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Central message of this talk:

• Bose-Einstein condensation (BEC) appears in many contexts, especially
superfluid 4He and dilute ultracold bosonic gases

• Gross-Pitaevskii (GP) equation accurately describes such cold dilute gases

• quantized vortices are central in understanding how superfluids rotate

• GP theory correctly predicts motion of single vortex in trapped BEC

• rapidly rotating condensates typically have array of many vortices

• for very rapid rotation rates, vortex cores start to overlap

• in this case, enter lowest-Landau-level regime analogous to quantum Hall
physics for 2D electrons in high magnetic fields

• for still higher rotation rates, predict quantum phase transition from
superfluid state to highly correlated Laughlin-like states

2



1 Review: basic physics of Bose-Einstein condensation

Ideal uniform gas of particles with mass M , number density n

• interparticle spacing is ∼ n−1/3

Two different approaches; start with atomic-physics view

• define mean thermal momentum through p2
th/2M ∼ kBT

• de Broglie relation λ ∼ h/pth gives “thermal wavelength” λ ∼ ~/
√
MkBT

• compare λ with interparticle spacing n−1/3

• in classical limit (high-temperature, short-wavelength), λ� n−1/3

• hence quantum diffraction effects are negligible (like ray optics for light)
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Dimensionless parameter nλ3 is known as “phase-space density”

• nλ3 is small in classical limit since λ→ 0 for ~→ 0 or T →∞
• as T falls, λ grows and quantum degeneracy appears for nλ3 ∼ 1

• define Tc for Bose-Einstein condensation through this relation:
nλ3

c = calculable number of order 1

• PROBLEM: CALCULATE THIS NUMBER

• for T < Tc, a macroscopic number of particles N0 occupies the lowest
single-particle state

• fraction of particles in the lowest state increases as T decreases below Tc

• in ideal gas at T = 0 K, all particles occupy single-particle ground state

• dilute trapped Bose gas has very small density with n ∼ 1013 cm−3, roughly
10−6 that of air

• this gives very low transition with Tc ∼ 10−6 K
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Alternatively, take condensed-matter view

• each particle occupies “box” of linear dimension ∼ n−1/3

• zero-point confinement energy is ∼ ~2n2/3/M

• in classical limit, thermal energy kBT is much larger than confinement
energy ~2n2/3/M

• as T falls, eventually reach the transition temperature kBTc ∼ ~2n2/3/M
for quantum degeneracy

• for Bose system, this analysis gives same criterion for Tc found from phase-
space density

• for Fermi systems, gives usual Fermi temperature TF

1. electrons in metals, TF ∼ 104 K

2. liquid 3He, TF ∼ 1 K (similar density but mass M bigger by ∼ 104)

3. dilute trapped Fermi gas, low density gives TF ∼ 10−6 K (like dilute
trapped Bose gas)
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Apply to ideal Bose gas in spherical harmonic trap

• assume isotropic three-dimensional trap potential Vtr(r) = 1
2Mω2r2

• ground state wave function ψ0 ∝ e−r
2/2d2

is Gaussian

• mean radius in ground state is “oscillator length” d

• familiar quantum mechanics gives d =
√

~/Mω ∼ few µm for dilute atomic
gas

• onset of BEC for N particles in spherical trap occurs at kBTc ∼ ~ωN 1/3

• PROBLEM: VERIFY THIS RELATION AND FIND COEFFICIENT. WHY
IS IT DIFFERENT FROM GAS IN A BOX?

• for dilute atomic gas, typical value is N ∼ 106 and Tc ∼ 1 µK

• near Tc, thermal cloud has Boltzmann density with
nT (r) ∝ exp[−Vtr(r)/kBT ] ∝ exp

(
−r2/R2

T

)
(this is also Gaussian)

• implies thermal radius RT =
√

2kBT/Mω2
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• above Tc, get wide thermal cloud with thermal radius RT

• below Tc, narrow condensate starts to appear with quantum oscillator
radius d

• as T → 0, thermal cloud disappears and have only narrow condensate

• near Tc, find RT/d ∼ N 1/6 ∼ 10

• onset of Bose condensation produces dramatic narrow condensate
(of width ∼ d) rising from thermal cloud (of width ∼ RT )
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• presence of Bose-Einstein condensate at T = 0 K means all the ≈ N
condensed particles form coherent quantum state described by a
macroscopic wave function Ψ(r) =

√
Nψ0(r) ∼

√
N exp(−r2/2d2)

• Ψ often called “order parameter”

• normalization is
∫
dV |Ψ|2 = N for T � Tc

• condensate density (this is ≈ total density at low temperature)
is nonuniform with n(r) = |Ψ(r)|2

• for ideal gas, condensate density has single-particle ground-state (Gaussian)
form n(r) ∝ N exp(−r2/d2)
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What is effect of interparticle interactions?

Basic idea (Bogoliubov 1947): for weak interparticle potentials and T � Tc,
nearly all particles remain in condensate

• for dilute Bose gas, interparticle spacing is n−1/3 ∼ few 100 nm

• interactions are short-range; only s-wave scattering is important with
scattering length a ∼ a few nm

• interparticle interaction potential is V (r) = gδ(3)(r)

• here g = 4πa~2/M is effective coupling constant

• PROBLEM: DERIVE THIS RELATION FROM SCATTERING THEORY

• for dilute gas, require na3 � 1

• each particle in the condensate experiences a Hartree mean-field potential
VH(r) = gn(r) = g|Ψ(r)|2 from the interaction with all remaining
condensed particles
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• condensate wave function obeys nonlinear Schrödinger equation
(Gross-Pitaevskii equation)

(
−~

2∇2

2M
+ Vtr + g|Ψ|2

)
Ψ = µΨ

where last (nonlinear) term is Hartree potential and µ is chemical potential

• need self-consistent solution for Ψ

• uniform interacting dilute gas has only two lengths: scattering length a and
interparticle spacing n−1/3

• presence of trap introduces additional length: the trap size d

• this extra length leads to new dimensionless parameter Na/d that
characterizes the interaction strength

• typical ratio a/d ∼ 10−3 is small, but

• GP interaction parameter Na/d is large for N ∼ 106

• hence repulsive interaction expands condensate to radius R that exceeds d
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• radial expansion of condensate means that radial gradient of Ψ
(and of density) becomes small when Na/d� 1 (typically, R/d ∼ 10)

• thus can neglect kinetic energy in GP equation, giving

g|Ψ(r)|2 = µ− Vtr(r)

• for spherical harmonic trap Vtr(r) = 1
2Mω2r2, equilibrium particle density

has form of inverted parabola

n(r) = n(0)

(
1− r2

R2

)

where R2 = 2µ/Mω2 is classical turning point and n(0) = µ/g is central
density

• this simple result is called Thomas-Fermi (TF) limit
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2 Time-dependent Gross-Pitaevskii equation

Proposed in 1961 by Gross and Pitaevskii independently

• provides accurate description of dilute low-temperature Bose-Einstein
condensates

1. properties of ground state

2. collapse for attractive interactions

3. frequency of low-lying collective modes (at ∼ 1% level of accuracy)

• comes in two different but equivalent versions
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A. Nonlinear Schrödinger equation

Emphasizes quantum aspects of problem

i~
∂Ψ

∂t
=

(
−~

2∇2

2M
+ Vtr + g|Ψ|2

)
Ψ

Based on energy functional

EGP[Ψ] =

∫
dV


~2 |∇Ψ|2

2M︸ ︷︷ ︸
kinetic

+Vtr |Ψ|2︸ ︷︷ ︸
trap

+
1

2
g |Ψ|4
︸ ︷︷ ︸
interaction




with three terms representing the kinetic energy, the trap energy, and the
interaction energy

Equilibrium states minimize this energy functional with fixed normalization∫
dV |Ψ|2 = N (chemical potential µ here serves as Lagrange multiplier)
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B. Alternatively, Hydrodynamic Approach takes

Ψ = eiS|Ψ|

• gives hydrodynamic variables

1. particle density n = |Ψ|2
2. velocity v = ~∇S/M is irrotational except for singularities

3. particle current j = nv

• define circulation κ =
∮
C dl · v on closed path C

1. here, κ = (~/M)
∮
C dl ·∇S = (~/M)∆S

∣∣
C

2. wave function Ψ is single valued, so that ∆S
∣∣
C = integer times 2π

3. hence circulation is quantized : κ = integer× 2π~/M
4. well verified for superfluid 4He

5. (also for type-II superconductors, where electronic charge plays crucial
role)
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• substitute Ψ = eiS|Ψ| into the time-dependent GP equation

• imaginary part of time-dependent GP equation gives the conservation of
particles for this compressible but nonuniform dilute gas

∂n

∂t
+∇ · (nv) = 0

• real part gives a generalized Bernoulli equation

• PROBLEM: FIND THIS “BERNOULLI” EQUATION

• incorporates all physics of compressible irrotational hydrodynamics,
including quantized vortices and their motion
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C. Stationary quantized vortex

• Gross and Pitaevskii (1961) independently studied the structure of a straight
singly quantized vortex in an unbounded condensate with bulk density n

• assume Ψ(r) =
√
n eiφf (r)

• here r is in xy plane with φ the polar angle

• gives circulating flow with circular stream lines

v(r) =
~
Mr

φ̂

• note v diverges for r → 0

• circulation is κ = 2π~/M with singular vorticity at the origin

∇× v = (2π~/M) ẑ δ(2)(r)

• PROBLEM: DERIVE THIS RELATION (ANALOGOUS TO SINGULAR
CHARGE DENSITY OF POINT CHARGE)
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• chemical potential is µ = 4πa~2n/M = gn (equal to Hartree energy in
uniform fluid)

• speed of sound is s =
√
µ/M

• real s requires repulsive interparticle interaction g > 0 and hence a > 0

• centrifugal barrier forces the radial function f (r) to vanish at origin with a
core radius ≈ the healing length ξ

• magnitude of healing length ξ is fixed by balance between kinetic energy
and interaction energy µ

ξ =
~√

2Mµ
=

1√
8πna

• circulating flow v becomes supersonic near core, with v ≈ s at r ≈ ξ
(cavitation forms vortex core)
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3 Single vortex in large trapped condensate

Assume axisymmetric harmonic trap potential

Vtr(r) = Vtr(r, z) = 1
2M(ω2

⊥r
2 + ω2

zz
2)

• for ωz/ω⊥ � 1, get flattened disk shape (strong axial confinement)

• for ωz/ω⊥ � 1, get elongated cigar shape (strong radial confinement)

• assume trap rotates around ẑ with angular speed Ω

• in rotating frame, H → H ′ = H − ΩLz

• condensate wave function Ψ minimizes GP energy functional in rotating
frame

E ′GP[Ψ,Ω] = EGP[Ψ]−
∫
dV Ψ∗ (Ω · r × p) Ψ
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Angular momentum Lz is conserved for singly quantized vortex on axis of
symmetry,

• condensate wave function has the form

Ψ(r) = eiφ |Ψ(r, z)|

• flow velocity is same as for a straight vortex in an unbounded condensate
with v = (~/Mr)φ̂

• centrifugal energy again forces Ψ to decrease in core region near axis r . ξ

• hence have toroidal condensate density with empty core of radius ξ along
symmetry axis

• in TF limit, get wide separation of length scales

ξ � d0 � R0

• implies that vortex has small effect on density
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Use E ′ = E − ΩLz to find energy in rotating condensate

• evaluate E ′0 for vortex-free condensate

• evaluate E ′1(r0, Ω) for straight vortex a distance r0 from symmetry axis

• holds for disk-shaped trap with Rz � R⊥

• includes energy from circulating velocity

• density unaltered except for small core region ∼ ξ

• extra energy associated with presence of vortex is

∆E ′(r0,Ω) = E ′1(r0,Ω)− E ′0
• this energy characterizes local and global stability of straight vortex near

trap center (explained below)

• plot ∆E ′ as function of displacement r0 for fixed Ω
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(a) for Ω = 0, ∆E ′ decreases with increasing r0

• trap center is local maximum of ∆E ′(r0, 0)

• for no dissipation, fixed energy means a fixed radial position r0

• vortex precesses uniformly with angular velocity φ̇ proportional to the slope
of the energy curve φ̇ ∝ −∂∆E ′/∂r0

• in presence of weak dissipation, the vortex moves to reduce energy and
slowly spirals outward
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(b) with increasing Ω, negative central curvature decreases and vanishes at

Ωm =
3

2

~
M R2

⊥
ln

(
R⊥
ξ

)

when central vortex becomes metastable

• note ∆E ′(0,Ωm) is positive at origin, so this is not global stability

• for Ω > Ωm, trap center is local minimum of energy

• for weak dissipation, vortex now spirals inward for small lateral
displacements (to reduce its energy)
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4 Experimental creation/detection of vortices

• Cornell and Wieman group made the first BEC vortex at JILA (1999)
(associated with Univ. Colorado and NIST)

• start from nearly spherical 87Rb condensate with two different hyperfine
components

• use coherent off-resonant electromagnetic fields to couple two components

• NMR-like techniques can lead to interconversion between two components

• each component has different hyperfine state and hence slightly different
resonant laser frequency

• allows nondestructive imaging of each component separately
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• add additional stirring perturbation to coupled system

• at just the right moment, turn off coupling, leaving one component with
trapped vortex surrounding the nonrotating core of the other component

• Rabi methods allow direct measurement of relative phase between
nonrotating core and rotating vortex

• figure shows cosine of relative phase difference on once encircling core
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• study precession of this two-component vortex with filled core in trap

• JILA group can also remove nonrotating core component, leaving vortex
with an empty core

• compare precession with theory

• agreement at ±10% level

• no outward radial motion for ∼ 1 s, so dissipation is small on this time scale
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Dalibard group at École Normale Supérieure (Paris) studied vortex creation in
a very elongated rotating cigar-shaped condensate with one component

• use off-center toggled rotating laser beam to deform the transverse trap
potential and stir the condensate at an applied frequency Ω/2π . 200 Hz
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• Dalibard (ENS) group observed small vortex arrays of up to 11 vortices
(arranged in two concentric rings)

• like patterns predicted and seen in superfluid 4He in Berkeley experiments
(Packard 1979)
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• Ketterle (MIT) group has prepared considerably larger rotating condensates
in less elongated trap

• they have observed triangular vortex lattices with up to 130 vortices

• like Abrikosov lattice of quantized flux lines (which are charged vortices) in
type-II superconductors

• Cornell (JILA) rotates a normal cloud, then cools. Selectively remove atoms
near the symmetry axis to achieve large angular momentum per particle and
high rotation speeds
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5 Vortex arrays in mean-field Thomas-Fermi regime

Mean vortex density in rotating superfluids (Feynman)

• solid-body rotation has vsb = Ω× r
• vsb has constant vorticity ∇× vsb = 2Ω

• each quantized vortex has localized vorticity 2π~/M

• for rotating condensate, mean vorticity 2Ω must equal mean vortex areal
density nv times localized vorticity 2π~/M per vortex

• hence vortex areal density is nv = MΩ/π~

• area per vortex 1/nv is π~/MΩ ≡ πl2 which defines radius l =
√

~/MΩ
of circular cell

• intervortex spacing ∼ 2l decreases like 1/
√

Ω

• analogous to quantized flux lines (charged vortices) in type-II
superconductors where applied flux density B drives vortex density
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As Ω increases, the mean vortex density nv = MΩ/π~ increases linearly
following the Feynman relation

• in addition, centrifugal forces expand the condensate radially, so that the
area πR2

⊥ also increases

• hence the number of vortices Nv = nvπR
2
⊥ = MΩR2

⊥/~ increases faster
than linearly with Ω

• conservation of particles implies that the condensate also shrinks axially

• TF approximation assumes that interaction energy 〈g|Ψ|4〉 and trap
energy 〈Vtr|Ψ|2〉 are large relative to kinetic energy for density variations
(~2/M)〈(∇|Ψ|)2〉

• expansion of condensate means that central density eventually becomes
small and TF picture fails
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Quantitative description of rotating TF condensate

Kinetic energy of condensate involves

~2

2M

∫
dV |∇Ψ|2 =

∫
dV

1

2
Mv2|Ψ|2

︸ ︷︷ ︸
superflow energy

+
~2

2M

∫
dV (∇|Ψ|)2

︸ ︷︷ ︸
density variation

where Ψ = exp(iS)|Ψ| and v = ~∇S/M is flow velocity

• generalized TF approximation: retain the energy of superflow but ignore
the energy from density variation

• this approximation will fail eventually when vortex lattice becomes dense
and cores start to overlap

• in rotating frame, generalized TF energy functional is

E ′[Ψ] =

∫
dV

[(
1

2
Mv2 + Vtr −MΩ · r × v

)
|Ψ|2 +

1

2
g|Ψ|4

]

• here, v is flow velocity generated by all the vortices
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• in the rotating frame, the dominant effect of the dense vortex array is that
spatially averaged flow velocity v is close to Ω× r = vsb

• PROBLEM: WHY IS THIS RESULT CORRECT (ANALOGOUS TO PO-
TENTIAL FROM UNIFORM ELECTRON DISTRIBUTION)

• for Ω along ẑ, straightforward analysis assuming v ≈ Ω × r gives simple
result

E ′[Ψ] ≈
∫
dV

[
1

2
Mω2

zz
2|Ψ|2 +

1

2

(
ω2
⊥ − Ω2

)
r2|Ψ|2 +

1

2
g|Ψ|4

]

• E ′ now looks exactly like TF energy for nonrotating condensate but with a
reduced radial trap frequency ω2

⊥ → ω2
⊥ − Ω2
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Hence TF wave function depends explicitly on Ω through the altered radial trap
frequency ω2

⊥ → ω2
⊥ − Ω2

|Ψ(r, z)|2 = n(0)

(
1− r2

R2
⊥
− z2

R2
z

)

where

R2
⊥ =

2µ

M(ω2
⊥ − Ω2)

and R2
z =

2µ

Mω2
z

• for pure harmonic trap, must have Ω < ω⊥ to retain radial confinement

• central density n(0) decreases with increasing Ω because of reduced radial
confinement

• in general, chemical potential µ depends on rotation speed Ω
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• aspect ratio changes because of rotation

Rz(Ω)

R⊥(Ω)
=

√
ω2
⊥ − Ω2

ωz

• this last effect provides an important diagnostic tool to determine actual
angular velocity Ω

• measured aspect ratio indicates that Ω/ω⊥ can become as large as ≈ 0.993
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6 Vortex arrays in mean-field lowest-Landau-level regime

Lowest-Landau-Level (quantum-Hall) behavior

When the vortex cores overlap, kinetic energy associated with density variation
around each vortex core becomes important

• hence the TF approximation breaks down (it ignores this kinetic energy
from density variations)

• return to full GP energy E ′[Ψ] in the rotating frame.

• in this limit of rapid rotations (Ω . ω⊥), Ho (2001) incorporated kinetic
energy exactly

• condensate expands and is effectively two dimensional

• for simplicity, treat a two-dimensional condensate that is uniform in the z
direction over a length Z

• condensate wave function Ψ(r, z) can be written as
√
N/Z ψ(r), where

ψ(r) is 2-dimensional wave function with unit normalization
∫
d2r |ψ|2 = 1
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General two-dimensional energy functional in rotating frame becomes

E ′[ψ] =

∫
d2r ψ∗



p2

2M
+

1

2
Mω2

⊥r
2 − ΩLz

︸ ︷︷ ︸
one−body oscillator H′0

+
1

2
g2D|ψ|2
︸ ︷︷ ︸
interaction


ψ,

where p = −i~∇, Lz = ẑ · r × p, and g2D = Ng/Z

One-body oscillator hamiltonian in rotating frame H′0 is exactly soluble and
has eigenvalues

εnm = ~ [ω⊥ + n (ω⊥ + Ω) + m (ω⊥ − Ω)]

where n and m are non-negative integers

• in limit Ω→ ω⊥, these eigenvalues are essentially independent ofm (massive
degeneracy)

• n becomes the Landau level index

• lowest Landau level with n = 0 is separated from higher states by gap
∼ 2~ω⊥

36



Large radial expansion means small central density n(0), so that interaction
energy gn(0) eventually becomes small compared to gap 2~ω⊥

Hence focus on “lowest Landau level” (LLL), with n = 0 and general
non-negative m ≥ 0

• ground-state wave function is Gaussian ψ00 ∝ e−r
2/2d2

⊥

• general LLL eigenfunctions have a very simple form

ψ0m (r) ∝ rmeimφ e−r
2/2d2

⊥

• here, d⊥ =
√

~/Mω⊥ is analogous to the “magnetic length” in the Landau
problem

• in terms of a complex variable ζ ≡ x+ iy, these LLL eigenfunctions become

ψ0m ∝ ζm e−r
2/2d2

⊥

with m ≥ 0 (note that ζ = r eiφ when expressed in two-dimensional polar
coordinates)

• apart from ground-state Gaussian factor, this is just ζm (a non-negative
power of the complex variable)
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• assume that the GP wave function is a finite linear combination of these
LLL eigenfunctions

ψLLL(r) =
∑

m≥0

cmψ0m(r) = f (ζ) e−r
2/2d2

⊥

where f (ζ) =
∑

m≥0 cm ζ
m is an analytic function of complex variable ζ

• specifically, f (ζ) is a complex polynomial and thus can be factorized as
f (ζ) =

∏
j (ζ − ζj) apart from overall constant

• f (ζ) vanishes at each of the points {ζj}, which are the positions of the nodes
of ψLLL

• in addition, phase of wave function increases by 2π whenever ζ moves around
any of these zeros {ζj}

• we conclude that the LLL trial solution has singly quantized vortices located
at positions of zeros {ζj}
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• spatial variation of number density n(r) = |ψLLL(r)|2 is determined by
spacing of the vortices

• core size is comparable with the intervortex spacing l =
√

~/MΩ which is
simply d⊥ in the limit Ω ≈ ω⊥

• unlike TF approximation at lower Ω, wave function ψLLL automatically
includes all the kinetic energy

• note that we remain in the regime governed by GP equation, so there is still
a BEC with condensate wave function ψLLL

• corresponding many-body ground state is simply a Hartree product with
each particle in same one-body solution ψLLL(r), namely

ΨGP (r1, r2, · · · , rN) ∝
N∏

n=1

ψLLL(rn)

• this is coherent (superfluid) state, since the single GP state ψLLL has
macroscopic occupation
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7 Beyond GP picture: highly correlated states

What happens when Ω increases beyond the “mean-field lowest Landau level”
regime is still subject to vigorous debate

Predict quantum phase transition from a coherent BEC state to highly
correlated many-body state

• define the ratio ν ≡ N/Nv the number of atoms per vortex

• because of similarities to two-dimensional electron gas in a strong magnetic
field, ν is called “filling fraction”

• current experiments have N ∼ 105 atoms and Nv ∼ several hundred
vortices, so that ν ∼ few hundred
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• numerical studies for small number of vortices (Nv . 8) and variable N
indicate that the coherent (superfluid) GP state is favored for ν & 6

• for small fixed N and large L, analytical solutions are not GP form

• for smaller ν . 6, predict sequence of highly correlated states similar to
some known from the quantum Hall effect, in particular a bosonic version
of the Laughlin state (here zn = xn + iyn refers to nth particle)

ΨLau(r1, r2, · · · , rN) ∝
N∏

n<n′
(zn − zn′)2 exp

(
−

N∑

n=1

|zn|2
2d2
⊥

)

• these correlated many-body states are qualitatively different from coherent
GP form

– the product
∏

n<n′(zn − zn′)2 in ΨLau(r1, r2, · · · , rN) involves
N(N − 1)/2 factors for all possible pairs of particles and vanishes
whenever two particles are close together

– this is the source of the correlations (reduces energy for short-range
repulsive potentials)

– for large N , correlated form ΨLau is much more difficult to use

41



How to reach correlated regime?

• need to reduce the ratio ν = N/Nv (number of atoms per vortex)

• one possibility is to use array of small condensates trapped in optical lattice

• need to rotate each condensate to relatively high angular velocity and large
angular momentum

• experimental group (Gemelke) at Penn State is working on this option
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• another idea is to use laser-induced synthetic vector potentials that can
“mimic” the effect of rotation.

• Spielman [NIST (US)] has produced vortices with this scheme (but not in
regular array)

• by varying external control parameter δ′, vary effective gauge potential
(equivalent to varying rotation speed)

• this new approach is exciting, but a different subject for separate talk.
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Conclusions

• investigated vortex stability in trap when condensate rotates with angular
velocity Ω and vortex is displaced from center

• single vortex near trap center becomes metastable at a
critical angular velocity Ωm

• for Ω/ω⊥ & 0.5 find vortex lattice in Thomas-Fermi regime (neglect density
variation near vortex cores)

• for Ω . ω⊥, vortex cores overlap and approach mean-field lowest-Landau-
level regime

• use lowest Landau level trial wave function to study properties in this rapidly
rotating regime

• eventually anticipate quantum phase transition to highly correlated
non-superfluid state for Ω/ω⊥ ∼ 0.999 · · · (but this correlated state remains
unobserved)
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Quantized superfluid vortex dynamics on curved surfaces:∗

Alexander Fetter, Stanford University

Kaiserslautern-II, September 2022

1. Vortex on a plane—phase pattern and stream function

2. Vortex on a cylinder—new features of phase pattern

3. Vortex on a cylinder—new features of stream function

4. Total energy of vortex dipole on a cylinder; role of stream function

5. Vortex motion on a sphere (a compact surface)

∗in collaboration with Nils-Eric Guenther and Pietro Massignan: PRA 96, 063608 (2017);

PRA 101, 053606 (2020) and with Sálvio Bereta and Mônica Caracanhas, PRA 103, 053306

(2021), and PRA 105, 023307 (2022)
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Central message of this talk:

• vortex dynamics on cylinder differs greatly from familiar behavior on a plane

• phase pattern of single vortex on cylinder illustrates problem of single-valued
condensate wave function

• quantum-mechanical single-valued condensate wave function Ψ requires that
vortex move uniformly around cylinder with quantized velocity

• stream function gives intuitive picture of total energy of vortex dipole

• generalize to surface of a sphere, whose compact structure with finite area
allows only vortex configurations with zero net charge such as a vortex dipole

• methods of calculus can transform metric for spherical polar coordinates
into metric for plane polar coordinates, apart from overall scale factor

• this transformation solves problem because we know all about superfluid
vortex dynamics on plane
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1 Vortex on a plane—phase patterns and stream function

Dynamics of point vortices involves first-order equations of motion

• this behavior is very different from second-order dynamical equations of
Newtonian point masses

• for vortices, x and y coordinates are canonical variables, like x and p for
point particle

• widely applicable for superfluids, with condensate wave function Ψ = |Ψ| eiΦ

• here the phase Φ determines the superfluid velocity v = ~∇Φ/M , where
M is atomic mass (Feynman 1955)

• applicable both to superfluid 4He and to cold atomic Bose condensates

• classical nonviscous hydrodynamics describes vortex dynamics with addition
of quantized circulation for individual vortices
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• classical hydrodynamics usually obtains local flow velocity v(r) from
gradient of velocity potential

• hence we reinterpret Feynman relation v(r) = ~∇Φ(r)/M in terms of a
quantum velocity potential

• specifically, we identify phase Φ of condensate wave function Ψ as quantum
velocity potential

• existence of the velocity potential with v ∝∇Φ implies that flow is
irrotational, apart from vortices and other singularities

• here this choice implies quantum-mechanical restrictions on velocity
potential to ensure single-valued condensate wave function Ψ(r) on any
closed path

• specifically, require
∮
dl · v = (2π~/M)ν, where ν is an integer

• classical hydrodynamics has no such restrictions
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• in many cases, flow is effectively incompressible (for example, superfluid 4He
and Thomas-Fermi limit for GP equation)

• since ∇ · v = 0, can now introduce a vector potential (like ∇ ·B = 0 in
electromagnetism)

• hence write v = ∇×A
• this picture is particularly simple for a two-dimensional superfluid film

• such incompressible two-dimensional hydrodynamics can be described with
scalar stream function χ(r)

• here write v = (~/M) n̂×∇χ, where n̂ = x̂× ŷ is normal to surface

• PROBLEM: WHAT IS THE CORRESPONDING A?
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In two dimensions, combine both views: introduce complex variable z = x+ iy
and complex potential F (z) = χ(r) + iΦ(r)

• in general, F (z) is analytic function of complex variable z

• analyticity of F (z) gives Cauchy-Riemann equations for velocity
components in terms of χ and Φ

• combine together to find local fluid velocity vy + ivx = (~/M)F ′(z),
where F ′(z) = dF/dz

• PROBLEM: VERIFY BOTH ASSERTIONS

• gives flow velocity in terms of either χ or Φ

• here stream function χ is particularly important because particles flow along
lines of constant χ (streamlines)

• we’ll see that χ also determines interaction energy between two vortices
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One vortex in a plane

• for single positive vortex at origin of a plane, complex potential is

Fplane(z) = ln z = ln r + iφ,

where z = reiφ and (r, φ) are usual plane polar coordinates

• evaluate F ′plane(z) = z−1 = r−1 e−iφ = M(vy + ivx)/~ for hydrodynamic
flow around vortex

• resulting axisymmetric vortex flow v(r) = (~/Mr)φ̂ is singular at origin

• more generally, complex potential for positive vortex at z+ is
F (z) = ln(z − z+)

• associated complex velocity function now has simple pole at z+ with

F ′(z) =
1

z − z+
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• figure shows phase function Φ = =Fplane(z) as familiar color pinwheel. Here,
white lines are lines of constant phase

• figure also shows in black the lines of constant stream function χ = <Fplane(z),
which are trajectories of particle flow

• as expected, lines of phase are radial and streamlines are closed circles

• these black and white lines form orthogonal structure, which holds for two
dimensions in general
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Why is stream function χ important?

• we’ll see that χ determines the interaction energy of two vortices

• in addition, consider the vorticity for single vortex at origin,
which is singular with ζ = ∇× v = (2π~/M) n̂ δ(2)(r)

• easy to show that stream function χ obeys inhomogeneous two-dimensional
“Poisson” equation ∇2χ(r) = 2πδ(2)(r)

• hence χ is effectively a two-dimensional Green’s function with logarithmic
singularity at origin

• PROBLEM: VERIFY BOTH THESE ASSERTIONS

• note that χ is analogous to (negative of) two-dimensional electrostatic
potential −P for line charge

• here use notation P since already use Φ for phase of condensate wave
function Ψ

• specifically, we know from familiar electrostatics thatP obeys two-dimensional
Poisson’s equation ∇2P = −2πδ(2)(r)
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2 Vortex on a cylinder—new features of phase patterns

How does infinite cylinder of radius R differ from infinite plane?

• let x be coordinate around circumference and y be coordinate along the axis
of cylinder

• equivalently, x = Rφ where φ is azimuthal angle around cylinder

• complex potential should be periodic if x→ x + 2πR

• same as a long strip of width 2πR with −πR ≤ x ≤ πR and periodic
boundary conditions in x

• how to include vortices in this formalism involving complex variable z?
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• need complex potential Fcyl(z) for an infinite one-dimensional array of
vortices at zn = z0 + 2πRn with n ∈ Z

• original vortex at z0 and added vortices at zn contribute simple poles to the
complex velocity F ′cyl(z), which becomes

F ′(z) =

∞∑

n=−∞

1

z − zn

• fortunately, this periodic sum of poles has simple closed form

F ′cyl(z) =
1

2R
cot

(
z − z0

2R

)

• PROBLEM: OBTAIN THIS RESULT AND THAT BELOW

• direct integration gives complex potential for a single vortex on cylinder of
radius R

Fcyl(z) = ln sin

(
z − z0

2R

)
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• from another perspective, consider a general complex function f (z)

• the complex potential ln f (z) has positive vortex at each zero of f (z)

• specifically, sin(z/2R) has zeros at z = 2πnR with n ∈ Z

• hence classical complex potential for equally spaced row of vortices at
z0 + 2πnR is

Fcyl(z) = ln sin

(
z − z0

2R

)

where n ∈ Z

• this result is same as that found separately by direct summation
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• this result is well-known in classical hydrodynamics, for example in H. Lamb’s
book “Hydrodynamics” (1879)

• our expression for Fcyl(z) indeed gives desired classical complex potential
for periodic vortex array

• but there is a problem: sin(z/2R) is periodic only for z → z + 4πR

• instead, sin(z/2R) is antiperiodic for z → z + 2πR

• consequently, phase Φcyl = =Fcyl is also antiperiodic over 2πR

• for quantum physics, this is a serious but soluble problem
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• to understand problem, consider phase plot for vortex at origin of cylinder

• clearly this phase plot is not periodic for x → x + 2πR, as seen from the
different colors on left and right

• horizontal line integral of phase gradient on upper/lower boundary gives∓π
(count phase lines crossing upper and lower boundary)

• half the phase lines go up and half go down leading to these ∓π values

• total line integral of phase around complete boundary indeed gives 2π (as
it must since it encloses one vortex)
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How to satisfy quantum mechanics for single-valued wave function?

• superfluid velocity v is effectively gradient of the phase Φ

• augment complex potential with uniform flow Fcyl(z)→ Fcyl(z) + iCz/R,
where C is real constant

• adds constant flow velocity C (~/MR) x̂

• this addition alters the horizontal line integral of v to∓π~/M+(2π~/M)C

• hence can vary circulation around cylinder at will by varying C

• choice C = ±1/2 gives single-valued condensate wave function Ψ

• vortex moves with local fluid velocity [here ±(~/2MR)x̂ for C = ±1/2]

• basic conclusion: existence of single-valued quantum wave function Ψ
requires that a single quantized vortex on an infinite cylinder must move
with quantized velocity ±~/(2MR) x̂
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Below are phase plots for C = ∓1/2, showing that all the lines of constant
phase collect either above or below

• basic conclusion: quantized circulation around cylinder requires that all
phase lines go either up or down

• left-side vortex moves to the left and the right-side vortex moves to the right

• think of the vortex as half a vortex dipole, which always moves in the
direction of flow through the center

• it is clear that the line integral of the phase around the circumference is
either zero or ±2π, depending on its location relative to the vortex
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What is special about the values C = ±1/2?

• with this added linear term, the complex potential for a vortex at origin is

F±(z) = ln sin(z/2R)± iz/2R

• note that second term on right side is equivalent to ln e±iz/2R

• these two terms combine inside the logarithm to give

F±(z) = ln
(
e±iz/R − 1

)
+ constant

• such a complex potential w±(z) = e±iz/R was introduced by Ho and Huang
[PRL 115, 155304 (2015)] as the only two conformal transformations from
a plane to a cylinder (corresponding to the two choices ±i)

• direct calculation with these latter complex potentials F± shows that vortex
indeed moves with velocity ±(~/2MR)x̂ around circumference of cylinder

• PROBLEM: VERIFY THIS ASSERTION

• to my knowledge this induced quantized vortex motion has not been
discussed previously
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3 Vortex on a cylinder—new features of stream function

Stream function χcyl = <Fcyl(z) is important for flow induced by vortex on
cylinder

• streamlines (in black) are curves of constant χ, here for zero external flow

• hence this is picture for stationary vortex

• note, hydrodynamic flow of individual particles follows streamlines
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• in contrast to phase pattern, streamlines form periodic pattern in x direction
with period 2πR

• for large |y|/R, χcyl grows linearly in |y| with horizontal streamlines, as
seen in figure below

• asymptotic flow for large |y| is constant: v(r) ≈ −(~/2MR) x̂ sgn(y)

• this is flow of “vortex sheet”—a discontinuity in transverse velocity

• periodic one-dimensional vortex array spaced 2πR apart looks like
discontinuity for |y| � R since individual vortices are not resolved
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• contour plot of stream function (black) has unusual aspect

• note existence of “separatrix”, which is very different from stream function
for single vortex on plane, where streamlines are closed circles

• here get two topologically distinct trajectories

• closed orbits (inside separatrix) encircle vortex but not the cylinder

• open orbits (outside separatrix) encircle cylinder but not the vortex

• this topology is similar to phase plot of classical pendulum: bounded
oscillations are inside separatrix and energetic full rotations are outside

• PROBLEM: DISCUSS PHASE PLOT FOR CLASSICAL PENDULUM
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Quantized motion of vortex changes complex potential to following picture—
now with both streamlines (black) and constant phase (white)

• here left (right) figure has vortex moving to left (right)

• fluid is stationary for y → ∓∞ and has uniform flow for y → ±∞
• right figure is rotated by π compared to left figure

• still have two topologically distinct orbits: closed orbits that encircle the
vortex and closed orbits that encircle the cylinder
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4 Stream function χ(r) determines interaction energy of vortex
dipole on a cylinder

This result is analogous to electrostatics, where electrostatic potential P(r)
determines interaction energy.

• total energy is kinetic for vortices in incompressible thin film,

• consider two vortices at r1 and r2 with charges q1 and q2

• total energy is integral of 1
2Mnv2, where v = v1 + v2, arising from flow of

each vortex, and n is two-dimensional number density

• total velocity is v = (~/M)n̂ ×∇(q1χ1 + q2χ2), in terms of the stream
function for each vortex χj = χ(r − rj)

• consequently, total energy becomesEtot = 1
2(n~2/M)

∫
d2r|∇(q1χ1+q2χ2)|2
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• total stream function χ = q1χ1 + q2χ2 is analogous to total electrostatic
potential P = q1P1 + q2P2 for two line charges

• in two dimensions, both χ and P obey inhomogeneous Poisson equation
with vortices/line charges as source

• apart from overall factors, total energy is integral of |∇χ|2 and |∇P|2,
respectively

• in electrostatics, energy of two charges is sum of self energies and interaction
energy

∑2
j,k=1 qjqkP(rjk), suitably cut off for divergent self energy terms

• in complete analogy, total energy of two vortices on infinite cylinder is
Etot = −(πn~2/M)

∑2
j,k=1 qjqkχ(rjk), here cutting off the self energy at

the vortex core radius ξ when j = k

• illustrates central role of stream function χ in determining total energy, in
addition to the stream function showing the lines of particle flow
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As noted earlier, a vortex dipole on a thin superfluid cylindrical film has unusual
(anisotropic non-logarithmic) interactions

• this energy has crucial implications concerning Berezinskii-Kosterlitz-Thouless
(BKT) physics for such thin superfluid cylindrical films

• the interaction energy is indeed logarithmic for |r12| � R

• for increasing horizontal separation, interaction energy is periodic for x12 →
x12 + 2πR

• for large axial separation y12 � R, however, the interaction varies linearly
Etot ≈ (2πn~2/M) [(y12/2R) + log(R/ξ)]

• PROBLEM: USE THE STREAM FUNCTION TO VERIFY THIS
LINEAR DEPENDENCE. WHY IS IT PHYSICALLY REASONABLE?

• infer that cylindrical superfluid film does not exhibit BKT physics since
vortex pairs can never unbind
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5 Vortex motion on a sphere (a compact surface)

How does a sphere differ from a cylinder or a plane (since a cylinder is just a
rolled strip of plane)?

• on a plane, phase lines from single vortex can extend to infinity

• on a sphere, however, phase lines from a single vortex must re-converge
somewhere else because a sphere is a compact (bounded) surface

• for a plane, a closed curve C divides the plane into an inside region and an
outside region, which is content of Jordan curve theorem

• the circulation integral κ =
∮
C dl · v around such a curve measures the net

vorticity inside C
• for singly quantized superfluid vortices with charges qj = ±1, circulation

integral κ measures net vortex charge inside C
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• in contrast, a closed curve C on a sphere merely divides it into two regions,
with no inside and outside

• choose one region and assume it has some net circulation κ around C
• when viewed from the other region, the integral C is in the negative sense

with circulation −κ
• hence the vorticity in the second region must cancel the vorticity in the first

region

• as a result, the total vorticity on a sphere (and any compact surface) must
vanish

Basic inference: for a superfluid with singly quantized vortices on a sphere,
a vortex dipole with one positive and one negative vortex is the simplest case
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• more complicated superfluid vortex configurations on a sphere must have
an even number of such singly quantized vortices

• for sphere (and other compact surfaces), the total net charge must vanish
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Why is a sphere of interest?

• sphere is simplest closed shape accessible in real laboratory on earth

• on earth, however, gravity tends to distort any thin spherical surface

• NASA has developed orbiting cold atom laboratory (CAL) on international
space station

• already created and studied BEC in space with no gravity [Nature 582, 193
(2020)]

• plan to make spherical shell potential leading to spherical bubble condensate

• work discussed here is directly relevant for such experiments
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How can we determine the vortex dynamics on a sphere?

• for a plane, recall complex variable z = x + iy = ρ eiφ, expressed in either
cartesian or polar form, with ρ = |z|

• a singly quantized vortex with charge ±1 at zj in the plane has complex
potential F (z) = ± ln(z − zj)

• for collection of such vortices, total complex potential is
F (z) =

∑
j qj ln(z − zj), where qj = ±1

• as an example, complex potential for vortex dipole located at z± is

Fdipole(z) = ln

(
z − z+

z − z−

)

• in general, F (z) determines the hydrodynamic flow field throughout the
plane

• since a vortex moves with the local flow velocity, F (z) also determines the
motion of each individual vortex
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How does this picture for plane help determine vortex dynamics on sphere?

First (more general) method relies on squared metric ds2

• start with cartesian metric ds2 = dx2 + dy2

• for complex variable, dz = dx + i dy and ds2 = |dz|2

• equivalently, use polar coordinates with z = ρ eiφ and dz = dρ eiφ+idφ ρ eiφ

• hence ds2 = dρ2 + ρ2dφ2 now expressed in polar form

• compare to metric for a sphere of radius R, expressed in terms of usual
angles (θ, φ) in spherical polar coordinates

ds2 = R2(dθ2 + sin θ2dφ2)

• goal is to rewrite metric for sphere to “look like” metric for plane-polar
coordinates apart from overall scale factor
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• rewrite metric for plane-polar coordinates and for sphere to focus on
common factor dφ2:

ds2 = ρ2

(
dρ2

ρ2
+ dφ2

)
and ds2 = R2 sin2 θ2

(
dθ2

sin2 θ2
+ dφ2

)

• we can make sphere’s metric resemble plane-polar metric if we choose ρ(θ)
to satisfy

dρ

ρ
=

dθ

sin θ
or, integrating, ln ρ =

∫
dθ

sin θ
= ln tan(θ/2) + const

• hence we choose ρ(θ) = ρ0 tan(θ/2), where ρ0 is a constant

• spherical metric then becomes

ds2 =
R2 sin2 θ

ρ2

(
dρ2 + ρ2dφ2

)

• looks like plane-polar metric with overall scale factor λ2 = (R sin θ/ρ)2

• in this way, we transform from spherical polar coordinates (θ, φ) on sphere
to single complex variable z = ρ(θ) eiφ = ρ0 tan(θ/2) eiφ in plane-polar form
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Second method is stereographic projection

• here, start at south pole and project point P on sphere onto point P′ on
tangent plane at north pole, as shown below

θ/2

P

P’

R

ρ

θ

• simple geometry shows that the radial distance ρ on the plane is given by
ρ = 2R tan(θ/2) which is same as result derived with first method

• important point is that first (metric) method applies to a general
axisymmetric surface, such as ellipsoid of revolution or torus, whereas second
method (stereographic projection) seems to be special for sphere
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Stream function for vortex dipole on a sphere

• either method associates a complex variable z = ρ(θ) eiφ = tan(θ/2) eiφ on
a plane with the point (θ, φ) on the surface of the sphere

• can now use machinery of complex potential to write down the appropriate
complex potential for a vortex dipole

Fdipole(θ, φ) = ln

(
z − z+

z − z−

)
= ln

(
ρ eiφ − ρ+ e

iφ+

ρ eiφ − ρ− eiφ−
)
,

where the overall scale factor cancels because of charge neutrality

• real part <Fdipole(z) gives the stream function

χdipole(θ, φ) =
1

2
ln

∣∣∣∣
ρ2 − 2ρρ+ cos(φ− φ+) + ρ2

+

ρ2 − 2ρρ− cos(φ− φ−) + ρ2
−

∣∣∣∣
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• some trigonometry and algebra leads to the form

χdipole = χ(Ω,Ω+)− χ(Ω,Ω−),

where Ω is an abbreviation for (θ, φ)

• here, χ(Ω,Ωj) = 1
2 ln [2− 2 cos θ cos θj − 2 sin θ sin θj cos(φ− φj)] , where I

omit some constant terms that do not affect the vortex dynamics

• if I define the unit vector r̂ normal to the sphere at the point Ω, then the
dot product is r̂ · r̂j = cos γj, where γj is the angle between the two unit
vectors r̂ and r̂j

• it is not difficult to show that χ(Ω,Ωj) has the equivalent form

χ(Ω,Ωj) = ln [2 sin(γj/2)]

• PROBLEM: PROVE THESE ASSERTIONS

• these results allow a complete description of the hydrodynamic flow field
generated by an arbitrary vortex dipole, using the expression

v(Ω) =
~
M
r̂ ×∇χdipole(Ω),
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where, as usual for spherical polar coordinates,

∇ =
1

R

∂

∂θ
θ̂ +

1

R sin θ

∂

∂φ
φ̂
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These results provide detailed hydrodynamic flow for a vortex dipole on a sphere

• here show picture of instantaneous streamlines for positive vortex at north
pole and negative vortex at the equator with φ− = π/2

• recall that streamlines are constant curves of stream function χdipole

• near each vortex, streamlines are circular, but they change continuously over
remaining spherical surface
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How does this vortex dipole move?

• rewrite equations of vortex dynamics in terms of χij = χ(Ωi,Ωj) = ln [2 sin(γij/2)],
where γij is angle between the two vortices at angular positions (Ωi,Ωj)

• in detail, r̂i · r̂j = cos γij

• for vortex dipole, find

ṙ+ = − ~
M
r̂+ ×∇+χ+−,

and similarly for ṙ−

• spherical symmetry allows us to assume initial locations that are symmetric
around the equator at initial polar angles θ+ = θ in northern hemisphere
and θ− = π − θ in southern hemisphere, at same initial azimuthal angles
φ+ = φ− = 0

• in this case find χ+− = ln [2 sin(θ+ − θ−)/2]

• here write two separate angles θ± because we need to hold one fixed while
differentiating with respect to the other
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• some algebra yields

ṙ+ = ṙ− =
~

2MR
tan θ φ̂

• precession speed vdipole = ~ tan θ/(2MR) becomes small as members of the
dipole approach the north/south poles (θ → 0), as expected by symmetry

• in contrast, near the equator (θ → π/2), precession speed becomes large

• write θ = 1
2π − ∆θ, so that vdipole = ~ cot ∆θ/(2MR) ≈ ~/(2MR∆θ) as

∆θ → 0

• this agrees with result for vortex dipole in plane because separation between
members of dipole is ≈ 2R∆θ
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• here show trajectories of vortex dipole with asymmetric initial conditions;
they move along great circle midway between them
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Can generalize to more interesting axisymmetric surfaces

• sphere has constant Gaussian curvature 1/R2

• metric methods also apply to an ellipsoid of revolution where Gaussian
curvature remains positive

• a vortex dipole remains the simplest configuration on an ellipsoid

• for symmetric initial position, dynamics of a vortex dipole is simple

• for general initial position, however, dynamics of a vortex dipole can become
very complicated
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• more interesting is a torus, where Gaussian curvature can become negative
in certain regions

• rely on coordinate transformation based on metric methods

• here illustrate flow field of vortex dipole on torus
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Conclusions

• we study superfluid vortex dynamics on simple curved surfaces such as a
cylinder and a sphere

• multiple connectivity on cylinder leads to quantized motion of single vortex

• on sphere, compact topology requires zero net vortex charge

• on sphere, simplest configuration is vortex dipole

• vortex dipole moves uniformly on great circle midway between the members
of the dipole

• can generalize to more complicated shapes such as torus and axisymmetric
ellipsoid

• I am grateful for many discussions with M. Caracanhas and P. Massignan
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