1,det(V)-1);
ideal L=std(J);
return(L);

matrix A[3][3]=0, x(1)-x(3), x(2)-1*x(3),
x(1)+x(3), -x(2)-1*x(3), -1/2%1"2%x(3),
x(2), 1/2%x1"2xx(3), -x(1);

//This is the matrix corresponding to the point (1:1:1)

//We now write the matrices corresponding to the rank 1 3-
generated MCM modules, restricted to x(4)=0

matrix alpha[3][3]=0, x(1), -x(3) *b+x(2),
-x(2)*c+x(1), -x(3)*b~2, =x(3)*b~2*c"2,
x(3), x(3)*bxc " 2+x(2)*c"2, -x(2)*c-x(1);

matrix alphat=transpose(alpha) ;

matrix etal[3][3]=0,x(1)+x(2), x(3),
x (D) +exx(2), -x(3), 0,
x(3), 0, -x(1)-e"2*x(2) ;

matrix nu[3][3]=0, x(D+x(3), x(2),
x(1)-a~2%b*x(3), -x(2), 0,
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x(2), 0, -x(1)+axb~2*xx(3);

isomorf (alpha,A); L[1]=1
isomorf (alphat,A); L[1]=1
isomorf (eta,A); L[1]=1
isomorf (teta,A); L[1]=1

//Therefore none is isomorphic to Q1¢:1) and this means

A # AL

If A = A\ # \| as a solution of the system (1), we obtain: U = V =
(Klo'ld Kf-ld) , K- Ky # 0.

Ki-T's-V,=0

Ky -Uy-T1 =0.

Since K; # 0, K4 # 0 and U,,V, are invertible matrices, we obtain I'; =

I's = 0, which is a contradiction to our hypothesis.

If A\ = M\ # A1, we obtain, as a solution of (1): U =V = (KSOId Kaddy,
Ky Ky #0.

Replacing U and V in (2), we obtain: {

Ky -Uy-Th =0
Replacing U and V in (2), we obtain: oAl Therefore, we
K3 . Fg . V)\ = O

must have again I'y =13 = 0. O]

For each A = [a: b: 1] € V(f3) \{Fo}, we define a family of skew symmetric
homogeneous indecomposable matrices of order six over S = K[z, xg, T3, T4
with determinant f?:

t
0 —aj

M)\ = {A(AI) = T4 F+ ( o 0 ) y detA(,\I) = f2,

r— r, -1 I'y, '3 skew symmetric, T'y #0
o FQ F3 ’ or Fg 7é 0 .

Notice that, as in the proof of Lemma 25, if A(xr) ~ Aoy, then ' = X or
N =\

Lemma 26. Let A= [a:b: 1] € V(f3) N {P} with a # 1.
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(1) Inside the family My, two matrices, A and A, are equivalent if and
only if there exists k € K* such that ' = Uy - A - UL, Uy, = <k[1,d %Old>.

I, =T,
This condition means: < T = k? - Ty

(2) A matrix A from M, is equivalent to a matriz N from My, N # A
if and only if N = [1:b:a] and N' = Uy - A - U}, where k € K* and

. 0 kU
Uk_(*%Ux 0 )

Proof. We assume a # 0. The case a = 0 is treated similarly. Two magices,
A = Apr) and A" = Apv oy, are equivalent if and only if A and A are
equivalent (see Remark 24).

If U and V are two invertible matrices such that U - A = A - V', as in the
proof of Lemma 25, we obtain

U:V:(?ﬁ ?E) with K, = Ky =0if A # X and
3 4
Ky=K3=0if N # \'.
SinceU-K:K/-V, we have:
—1 -1
0 1Id 0 Id Id 0 4 (Id 0 At
(o 0) o (i B (0 0 )on(0 ) -x
(%)
(1) If A = X then X # X, so U = (%' .0) with Ky # 0, K4 # 0. So
. . , +Id 0
(%) implies: (K“OIdK?Id)-A- (Klo 1(141‘1) = A. For k = ,/% and
U, = <k(1)d %%d) we have A" = Uy - A - U}

(2) IEN =X then X # X, s0 U = (0, ¥3'), Kz # 0, K3 # 0. Replacing
U in (*) we obtain:

,_ 0 —KUy' 0 =W
A‘(—KQUA o )M Uiy T )

K>
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Since a # 0 and a # 1, Vi = Ui, N = [L:1:1], Uv = 5 - U,
Vie = 5 UL (see Remark 22).

_ 1.1t -1
So A — 0 —Ke?U') U p L 0 LT U L 0 KUZHY
— KUy 0 75 (U )f 0 —-zUx O

-1\t
A-( 0 KU >,Wherek‘2:—a2-ﬁ n

~1uy 0 Ka'
In a similar way, we can prove the following lemma:

Lemma 27. Let A\=[1:b:1] € V(f3) ~ {P}.

(1) Inside the family M, two matrices A and A" are equivalent if and only
if N\ =T A Tt where

T — ({;;g;i Koy ) Ky, Ky, Ky, Ky € K such that K, Ky—KyKs = 1.

(2) No XA € V(fs) ~{Po,[1:b:1]} exists, such that a matriz from M, is
equivalent to a matriz from M.

Now let us see “how large” the family M, is for a given X in V' (f3) ~\ {P}.
For A = A ry in M), we denote:

0 ay as ar as Aag 0 as, as
=\ -a 0 a3 |, Teo=1| aw ann a2 |, I's=| —as 0 as
—ay —az 0 a3 a4 ais —as —ag 0

The condition det A = f? provides 10 equations in the above 15 parameters.
Six of these equations are linear in the entries of I'y and form a linear system
of dimension three.

(1) If b= 0 the solution of this system is:

ar = —a1z - (a® + 1)
ag = ayp = as =0
Qg = a1 — 13

— 2
14 = A~ - a12 .
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(2) If b # 0, the system has the following solution:

(

_ b
ag = —ogar + a5
e P
a9 = Tharn97 T 7 @15
_ b
a0 = 3 " ar
_ _ ad®+3 b l1-a
12 = — gz a7+ g+ g s
_ _a—1 a?
13 = jiazny "7 T a1+ 57 - Ais
—20=) . _ b _a—l
Q14 = oy 07 T g At gy G5

\

The other four equations are linear in the entries of I'y with coefficients in
Klay, . ..,ay5] and have dimension five:

LIB"matrix.lib";
option(redSB);

ring r=0, (x(4),x(1),x(2),x(3),e,a,b,a(l..15)) ,dp;
ideal ii=a3+b3+1,e*b+a2-at+l,e*ate-b2;
qring s=std(ii);

matrix B[10][1];
B[1,1]=x(4)*a(1);
B[2,1]=x(4)*a(2);
B[3,1]=-x(4)*a(7);
B[4,1]=-x(4)*a(10)-(x(1)+x(3));
B[5,1]=x(4)*a(3);
B[6,1]=-x(4)*a(8)-(x(1)-a*x(3));
B[7,1]1=-x(4)*a(11)+x(2)+b*x(3);
B[8,1]1=-x(4)*a(9)-x(2)+b*x(3);
B[9,1]=-x(4)*a(12)+e*x(3);
B[10,1]=x(4)*a(4);

matrix V[1][5];
V[1,11=-x(4)*a(13)-x(2);
V[1,2]=-x(4)*a(14)-exx(3);
VI[1,3]=—x(4)*a(15)+x(1)+(a-1)*x(3);
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V[1,4]=x(4)*a(5); V[1,5]=x(4)*a(6);

poly p1=B[5,1]1*B[10,1]1-B[6,11*B[9,1]1+B[7,1]1*B[8,1];
poly p2=B[2,1]%B[10,1]-B[3,1]*B[9,1]+B[4,1]*B[8,1];
poly p3=B[1,1]1*B[10,1]-B[3,1]1*B[7,1]1+B[4,1]1*B[6,1];
poly p4=B[1,1]1*B[9,1]-B[2,1]1*B[7,1]+B[4,1]1*B[5,1];
poly p5=B[1,11*B[8,1]1-B[2,1]1*B[6,1]1+B[3,1]1*B[5,1];

poly g=V[1,1]%p1-V[1,2]%p2+V[1,3]%p3-V[1,4]*p4+V[1,5]%*p5;
poly f=x(4)"3+x(1)"3+x(2)"3+x(3)"3; g=g-f;

//For our skew symmetric matrix the condition g=f is equivalent

//to detA = f2.

matrix H=coef (g,x(4)*x(1)*x(2)*x(3));
for(int j=1;j<=13;j++)
{H[1,j1=0;}

ideal I=H; I=interred(I);

I[1]=a(9)-a(11)+a(13) I[2]=a(8)+a(10)-a(15) I[3]=a(7)+a(12)+a(14)
I[4]=a*a(10)-exa(11)+b*a(12)+2*e*a(13)+2xb*a(14)-2*axa(15)+a(10)
+a(15)
I[5]1=2*e*xa(10)+2*b*a(11)-2*a*a(12)-b*a(13)-a*a(14)-exa(15)
+a(12)+2%a(14)
I[6]=a(3)*a(4)-a(2)*a(5)+a(1)*a(6)+a(11) "2+a(10)*a(12)-a(11)*a(13)
+a(13)"2-a(10)*a(14)-2*a(12)*a(15)-a(14)*a(15)
I[7]1=a(1)*a(4)+a(3)*a(5)+a(2)*a(6)-a(10) " 2+a(11)*a(12)+a(12)*a(13)
+2*xa(11)*a(14)-a(13)*a(14)+a(10)*a(15)-a(15) "2
I1[8]=2%e"2xa(12)+2*a*xb*a(12)-3*b"2*a(13)+2*e~2*a(14)-a*xb*a(14)
-3*xexb*a(15)-6xe*xa(11)-b*a(12)+12*xe*xa(13)+2*b*a(14)-6*a*a(15)
I[9]=a(3)*a(5)*a(10)-a(2)*a(6)*a(10)-a(2)*a(5)*a(11)-a(1)*a(6)*a(11)
+a(1)*a(5)*a(12)+a(3)*a(6)*a(12)-a(2)*a(5)*a(13)
+2*a(1)*a(6)*a(13)+a(13) "3+a(2)*a(4)*a(14)+a(3)*a(6)*a(14)
+a(10)*a(11)*a(14)+a(12) "2*xa(14)-2*a(10)*a(13)*a(14)
+a(12)*a(14) ~2+a(3)*a(5) *a(15)+2*a(2) *a(6) *a(15)
+a(11)*a(14)*a(15)-2*a(13)*a(14)*a(15)-a(15) "3-1
I[10]=2*e*xa(2)*a(4)-2xexa(1)*a(5)+2*xb*a(2)*a(5)-2*a*a(3)*a(5)
+2xb*a (1) *a(6)-4*a*a(2)*a(6)-2*b*a(11) "2+2*a*xa(11)*a(12)
+2xe*xa (12) "2+5%bxa(11)*a(13) -4*a*xa(12) *a(13) -2xb*a(13) "2
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-2xbxa(10)*a(14)-a*a(11) *a(14)+2*xa*xa(13)*a(14)-2*e*a(14) "2
+3*exa(11)*a(15)-6*e*a(13)*a(15)-2*xb*a(14)*a(15)+6*a*a(15) "2
+4*a(3)*a(5)+2xa(2)*a(6)-a(11) *a(12)+2*xa(12)*a(13)
+2*xa(11)*a(14)-4*a(13)*a(14)-6*a(15) "2

ideal J=I[1],I[2],1[3]1,1[4]1,1[5],1([8];

//This is the ideal generated by the linear equations in the
//entries of T'y.

ideal JJ=std(J); dim(JJ); 14
ideal J1=I[6],I[7],1[9],I[10];
//This is the ideal generated by the other four equations.

ideal JJ1=std(J1); dim(JJ1); 16

Let us summarize the results.

Let M be an indecomposable graded rank 2, 6-generated MCM and M the
restriction of M to the elliptic curve on our surface defined by f = x4 = 0.
Then M = N,@® N for a suitable 3—generated rank 1 MCM N, = coker(a,),
AeV(f,z)N{[-1:0:1:0]} =2V (fs)~{[-1:0:1]}=C. IfAx=[a:b: (]
and A := [c: b: a], then NY 2 Ny, in particular, there exist skew—symmetric
3 x 3—matrices I', I's with constant entries not being zero simultaneously and
a 3 x 3-matrix I'y such that M = coker(A) for A = x4 (E; _£§> + <0?/\ % ),

- 0 a1 a2 - 0 aqas . 57 (;18 ;Lg S
Po= (o B4) 1= (oo 0) o= (R ) nd dert) = 12
Let A be the 15-dimensional affine space with the coordinates (a1, ..., as)
and G be the subgroup of Sly(K') generated by the matrices g = <7% ’5’),
k € K ~ {0}. Consider the action of G on A: G x A" — A (g.,a) —
a = (K*ay, kas, k*as, 3504, 7305, 7306, a7, .., ay5). Denote A = AY/G.

A point (A;a) € C' x A corresponds to a matrix A = x4 (E; _%) + (oi 7083 )
The group G acts on C' x A in the following way: let (\;a) € C' x A corre-
spond to A = x4 (E; _F5> + < 0 _°§>, then gr(A\;a) = (A';b), where (A\';b)

s [25Y
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corresponds to UyAUf. Let M C C x A be the G-invariant closed sub-
set defined by det(A) = f2. Let 7 : M — C be the canonical projection. If
A=[1:b:1] withb® = —2, then Sly(K) acts on 7~ }(\) via the representation

Ki11d KoUT! _ K K Ki11d KUY
SIQ<K) - {(K;UA I§4f\d )7 K1K4_K2K3 - 1}’ (K; Ki) = <K;U>\ I§4I/\d )

Theorem 28. (1) Every indecomposable graded rank 2, 6—-generated MCM
1s represented by a point in M.

(2) M~ a7 Y({[1:b:1]| b= —2})/G is the moduli space of isomorphism
classes of indecomposable graded rank 2, 6-generated MCM M such that
the restriction to V(f,xz4), M = Ny @ Ny for Ny being not self-dual.
This moduli space is 5—dimensional.

(3) Sh(K) acts on m'({[1:b:1] | % = =2}) and m ' ({[1 : b: 1] | b* =
—2})/Sk(K) is the moduli space of isomorphism classes of indecom-
posable graded rank 2, 6—generated MCM M such that the restriction
to V(f,x4), M = Ny @ Ny for Ny being self-dual.

Remark 29. Tt is well known that the ideal defining 5 general points in P3,
(this means any four from them are not on a hyperplane) is Gorenstein
. Restricting to the 5 general points on the surface V(f) we get a family
of Gorenstein ideals whose isomorphism classes of 2-syzygies over R (they
are indecomposable, graded, rank 2, 6-generated MCM modules) form a 5-
parameter family (see [Mig], [IK]).

Here we give an example. Let [1:0:0:—1], [1:0:—=1:0], [1: —1:0:0],
[1:—=u:0:0], [1:—u:1:—u],u* +u+1=0 be 5 general points on V(f)
and [ the ideal defined by these points in R. [ is generated by the following
quadratic forms: moxy + uT3Ty, —UToT3 + UT3Ty, T174 + 27 — (1 — u)w32y4,
w(xy + x3)T3 + 20324, —T3T4 — T+ uT T2 — ux3 + 75 + 5. Then the second
syzygy of I over R is the cokernel of a skew symmetric matrix A defined by
All, 1] = A[2,2] = A[3,3] = A[4,4] = A[5,5] = A[6,6] =0,

All,2] = (=3u —2)z3 + (2u — 1)xy = —A[2, 1],

All,3] = —uxy + (—2u+ 1)xg + (u+ 1)z3 + uzy = —A[3, 1],

AL 4] = (u—2)x; — 29 + (—3u — 4)z3 + (2u — 1)ay = — A4, 1],

A[L5] = (u+ 1)xg —uzy = —A[5, 1],

All,6] = —uxy + (u+ 1)ag + (1/Tu+ 3/7)xs + (—3/Tu — 2/7)xy = —A[6, 1],
Al2,3] = (u—2)x) — 29 + 23 + (—u+ 2)xy = —A[3,2],

A[2, 4] = (SU + 2)%1 + (2u + 3)562 + 4165153 + x4 = —A[4, 2],
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| = (=-3u—1)as+ (u—2)xy = —A[5, 2],

| =(—u—2)z1 + (—u+ )xg + (—u — 1)z3 + uxy = —A[6, 2],
] = —31’3 = —A[4,3],

| = (u+1)zs = —A[5,3],

| =(—6/Tu—4/7)xs3 + x4 = —A[6, 3],

| = (=3u—1)z3 = —A[5,4],

| = —uxs 4+ uxy = —A[6,4],

| = —21 —uzy = —A[6,5].

.,

N
This matrix is equivalent to Ay = x4 - I' + ( o? gA ) for
A
A= (0:u+1:1)and I' given by:

a)p = —%u — %,
as = —u — 1,
as — %’LL"— %,
ay = _%1“ +1,
as = —u — %,
g = —%U + Z,
a7 = _%7

ag — —%U,

ag = %u,

aip = —%U - %7
ap = u+ 3,
ayp = u+1,
a3 = %U + %,
a4 = —u %,
a1y = —U — %
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