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Preface

The present manuscript represents the material of the lecture Quantum Field Theory, which
I held as part of the Master of Science in Advanced Quantum Physics program at the Depart-
ment of Physics of the Technische Universitat Kaiserslautern during the winter term 2020/2021.
Due to the Corona pandemic the 28 lectures were both live streamed and recorded. The cor-
responding videos are available at the platform Panopto at the national network of the state
Rhineland Palatinate. After each lecture both the corresponding hand-written notes as well as

this manuscript were made available to the students.

The presented material is partially inspired by former lectures of Prof. Dr. Ulrich Weif} at the
Universitdat Stuttgart from I which benefitted during my own physics study. And I had the
pleasure to learn from the lectures of Prof. Dr. Hagen Kleinert at the Freie Universitat Berlin
during my postdoc time, when I supervised the corresponding exercises. The manuscript is

mainly based on the two valuable books:

e W. Greiner and J. Reinhardt, Field Quantization, Springer, 2008

e H. Kleinert, Particles and Quantum Fields, World Scientific, 2016

which I recommend for self-study. Additional useful information, partially including historical

insights, can be found in the following selected books:

e J. Gleick, Genius - The Life and Science of Richard Feynman, Vintage Books, 1991
e W. Greiner, Relativistic Quantum Mechanics - Wave Equations, Springer, 2000

e W. Greiner and J. Reinhardt, Quantum FElectrodynamics, Springer, 2008

e W. Greiner and J. Reinhardt, Field Quantization, Springer, 2008

e H. Kleinert, Particles and Quantum Fields, World Scientific, 2016

e M.E. Peskin and D.V. Schroder, An Introduction to Quantum Field Theory, Cambridge
University Press, 1995

S. Schweber, QFED and the men who made it - Feynman, Schwinger, and Tomonaga,

Princeton University Press, 1994
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e M. Veltman, Diagrammatica - The Path to Feynman Diagrams, Cambridge University
Press, 1994

e T. Lancaster and S.J. Blundell, Quantum Field Theory for the Gifted Amateur, Oxford
University Press, 2014

With this I thank the student workers Alexander Guthmann, Joshua Krauss, and Andra Pirk-
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Contents

(1.2 Non-Relativistic Quantum Many-Body Theory|. . . . . .. ... ... ... ...

[1.3 Relativistic Fields and Their Quantization| . . . . . . . .. ... ... ... ...

(1.4  Quantum Electrodynamics| . . . . . . . . . ... ...

I Non-Relativistic Quantum Many-Body Theory,|

2 Tdeniical Particles

[3.2  Creation and Annihilation Operators for Bosons| . . . . . . . .. ... ... ...

[3.3 Schrodinger Equation for Interacting Bosons| . . . . . . . . . .. .. ... ....

[3.4  Field Operators in Heisenberg Picturel. . . . . . . . ... ... .. ... .. ...

[3.5 Creation and Annihilation Operators for Fermions|. . . . . . . . .. .. ... ..

[3.6  Occupation Number Representation|. . . . . . . .. ... ... .. ... .. ...

[4  Canonical Field Quantization for Bosons|

[4.1 Action of Schrodinger Field . . . . . .. ... .. ... ... ... ...

[4.3  Functional Derivative: Application| . . . . . .. .. ... ... ... ... ...




vi CONTENTS
4.4 FEuler-Lagrange Equations| . . . . . .. .. ... ... . 0oL 42
[4.5 Hamilton Field Theory| . . . . . . . . . . . . .o 43
4.6 Poisson Bracketsl . . . . . .. .. 45
[4.7  Canonical Field Quantization| . . . . . . . . ... .. ... ... ... ... ... 46

[ Canonical Field Quantization for Fermions 49
b1 Grassmann Fieldsl . . . . . . . ... 49

BI1  Grassmann Numbers . . . . .. ... ... oo Lo 49
b.1.2 Grassmann Functions. . . . . . . . . . ..o 50
[>.1.3  Differentiation and Integrationl. . . . . . . . .. ... .. ... o1
b.1.4 Complex Grassmann Numbers|. . . . . . . ... .. ... ... ... ... 53
BI15 Grassmann Fields . . . . . ... oo o oo 54
(5.2 Lagrange Field Theory for Fermions|. . . . . . . . . . ... ... .. ... .... 54
[>.3  Hamilton Field Theory for Fermions| . . . . .. .. ... ... .. ... .. ... 56
b.4  Poisson Bracketsl . . . . .. .. o 58
[5.5  Canonical Field Quantization| . . . . . . ... ... ... ... 0. 59

III Free Relativistic Fields and Their Quantization| 61

[6 Poincaré Group| 63
[6.1 Special Relativityl . . . . . . . . .o 63
[6.2 Defining Representation of Lorentz Group| . . . . . ... .. . ... ... .... 67
[6.3  Defining Representation of Lorentz Algebral . . . . . . ... ... ... .. ... 69
6.4 Classification of Basis Flementsl . . . . . .. ... ... 0000 70
6.5 Tie Theoreml|. . . . . . . . . . . . 72
6.6 Rotations . . . . . . . . . 73
6.7 DBoostsl . . . .. 75
[6.8 Scalar Field Representation| . . . . . . .. . ... ... ... . ... 76
(6.9 Tensor/Spinor Field Representation| . . . . . . . . ... ... ... ... 78

[6.9.1 Four-Vector Example[ . . . . . . .. ... oo oo 78




CONTENTS

[6.10 Defining Representation of Poincaré Group|. . . . . . . . ... ... .. .. ...
[6.11 Tensor/Spinor Representation of Poincaré Algebral. . . . . . . . ... ... ...
[6.12 Casimir Operators of Poincare Algebral . . . . . . .. ... ... ... ... ...
[6.13 Irreducible Representations of Poincaré Group| . . . . . . . ... ... ... ...

[6.13.1 Massive Representations| . . . . . . . . .. ... ... .o L.

[6.13.2 Massless Representations| . . . . . . .. . .. ... ... ..

[6.13.3 Other Representations| . . . . . . ... .. .. ... .. ... .. ...

(7__Noether Theorem|
[C1 Tovarianced . . . . . .
(.2 Infinitesimal Transformation| . . . . . . . .. . ... Lo oo
(7.3 Total and Local Variation of Action| . . . . . . . ... ... ... ... ... ...
[7.4  Continuity Equation| . . . . . . . . . . ..o
[7.5 Conserved Quantities| . . . . . . . . . . ... ..
[7.6  Canonical Energy-Momentum Tensor| . . . . . . . .. .. ... ... ... ....
[7.7  Angular Momentum Tensor| . . . . . . ... ... ... ... ...
[7.8  Symmetrizing Canonical Energy-Momentum Tensor| . . . . . . ... .. ... ..
(7.9 Modified Angular Momentum Tensor| . . . . . . . . .. . ... ... ... ....
B_Klein-Gordon Fieldl

[8.1 Action and Equations of Motions| . . . . . . ... ... ... ... ...
(8.2  Continuity Equation| . . . . . . . . ...
[8.3  Canonical Field Quantization| . . . . . ... ... ... ... 000
84 Plane Waves|. . . . . . . . ..o
[8.5  Fourier Operators| . . . . . . . . . . ...
[8.6  Hamilton Operator] . . . . . . . . . . . . ..
[8.7  Charge Operator| . . . . . . . . . . . . . . .
[8.8  Redefinition of Fourier Operators| . . . . . . . . . . ... ... ... ... ....
[8.9  Definition of Propagator| . . . . . . . . . . . ...
[8.10 Interpretation of Propagator| . . . . . . . . . .. .. ... . oL

[8.11 Calculation of Propagator| . . . . . . .. .. .. ... .. ... ... ... ...

vii

80
81
83
86
87
87
89

91
91
92
93
94
95
95
96
98
100



viii CONTENTS

[8.12 Covariant Form of Propagator{ . . . . . . . . ... ... ... .. ... ...... 122
9 Maxwell Fieldl 125
9.1 Maxwell Equations| . . . . . . . . . . ... 125
9.2 Local Gauge Symmetry|. . . . . . . . . .. L 126
9.3 Field Strength Tensors| . . . . . . . . . ... oo 128
9.4 Four-Vector Potentiall . . . . . . . . . ..o o 130
9.5 Euler-Lagrange Equations| . . . . . . . .. . . . ... ... ... ... 131
9.6  Hamilton Functionl . . . . . . . .. ..o o 132
[9.7  Canonical Field Quantization| . . . . . ... ... ... ... ... ... ..., 134
9.8 Heisenberg Equations|. . . . . . . . . . .. ... 136
9.9 Decomposition in Plane Waves|. . . . . . . . . . . . ... ... . ... 138
[9.10 Construction of Polarization Vectorsl . . . . . .. .. ... ... .. ... .... 139
[9.11 Properties of Polarization Vectors| . . . . . . . . . .. . ... .. ... .. .... 142
[9.12 Fourier Operators| . . . . . . . . . . . . . . 144
9.13 Energy| . . . . . . L 145
9.14 Momentum| . . . . . . . . 145
[9.15 Spin Angular Momentum|. . . . . . . . .. ..o 0000 146
[9.16 Definition of Maxwell Propagator] . . . . . . . . ... ... .. ... ... .... 148
[9.17 Calculation of Maxwell Propagator| . . . . . . .. .. ... ... ... ...... 149
[9.18 Four-Dimensional Fourier Representation| . . . . . . . . .. ... ... ... ... 150
[10 Dirac Field| 153
(10.1 Pauli Matricesl . . . . . . . . . .o 154
[10.2 Spinor Representation of Lorentz Algebral. . . . . . . . . .. ... .. ... ... 155
[10.3 Spinor Representation of Rotations| . . . . . . . . ... ... ... ... .. ... 156
[10.4 Spinor Representation of Boosts| . . . . . . . .. ... ... 0000 157
[10.5 Lorentz Invariant Combinations of Weyl Spinors| . . . . . . . .. ... ... ... 160
10.6 Dirac Actionl. . . . . . . . . 163
[10.7 Spinor Representation of Lorentz Group| . . . . . . . .. ... .. ... .. ... 166

[10.8 Parity Transtormation| . . . . . . . . . . .. ... oL 169




CONTENTS ix

10.9 Neutrinosl . . . . . . . . . 171
(10.10Charge conjugation| . . . . . . . . . . . . . ... 175
(0. 11T me Inversionl . . . . . . .. oL 178
(10.12Dirac Representation| . . . . . . . . . . . . ..o 182
(10.13Non-Relativistic Limitl . . . . . . . . .. o . o 183
(10.14Plane Waves| . . . . . . . . ..o 188
(10.14.1 Rest Framel . . . . . . .. oo oL 188
(10.14.2 Boost to Uniformly Moving Reference Frame . . . . . . . . .. .. .. .. 189
[10.14.3 Orthonormality Relations| . . . . . .. ... ... ... ... ... .... 192
(10.14.4 Dirac Representation| . . . . . . . . . . . . .. ... L. 193
(10.15Helicity Spinors| . . . . . . . . . .. 194
(10.15.1 Rest Framel . . . . . . ..o 194
(10.15.2 Helicity Operator| . . . . . . . . . . . . . . .. . . .. . 195
(10.15.3 Uniformly Moving Rest Frame|. . . . . . . .. ... ... ... ... ... 196
[10.16Canonical Field Quantisation| . . . . . . .. .. .. ... ... ... 199
[10.17Decomposition Into Plane Waves| . . . . . . . ... ... ... ... ... ... 201
[10.185econd Quantizied Operators . . . . . . . . . . . . . . . . . 202
L0.19Dirac Seal . . . . . .o 204
[10.20Propagator as Green Function| . . . . . . . . . .. ... o000 208
[10.21Propagator Calculation| . . . . . . . . . .. . ... ... 209
[10.22Four-Dimensional Fourier Representation| . . . . . . . . . . ... ... ... ... 211
[III Interacting Relativistic Fields and Their Quantization| 215
(11 Relativistic Light-Matter Interaction| 217
(1.1 Relativistic Mechanicsl . . . . . . . . .. .. . oo 217
(11.1.1 Basic Principles] . . . . . . . . . . . . . .. . 217
(1.1.2 Free Particlel. . . . . . . . .. o 219
(11.1.3 Charged Particle| . . . . . . .. ... ... ... ... ... ... ..., 220
(11.1.4 Minimal Coupling|. . . . . . . . .. . ... ... .. ... . ... ..., 221

(11.2 QED Actions| . . . . . . . . . . 223




X CONTENTS

(11.2.1 Scalar QED| . . . . . . . ... o 223
[IT1.2.2 Spinor QED| . . . . . . . . . 226
(11.3 QED Hamilton Function . . . . . . .. . . ... ... ... ... ... ... . 228
1.4 Dirac Picturel . . . . . . . . .o 230
141 Derivationl . . . . . . . o . oo 231
(11.4.2 Example| . . . . . . . . oo 232

[11.5 Canonical Field Quantisation| . . . . . . .. .. .. ... ... ... ... .... 235
(11.6 Time Evolution Operator|. . . . . . . . . . . . . . . ... ... 237
[11.7 Scattering Operator|. . . . . . . . . . . . . . . 240
(12 Mgller Scattering] 243
[12.1 Scattering Matrixl . . . . . . . . . . . .. 244
[12.2 Polarization Averaging| . . . . . . . . . ... 252
[12.3 Traces of Product of Dirac Matrices . . . . . . . . . ... ... ... ... ..., 255
12.4 Mandelstam Variables| . . . . . . .. .. .. oo o 257
12.4.1 General Casel . . . . . . . .. 258
(12.4.2 Equal Masses| . . . . . . . . . . . 259
12.4.3 Matrix Flement] . . . . . . . 000000 259

[12.5 Center-of-Mass System| . . . . . . . . . . . ... 260
12.5.1 Kinematics . . . . . . . . . 260
12.5.2 Matrix FElementl . . . . . . . . . .. .o 262
(12.6 Transition Rate Per Volumel . . . . . . . . . ... .. .o oo 263




Chapter 1

Introduction

This lecture provides a hands-on insight into quantum electrodynamics, which represents an
important building block of the standard model of elementary particles physics. To this end
we proceed in three steps. At first, we introduce the concept of second quantization, which
allows to deal with an arbitrary number of quantum particles, by the example of non-relativistic
many-body theory. Then we discuss the relativistic wave equations as representations of the
Poincaré symmetry of space-time. And, ultimately, we work out how to perturbatively calcu-
late scattering cross sections of fundamental quantum electrodynamic processes by using the

technique of Feynman diagrams.

1.1 Standard Model

The standard model of elementary particle physics describes quite successfully the basic struc-
ture of matter and three of the overall four fundamental interactions. All its predictions agree
precisely with all experimental measurements performed so far within the respective error bars.
The basic concept of the standard model is local gauge invariance. This means that the physics
does not change provided that the particle wave functions acquire local phase factors, which
change continuously from space-time point to space-time point. This represents a quite hard
restriction. Free massive particles do not fulfill this condition, as their wave functions only
allow for a global change of the phase factors. But if we postulate to have in addition for
massive particles also an invariance with respect to a local change of their phase factors, we
can deduce how these massive particles interact. Within such a local gauge theory it turns out
that the interaction between the massive particles is mediated by an exchange of gauge bosons,
which represent the quantized excitations of the corresponding gauge fields. In this way the

three interactions of the standard model can be classified as is summarized in Tab. [L.1l

The first and by far most successful theory of fundamental interactions is quantum electro-
dynamics. Its U(1) gauge theory was later on extended to the description of the other two

interactions of the standard model, which lead to the electroweak theory, unifying both the
1



2 CHAPTER 1. INTRODUCTION

interaction gauge symmetry gauge bosons
electromagnetic U(1) photon
weak SU(2) intermediate vector bosons
strong SU(3) gluon

Table 1.1: Overview of the three types of interactions of the standard model of elementary

particle physics together with their gauge symmetries and gauge bosons.

e e

Figure 1.1: Due to the presence of the vacuum the scattering of two electrons also involves the

creation and annihilation of virtual electrons and positrons.

eletrodynamic and weak interactions, as well as quantum chromodynamics, the quantum the-
ory of the strong interaction. Furthermore, quantum electrodynamics is the theory in all natural
sciences, whose predictions agree most precisely with experimental results. According to a com-
parison of Richard Feynman, its precision of 10 orders of magnitude corresponds to a resolution,
where the thickness of a single hair is resolvable by looking from the West to the East Coast
of America.

1.2 Non-Relativistic Quantum Many-Body Theory

Within a quantum electrodynamic scattering process not only real particles are involved. The
physical vacuum is not empty but, instead, consists of a sea of virtual particles, which are
also involved in a scattering process, see Fig. 1.1. Therefore, it is necessary to work out a
quantum mechanical formalism which is capable of describing an arbitrary number of particles.
The formalism of first quantization is not appropriate for that as there the number of particles
remains conserved. With the first quantization it is possible to calculate, for instance, for the
hydrogen atom the stationary energy states and the respective transition probabilities between
them. But the fundamental processes of the absorption of a photon and the corresponding

excitation of an electron as well as the later relaxation of the electron to the ground state
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bosons fermions
integer spin half-integer spin
particles mediating forces matter particles
Bose-Einstein statistics Fermi-Dirac statistics
symmetric many-body wave function | anti-symmetric many-body wave function

Table 1.2: According to the spin-statistic theorem there exist with bosons and fermions two

kinds of indistinguishable particles.

spin 0 1/2 1 3/2 2

mass > 0 || Higgs | leptons, quarks | intermediate vector bosons | A resonances

mass = 0 photon, gluon graviton

Table 1.3: Classification of elementary particles according to their spin and mass.

and the corresponding emission of a photon are not describable within the first quantization

formalism as they violate the particle number conservation.

The description of identical particles, which have exactly the same physical properties as, for
instance, mass, spin and charge, turns out to be problematic in the realm of quantum me-
chanics. In classical mechanics identical particles are distinguishable so that the trajectory of
each particle can always be identified. All experiments suggest, however, that this principle
of distiguishability can no longer be maintained in quantum mechanics. Due to the Heisen-
berg uncertainty relation the probability densities of identical particles overlap so that the
identification of a single particle is not possible. Despite of this fundamental principle of in-
distinguishability of identical particles in quantum mechanics one is nevertheless forced, due
to calculational purposes, to enumerate the particles. But this artificial particle enumeration
has to be performed in such a way that physically observable results turn out to be invariant
with respect to any change of this particle labeling. From this definition of indistinguishability
then follows that a many-particle wave function must obey special symmetry requirements. To
this end Wolfgang Pauli derived 1940 the spin-statistic theorem of relativistic quantum field
theory. By unifying the basic principles of special relativity with those of quantum mechanics
he showed that there are in three dimensions exactly two kinds of indistinguishable identical

particles, namely bosons and fermions. Their respective properties are summarized in Tab. [I.2]

It turns out that concrete calculations with (anti-)symmetric many-body wave functions are
quite cumbersome. Therefore, one has worked out a quite elegant formalism for quantum
many-body systems, which is capable of dealing with an arbitrary number of particles and is
called second quantization. In Part I of the lecture we work out the so-called canonical field
quantization which deals with creation and annihilation operators for particles. Note that the

Bose-Einstein and Fermi-Dirac statistics is automatically taken into account by defining appro-
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priate commutation relations for the creation and annihilation operators. Because of illustrative
purposes and in view of applications in the realm of solid-state physics we restrict ourselves in
Part I to elaborate this second quantization formalism in the realm of non-relativistic quantum
many-body theory. Thus, this amounts to quantize the first quantized Schrédinger theory,

which is possible to perform separately for both bosons and fermions.

1.3 Relativistic Fields and Their Quantization

In Part II we discuss at first the Poincaré group as the fundamental space-time symmetry in the
absence of gravity. By the concrete examples of rotations, boosts, and translations we introduce
the concepts of Lie groups and Lie algebras as well as their respective representations. In
particular, the Casimir operators of the Poincaré group are of importance, i.e. those operators
which commute with all generators of rotations, boosts, and translations. Namely, it turns
out that all states of relativistic quantum field theory can be classified with respect to the
eigenvalues of the Casimir operators of the Poincaré group, which are the spin and the mass of

the elementary particles, respectively, see Tab. [1.3

Thus, one can understand relativistic quantum field theory as the representation theory of the
Poincaré group. From this group-theoretical point of view we discuss in detail the examples of
both the Maxwell and the Dirac field. To this end we determine the respective free solutions
with their different helicity and polarization states. But instead of directly solving the respective
Maxwell and Dirac equation, we take group theory to our advantage. For the massless (massive)
spin 1 (1/2) particles we solve the underlying Maxwell (Dirac) equation in a particular reference
frame (the inertial frame) and rotate (boost) then the solution to an arbitrary reference (inertial)
frame. Afterwards, we second quantize the Maxwell as well as the Dirac theory and construct
their respective free propagators. Furthermore, we discuss the fundamental relations between
symmetries and conservation laws in terms of the seminal Noether theorem. As a concrete

example we deal with all conservation laws of quantum electrodynamics.

1.4 Quantum Electrodynamics

In Part III we finally turn to quantum electrodynamics. At first we derive the light-matter
interaction by postulating the aforementioned local gauge invariance. Based on the formalism
of second quantization we then perform a systematic perturbation theory around the free theory
and expand with respect to the light-matter interaction strength. In particular, we demonstrate
that, although using the non-covariant Coulomb gauge for the Maxwell field, we finally yield
covariant perturbative corrections, which can be graphically represented in terms of Feynman
diagrams. In order to construct all Feynman diagrams order by order we introduce a graphical

recursion relation, which is based on cutting the lines of Feynman diagrams of lower orders and



1.4. QUANTUM ELECTRODYNAMICS )

Mott scattering e Z—e7Z

Mgller scattering e” —e”

Bhabha scattering e” —et

Compton scattering | e”y —e™ 7y

Table 1.4: Examples of scattering processes in quantum electrodynamics.

gluing them together with new interaction vertices. Based on the Feynman diagrams we are
then able to calculate the cross sections for individual scattering processes, see the examples

mentioned in Tab.

In lowest order the respective cross sections are generically finite, but in higher orders notorious
infinities appear. These infinities prevent to make any concrete quantitative prediction for an
experimental measurement of a cross section. In quantum electrodynamics it turns out that
these infinities can be systematically removed order by order with a so-called renormalization
scheme. In a first step one regularizes the infinite integrals, i.e. one introduces an additional
calculational degree of freedom in such a way that these integrals become finite. For instance,
one introduces an ultraviolet cut-off A in momentum space or one follows the notion of Gerard
't Hooft and calculates the momentum integrals in D = 4 — ¢ dimensions. By construction
the infinities of the integrals then emerge in the limit A — oo or € — 0. In a second step one
shows then that the infinities can be absorbed by the few parameters of the theory as the mass,
the coupling constant, and the fields. Depending on the available time we plan to perform this
renormalization scheme in quantum electrodynamics explicitly in the lowest perturbative order.
The general proof, that quantum electrodynamics is renormalizable to all orders of perturbation

theory, is due to Freeman Dyson.
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Chapter 2
Identical Particles

Here we deal with identical particles, thus they have exactly the same properties like mass, spin
or charge. From all experiments performed so far in the realm of quantum mechanics one can
deduce that such identical particles are indistinguishable. Nevertheless we start with describing
a quantum many-particle system in Section as if their identical particles would be distin-
guishable. Based on that we investigate then in Section the consequences for postulating
the indistinguishability of identical particles. Namely, it turns out in three spatial dimensions
that identical particles are either bosons or fermions, which are characterized by a symmetric
and anti-symmetric many-body wave function, respectively. We illustrate the corresponding
complications in concrete calculations by the illustrative example of non-interacting identical

particles in Section [2.3]

2.1 Distinguishable Particles

A many-body system of identical nonrelativistic particles of mass M is classically described by
the Lagrange function
L(X1,. . Xp; X1,y Xy) = Y %xi — V(X1 %n) (2.1)
2

v=1
The n-particle potential V' (x, ..., x,) is usually additive in both the 1-particle potentials V;(x,)
and the 2-particle potentials Va(x, — x,):

V(Xl,...,xn):Z‘/l(x,,)—{—%zzvg(xl,—xu). (2.2)

v=1 p=1

Note that the latter must obey the symmetry

Vz(XV - Xu) = VQ(XM - X,,) (2'3)
due to the Newton axiom ”action = - reactio”. The Fuler-Lagrange equations
oL d oL

ox, dt %X,, N (2:4)
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corresponding to the Lagrange function (2.1)), (2.2)) lead to the Newton equations of motion:

n

V(%) om Vel — X,)
o ox, Z 0x,, ’

Mk, = (2.5)

p=1

The transition to the Hamilton formalism is implemented by introducing the canonically con-

jugated momenta

oL
L= — = Mx, 2.6
Pv = 5 X (2.6)
and by performing the Legendre transformation
HP1,  Pn; X1y Xp) = Zp,,}‘{,, — L(x1,...,Xp; X1, ..., Xy) (2.7)
v=1
which yields the Hamilton function
. B n pV n 1 n n
H(p1, s Pni X1, Xp) = ;m +;V1(Xu) + 5;;%(& — Xyu) - (2.8)
The corresponding Hamilton equations
: OH _ py
L = == 2.9
X op, M (2.9)
) OH oVi(x,) " Va(x, —x,)
L o= — - _ — e i A 24 2.10

turn out to be equivalent to the Newton equations of motion (2.5)).

The transition from classical mechanics to quantum mechanics is achieved by assigning opera-

tors to observables:
X, =Xy, Po—=Dv, HP1, -, Pn; X1, Xn) = H(DP1, -, Pn; X1y -+, Xp) - (2.11)

In order to obey the Heisenberg uncertainty relation, we postulate here the following canonical

commutation relations
. . . h
[l’jmﬂﬂku], = [pjmpku], =0, [Pju;xku}, = n Ojk Oup s (2.12)
where the commutator between two quantum mechanical operators A and B is defined by
[A,B] =AB - BA. (2.13)

The time evolution of a quantum mechanical state vector |¢(¢)) is described by the Schrodinger

equation:

L, 0 3
in o 0(6) = Hlu(). (214
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In order to convert this representation independent formulation of quantum mechanics to the
spatial representation, one chooses as a basis the eigenstates |xi,...,x,) of the coordinate

operators x,,. They fulfill the eigenvalue problem
Xy|X1, ooy Xpn) = Xp|X1, 00y Xp) (2.15)
as well as the orthonormality relation

(X1, Xp|x), X)) =0(x — %)) - 0(x, — X)) (2.16)

n

and the completeness relation

/dgxl-...-/d?’xn|x1,...,xn)(x1,...,xn| =1. (2.17)

The spatial representation of the momentum operators p, is given by the Jordan rule:
h 0

7 o, O
Evolving the quantum mechanical state vector [¢(t)) with respect to this basis yields due to
the completeness relation (2.17)

[U(t)) = /dgxl Ce /d3mn1/)(x1, ce X ) X, X)) (2.19)
where the expansion coefficients represent the n-particle wave function

V(X1y ey Xns ) = (X1, .., X |Y(1)) (2.20)

Multiplying (2.14) from the left with the bra-vector (xi,...,x,| leads for the n-particle wave
function (2.20)) to the n-particle Schrodinger equation

(X1, Xp|Dy = -y Xnl - (2.18)

zh%@b(xl,...,xn;t):I:h/)(xl,...,xn;t). (2.21)

Here the spatial representation of the Hamilton operator H follows due to |D 1) and
(2.18]) from the Hamilton function H as follows:

h 0 h 3
H=H o S Xp |- 2.22
(@ ox, i 0%, X > (2:22)
In case of the standard Hamilton function we get
1 n n
—Z{ A, +v1<x,,)}+2;;v2(x,,—xu). (2.23)

As we have assumed here that both the 1- and the 2-particle potential V; and V5 do not explicitly

depend on time, one can perform for the n-particle wave function the separation ansatz

w(Xl, <oy Xnj t) = ¢E(X17 s :Xn> eiiEt/h : (224)

This reduces the time-dependent Schrodinger equation (2.21)) to the time-independent Schrodinger

equation:
Hipp(x1,...,%,) = BYg(xy,...,%), (2.25)

where F denotes the energy eigenvalue.
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2.2 Bosons and Fermions

The quantum mechanical laws summarized in the last section are only valid for identical par-
ticles, which are assumed to be distinguishable. But experimentally it has turned out that
identical particles always happen to behave in the same way so that no objective measurement
allows to distinguish one from the other. Thus, in the realm of quantum many-body theory
the fundamental principle of the indistinguishability of identical particles has to be taken into

account.

Physically relevant are only expectation values of observables. The principle of the indistin-
guishability of identical particles means in this context concretely that the expectation value
of any operator A must not change when the enumeration of two particles is swapped within

the n-particle wave function:
/d3x1 . -/d?’xnlp*(xl,...,xj,...,Xk,...,xn)Aw(Xl,...,Xj,...,xk,...,xn)

= /d3x1-...-/d?’xn@/)*(xl,...,xk,...,xj,...,xn)flw(xl,...,xk,...,xj,...,xn).(2.26)

From this definition of indistinguishability of identical particles we now derive various charac-
teristic properties for both the operators A and the n-particle wave functions 1 (xy,...,X,).
Note that restricting the equality of expectation values to just two particles is not a
principle limitation as any permutation P can always be represented as a certain product of

transpositions .pjk

Here the action of ]5];.C is defined by exchanging the particle coordinates 7 and k in the n-particle

wave function:
pjkw(xl,...,xj,...,xk,...,xn) =P(X1, . Xy Xy, X)) (2.28)

From 1) it is self-evident that the transposition ]%k is involutoric, i.e. applying it twice

yields back the original n-particle wave function:
Py, Py =1 — Py =Pyl (2.29)

With the help of the transposition operator f’jk the defining equation 1) of the indistin-
guishability of identical particles can be converted from the spatial representation into the

representation-free formulation:
(WIAIY) = (Pu| A|Pj) = (| Bl AP |0) - (2.30)
From the straight-forward decomposition
(Gl = 7 [(6+v1416+ ) — (6~ vllo - 9)
—i(¢+ ip| Al + i) +i(p — ip|Alp — i) | | (2.31)
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which takes advantage from the sesquilinearity property
(lAli) = i(elAlw),  (iw|Ale) = —i(vlAlg), (2.32)
follows then together with a useful identity for any matrix element:
(0lA1) = (9| P APy|v) (2:33)
Due to the arbitrariness of the states |¢) and |¢)) we thus conclude the operator identity
A= Pl AP . (2.34)

Evaluating 1) for the special case A= ﬁ’Jk we read off due to |D that the transposition

operator Pj; turns out to be both hermitian

Py = pka (2.35)
and unitary
Pyl =Pl (2.36)

Furthermore, we conclude from 1) and 1) that any operator A commutes with a trans-
position ]%k

J

(i, A] = Ppd = Aby =0, (2.37)

As the latter identity holds in particular for the Hamilton operator A = H we know that there
exist states, which are at the same time eigenstates of both the Hamilton operator H and all

A

transposition operators Pjy:
H|y) = E[¢), Pyrl) = pyel) - (2.38)

Due to the hermiticity 1) of the transposition operators ]%k their respective eigenvalues p;y,
must be real. And from the involutoric property ([2.29) follows furthermore

P =1 (2.39)
Thus, the eigenvalues of the transposition operators ]%k are either p;, = 1 or p;, = —1. More-
over, it is reasonable that an n-particle wave function ¥ (x, ..., X,), which is an eigenfunction

A

of all transposition operators P}, must always have one and the same eigenvalue. In order to

show this we consider the following identity:

PleZkP12P2kP1jw(X17X27'"7Xj>"'7xk7"'7xn)
:Pljpgkplgw(Xj,Xk,...,Xl,...,Xg,...,Xn)Plele/)(Xk,Xj,...,Xl,...7X2,...,Xn)

= (X1, X,y Khy e vy Xy ooy X)) :ijlp(xl,xz,...,Xj,...,xk,...,xn). (2.40)
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From this we conclude the operator identity:
pjk = plekamkaplj ; (2.41)
so we obtain for the corresponding eigenvalues due to (2.39))

Pjk = (p1j)2 (p2k)2p12 - Pjk = D12 - (2.42)

Therefore, identical particle possess either a symmetric (¢ = 4+1) or an anti-symmetric (e = —1)

wave function with the property

Pyrly) = ely)). (2.43)

Using ([2.35)) and (2.43)) we get that symmetric and anti-symmetric wave function are always
orthogonal with respect to each other:

W) = @7 [Py = @7 |PLyt) = (Puy[YT) = =@ |vT)
— (Y~lyp™) =0. (2.44)

Furthermore, it turns out that identical particles maintain their symmetry character for all
times. To this end we state that the time evolution operator U (to,t1) transforms an initial
state of definite symmetry |10 (¢1)) into a final state of definite symmetry |1)(ts)) via

A~

2 (t2)) = Ulta, tr) [y (1)) - (2.45)
Thus, taking (2.37)) and (2.43) into account we conclude

€2t (ta)) = Pyl (t2)) = Pul(ta, t1) [0 (t1)) = Ulta, t1) Pl (t1)) = ex|v (t2))
— €1 = €. (2.46)

As a result we state that the Hilbert space of identical particles consists of either only symmetric
or only anti-symmetric wave functions. In relativistic quantum field theory it is shown which
Hilbert space is appropriate for which sort of particles. According to the spin-statistic theorem
of Pauli identical particles with integer (half-integer) spin are bosons (fermions) and have

symmetric (anti-symmetric) wave functions, see Tab. 1.2.

2.3 Non-Interacting Identical Particles

In general it is quite cumbersome to calculate n-particle wave functions by taking into account
the symmetry property. We illustrate this by the example of non-interacting identical particles.
According to , and a vanishing 2-particle potential V2(x, — x,) = 0 the following
time-independent Schrodinger equation has to be solved:

3 {_2% Ay + vl(xy)} Vu(xt, . %) = Evp(x, ... %0). (2.47)

v=1
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In the following we assume that the 1-particle wave functions g, (x) with the vector of quantum

numbers a are known as solutions of the time-independent 1-particle Schrodinger equation

{7 84 V160 b v, (0 = B i 0. (249

Thus they represent an orthonormal basis obeying both the orthonormality relation
/d3x V., (X)VE,, (X) = 6o, (2.49)
and the completeness relation

ZwEa X) i, (X) = 6(x —x'). (2.50)

In case that the particles would be distinguishable, then a solution of the time-independent

n-particle Schréodinger equation (2.47)) factorizes into 1-particle wave functions:

¢E(Xla Ce ,Xn) = 77/}Ea17“_7Ean (Xl, e 7Xn) == H 77Z}Eal, (X,,) (251)
v=1

and the total energy is the sum of the respective 1-particle energies
E=) E,,. (2.52)
v=1

Furthermore, the orthonormality and completeness relations of the 1-particle wave functions

(2.49) and (2.50)) imply corresponding relations for the n-particle wave functions

/dsxl e /d?’a:n VB, oo B, (x1,. .. ,xn)@/)Ea,lr_.,Ea% (X1,...,X,) = H oy, » (2.53)

DD Wby, X1 Xa)UB o, (X0 x) =[]0 X)) (254)

v=1

But, as identical particles are indistinguishable, the n-particle wave functions must either be

symmetric or anti-symmetric. To this end we introduce the (anti-)symmetrization operator

S =Y éP, (2.55)
P
which consists of a sum over all permutation operators P and p denotes the number of trans-
positions of a certain permutation corresponding to the decomposition - Multiplying a
permutation P in the sum (2.55)) with a single transposition P; ik, one obtains another permu-
tation P’ = ijP with p’ = p + 1. This has due to e = +1 the following consequence:

PS¢ = ZGPP WP = Z TP = eZeplp' = eS¢, (2.56)

P P
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With the prescription
¢EEQ}(X17 s 7Xn) = N{EEQ}S’enwEaV (XV) (257)
v=1

we construct for each wave function of n distinguishable particles a corresponding sym-
metric (e = 1) or anti-symmetric € = —1 n-particle wave function, which obeys by taking
into account. Due to the indistinguishability property the (anti-)symmetrized n-particle
wave function turns out to be independent of the concrete order of the 1-particle energies
E,.,, ..., E, . In order to emphasize that within our notation, we have introduced in the
index {E,}.

At first, we remark that the (anti-)symmetrized n-particle wave function obeys the time-
independent Schrédinger equation ([2.47] - with the energy eigenvalue (|2 . This follows from
as well as the circumstance that each permutation operator P in the sum (12.55))

can be represented as a product of transposition operators:
Hlp) = Blvg) = HSWp) = S Hlp) = BS ). (2.58)

Furthermore, we read off from ([2.55)) and ([2.57]) an important observation for the anti-symmetric

n-particle wave function, which is characterized by e = —1:

@Z){_Eoc}(xl"“7 {EQ}Z )P Ye,, (Xp@)) VB, (XP@)) - (2.59)

Thus, the anti-symmetric n-particle wave function can be represented in form of a Slater de-

terminant:

Vg, (X1) Y, (X2) - Vg, (Xn)
Vg (X, %) = Ny : : : : (2.60)
VE,, (X1) VE,, (X2) -+ Ug,, (%)

In the case of an equality of two rows, i.e. a; = ay, or two columns, i.e. x; = x;, the anti-
symmetric n-particle wave function vanishes and with this the probability to have such a
wave function. This just represents the fundamental Pauli exclusion principle that two fermions
can not be neither in the same state nor at the same space point. A corresponding restriction
does not exist for bosons. This means that there can be more than one boson in one state
or at one space point. In order not to overload the following combinatorial considerations,
we consider from now on only those bosonic wavefunctions, where a state or a space point is

occupied at most by one boson.

It remains to determine the normalization constant N¢p , in 1.’ To this end we apply (2

that each permutatlon operator P can be represented by transpositions P; ik, and conclude that

iterating (2.56]) yields

PS¢ = erSe. (2.61)
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Taking into account (2.55)) the scalar product between two (anti-)symmetric n-particle wave

functions (2.57)) reads at first
(Wiga [¥im,) = Niz,) Z (Wre, V| PTUE, ) - (2.62)

Due to (2.27) and (2.35)) as well as (2.57)) and (2.61)) this reduces to
(Wip Vie,1) = Nis) Z (WBay VB0, Vg, - (2.63)

As we have € = £1, the summand turns out to be independent of the respective permutations

P, so the sum reduces to the factor n!, which is the number of all possible permutations. Taking

into account again (2.57)) and (2.61)) we get

(Wipa Vi) = NipagNipyn D& e, - Ve, | PUE, - ¥r, ) - (2.64)

P’
And with the orthonormality (2.53)) of the 1-particle wavefunctions we finally obtain for the

scalar product the expression
W?EQ}W.E{EQ/Q = NEEQ}NEEO/}n! Z e’ 5(11,04;),(1) 0oy o NS (2.65)
P/

We now demand the orthonormality relation

<wEEa}|wEEa/}> = 621 an;al,...of (266)

.....

with the (anti-)symmetrized Kronecker symbol

VIS Sl

P

(2.67)

5041 o

Py P(n)

As we restrict ourselves both for bosons and fermions to the case that all single-particle states

differ from each other, i.e. o, # o, for  # v, in (2.66)) and (2.67)) only the identity permutation

P =1 survives, which fixes the normalization constant NEEQ} according to

. 1
N (B} = —\/m .
Finally, we show that one can span the whole Hilbert space of (anti-)symmetrized n-particle

wave functions with (2.57). To this end we start from the completeness relation (2.54)) of the
n-particle wave function and apply twice the (anti-)symmetrization operator (2.55)), once upon

(2.68)

the space coordinates x, ..., X, and once upon the space coordinates x},...,x/:
ZZ€p+p Z Z%ﬂal wEa (Xp(n)) V., (XIP’(l)) VB, (X/P/(n))
PP
_ Z Z p+p §( XP XP'(l)) .. 5<XP(n) — XIP’(n)) . (2.69)

I
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At the left-hand side the space coordinates xp(1y, ..., Xp(,) and X’P,(l), e ,x’P,(n) are rearranged
in their respective standard order xi,...,%, and xX},...,x,. As a consequence the quantum
numbers aj, . .. @, are rearranged to ap(y, ... ap) and api(), ... api(y), respectively. A corre-
sponding reordering on the right-hand side from xp(1),...,Xp) to x1,...,x, rearranges then
X’P,(l), o ,x;,,(n) to X’P,(P( 1) xP,( P(ny)» Yielding
D, | * R p ) * A /
Z Z { Z @/JEQP(U (x1) ¢Eap(n) (Xn)}{ Z € %DEQP,O) (x1) ¢Eap,(n> (Xn)}
P/
= Z Z Ep-‘rp 5 XP’(P(l) ) 5(Xn — X;’(P(n))) . (270)
J

At the left-hand side we now use , , and , whereas at the right-hand side the
sum over all permutations P’ is substituted by an equivalent sum over all permutations Q =pP'p
with ¢ = p/ + p, so that afterwards the sum over P can straight-forwardly be performed. With
this we finally obtain the completeness relation

Z Z@/J{Ea (X15 -+ X)Wy (X0, X)) = 09Xy X X, X ) (2.71)

where we have introduced analogous to (2.67)) the (anti-)symmetrized delta function

(X1, oy Xy Xy ey X)) = Z e10(x1 — X))+ 0(Xn — Xg(n)) - (2.72)
Q

The considerations of the present section have the purpose to generate a basis of the Hilbert
space of indistinguishable identical particles via a(n) (anti-)symmetrization of the known basis
of the Hilbert space of distinguishable identical particles. So far the starting point has been
the eigenvalue problem ([2.47)) of the underlying Hamilton operator. But another basis results
from considering the eigenvalue problem of the coordinate operators as the starting
point. Then the eigenfunctions |xi,...,x,) with the continuous eigenvalues x,...,x, span
the Hilbert space of distinguishable identical particles. The subsequent (anti-)symmetrization
is performed analogous to , , and , yielding another basis in the Hilbert space
of indistinguishable identical particles:

1
X1, ..., X,) = —= g |xXpay, .-, Xpm)) - (2.73)
|
vl <

Both the orthonormality relation and the completeness relation corresponding to (2.66]) and

(2.71)) read then

UK, o XX, X)) = (X, X X, X)), (2.74)

/dgxl---/d?’xn X1,y X)Xy, .., X = 1. (2.75)

For the purpose of illustration we consider the spatial representation for two particles. The

basis for two distinguishable identical particles reads in coordinate representation according to

([2.16) and (2.20)

¢x1,x2 (Zl, Zg) = <Z1, ZQ|X1, X2> = (5(Z1 — X1)5(Z2 — Xg) . (276)
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Correspondingly, the coordinate representation for two indistinguishable particles follows from
(12.20)):

;17)(2(Z17Z2> = <Z17Z2|X17X2>€7 (277)
which reduces due to (2.16)) and (2.73) to
. 1
o 2) = 5 {3021 = x1)0(22 = x2) + eb(z1 — %:)3(z — x1) } . (2.78)

Note that (2.78)) also follows from an (anti-)symmetrization (2.73]) from (2.76) as defined by
(2.55)), (2.57)), and (2.68]). With this one obtains for the orthonormality relation (2.74)) by taking
into account ([2.72)

/d321/d322 v xa (B1, Z2 )W o (21, 22) = 0°(X1, Xa; X], X)) (2.79)
and correspondingly the completeness relation (2.75)) reads together with (2.74]) and (2.76))

[P [P lm a2 23) = (o, i ). (2.80)






Chapter 3

Second Quantization

The formulation of quantum many-body systems introduced so far dealt first with distinguish-
able particles and necessitated then to perform afterwards a(n) (anti-)symmetrization of wave
functions in order to describe indistinguishable particles in form of bosons (fermions). Usually
this procedure turns out to be quite cumbersome due the huge number of particles involved in a
quantum many-body system. Therefore, one has worked out second quantization as an alterna-
tive formulation for describing quantum many-body systems, which has the advantage that it
automatically takes into account the (anti-)symmetrization of wave functions. It is based on the
ladder formalism, which allows an algebraic treatment of the first quantized harmonic oscillator
and is therefore initially reviewed. Afterwards, we heuristically formulate second quantization,
which represents the technical basis for non-relativistic quantum many-body theory. Due to
the introduction of creation and annihilation operators for identical particles we are able to
describe interacting bosonic and fermionic systems involving an arbitrary number of particles.
This is relevant for concrete applications in the realm of solid-state physics like the descrip-
tion of Bose-Einstein condensation and superfluidity as well as the Bardeen-Cooper-Schrieffer
theory of superconductivity, which is not the content of this lecture. But, a similar second
quantization formalism is later on used to quantize relativistic fields like the Maxwell and the

Dirac field and, thus, represents the very basis for quantum electrodynamics.

3.1 Harmonic Oscillator

The harmonic oscillator represents a standard quantum mechanical model with which it is
possible to describe quite successfully, for instance, collective oscillations in molecules or in
solids. The Hamilton operator of a one-dimensional harmonic oscillator with mass M and

frequency w reads
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where one demands non-trivial commutation relations between the coordinate operator ¢ and
the momentum operator p analogous to (2.12)):

[#,2]_=[p,p]_=0, [h.2]_ =~ (3.2)
The problem is now to solve the eigenvalue problem of the Hamilton operator
Hlo) = Eqla), (33)

i.e. to determine how the energy eigenvalues F, and the energy eigenfunctions |a) depend
on the quantum number «. Usually this representation-free eigenvalue problem ((3.3)) is trans-
formed into the coordinate representation, so it amounts to solve the corresponding Schrédinger
equation by taking into account the appropriate Dirichlet boundary condition. In the follow-
ing, however, we proceed differently by solving the representation-free eigenvalue problem (|3.3)

directly by taking into account the cummator relations (3.2]).

At first, the two hermitian operators # and p are transformed into two new operators a' and

a, which are adjoint with respect to each other:

Mw i Mw i
A-I- — kel AN Y A SR kel A v A
a' =1/ o (;1: wa> , a=1/ o (x+ wa) : (3.4)

The inverse transformation reads correspondingly

h hMw
A /\T A~ /\: . /\T A
t=\57s (a'+a), b=\ i(a"—a) . (3.5)

Here the physical dimension of the coordinate operator  is provided by the oscillator length
h/(2Mw), whereas the corresponding one /hAMw/2 of the momentum operator p is related
to the oscillator length via the Heisenberg uncertainty relation. Inserting (3.5) into (3.1)), the

Hamilton operator of the harmonic oscillator can be expressed in terms of the new operators

a' and a, yielding
- h
= g(mmaa*). (3.6)

Furthermore, the transformation (3.4) allows to deduce from (3.2) the commutation relations

between the new operators af and a:
la,a] = [al,a']_=o0, [a,a']_=1. (3.7)
Using the Hamilton operator of the harmonic oscillator (3.6 reduces to
H = hw (n + %) : (3.8)
where the zero-point energy hw/2 and the operator

n=a'a (3.9)
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appear. In order to calculate commutators the following identity turns out to be quite useful

A A

[AB,C]_=A[B,C]_+[AC]_B, (3.10)

which follows immediately from the definition of the commutator (2.13)). Indeed, applying
(3.10) we obtain the commutation relations for the operator (3.9):

[

>

al] = a', (3.11)

noal o = —a. (3.12)

—

Let us now consider the eigenvalue problem of the operator (3.9)):
n|A) = A|A) (3.13)

As the operator (3.9) is hermitian, its eigenvalues A must be real. Furthermore, the commuta-

tion relations (3.11]) and (3.12)) allow to investigate which consequences occur once the operators
a' and a are applied to the eigenfunctions [A). On the one hand we read off from (3.11)) and
(13-13)

nal|\) = (a'n +a')|A\) = (A +1)af|n) — at|A) ~ A +1), (3.14)
on the other hand we conclude from ([3.12)) and ({3.13])
nal\y = (an — a) = (A — 1)alA) = ajA) ~ X —1). (3.15)

Thus, the operators at and a can be considered as ladder operators, which allow to climb up or
down the ladder of eigenfunctions |\). Applying the raising (lowering) ladder operator a' (a)

to |\) yields an eigenfunction corresponding to an eigenvalue which is increased (decreased) by
one, see Fig. [3.]]

Furthermore, one can show that the eigenvalues A of the operator N are always positive by
taking into account (3.9) and (3.13) and by assuming without loss of generality that the eigen-

functions |\) are normalized:
0 < (@ax) = (AlaalA) = (AJAIA) = AAA) = A. (3.16)

From (3.15]) and (3.16) we conclude that the eigenvalues A are given by positive integer number

including zero:
A=n=0,1,2,.... (3.17)

If there were a positive, non-integer eigenvalue A, one could apply iteratively the lowering ladder
operator a and reduce in this way the eigenvalue due to until it would become negative.
But this would then contradict the inequality . Thus, due to this contradiction proof,
there must be a ground state |0) with the property

al0) =0 = (0la" =0. (3.18)
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| A+A>
| AD

A4 T N

A=,

Figure 3.1: Raising (lowering) operator a' (@) increases (decreases) the quantum number \ of

the harmonic oscillator by one.

Normalized eigenfunctions |n) can then be constructed as follows. At first, we deduce from

(a'nja'n) = (n|aa’in) = (n|(a'a + 1)|n) = (n|(A +1)n) =n+1. (3.19)

From (3.14)), (3.17)), and (3.19)) follows a rule how applying the raising ladder operator a' upon

the normalized eigenfunction |n) yields the next normalized eigenfunction |n + 1):
alln) =Chln+1) = C*n+1n+1)=n+1) = a'ln)=vn+1|n+1). (3.20)
And then iterating (3.20]) yields a prescription how the eigenfunctions |n) can be constructed

from the ground state |0) defined by (3.18):

n:LATn— :; &2271— — n:_&Tn
) \/ﬁ| 1) n(n—l)( JIn-2)=... = In) (@H"loy. (3.21)

For the sake of completeness we also determine the action of the lowering ladder operator a

upon the eigenfunction |n). At first we obtain from ({2.68)), (3.13)), and (3.17)

{an|an) = (n|a'aln) = (n|nln) = n. (3.22)
Thus, we conclude from (3.15]) and (3.22))
an) = Dyn—1) = D n—-1n—-1)=n = aln)=+vn|n—1). (3.23)

Furthermore, we read off from (3.8), (3.9), (3.13]), and (3.17) the energy eigenvalues of the

harmonic oscillator

E, = hw (n + %) . (3.24)
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3.2 Creation and Annihilation Operators for Bosons

This ladder formalism for the algebraic treatment of the first quantized harmonic oscillator is
now used in the realm of second quantization for describing indistinguishable identical bosons.

We outline heuristically this basic idea by working out the analogy step by step:

e Whereas n describes the quantum number of the 1-particle system, we denote from now

on with ny the number of bosons at space point x.

e The ladder operators a' and @, which are defined by the commutator relations (3.7)), allow
to increase and decrease the quantum number n of the harmonic oscillator. Correspond-

ingly we introduce operators al, and a, via the commutator relations

lax, 4] = [al,al,] =0, [ax,al,] = 0(x —x'). (3.25)

X !

With these commutator relations at hand, we can now proceed and deduce similar con-
clusions for the second quantized description of many bosons as we have just obtained for
the first quantized harmonic oscillator. In particular, this allows to determine a concrete
physical interpretation for the operators al, and ay.

e The operator 7 = a'a has turned out to have the eigenvalues n, which follows ultimately
from the commutator relations (3.11)) and (3.12]). Analogously we define the particle

number operator
N = / P2’ al, s (3.26)

which obeys due to (3.10)), (3.25)), and (3.26)) the commutator relations

[N,al] o = ak, (3.27)
[N,ax]_ = —ax. (3.28)

Note that we have deliberately introduced in the commutator relations (3.25) a delta
function in order to obtain for the particle number operator (3.26)) commutator relations
(13.27)), (3.28) in analogy to (3.11]) and (3.12)). This has the consequence that the operators

al and @y can be interpreted as a creation and annihilator operator as they create and

annihilate a boson at space point x, respectively.

e The first quantized harmonic oscillator has a ground state |0), which is introduced ac-
cording to (3.18]). In a similar way we define in second quantization a vacuum state |0)

Via

ax|0) = 0 = (0lal =0. (3.29)
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e Similar to (3.21)) an iterative application of creation operators to the vacuum state yields

the basis states of the underlying Hilbert space for describing bosons
+1_ - .
X1, ..., Xp) —ail---aln|0>, (3.30)

where we assume that the space coordinates differ pairwise, i.e. x; # x; for all ¢ # j. For
the sake of illustration we exemplary verify the identity of and for n = 1 and
n = 2 bosons in the coordinate representation. From (2.72)), (3.25)), (3.29)), and we
obtain at first

alxi) ™ = {al,00al, 0) = (Ol al, 0)

= (0]l dx, + 0(x1 = x1)[0) = 6(x1 — x}) = 6 (xa3x}) . (3.31)

Correspondingly, we get then

(x1, Xa[x7,%5) 7 = <&L1&L20’&L1dlf20> = <O’&x2&x1&j(gdif2‘0>

+1
= (0] Gix, [a;laxl +6(x; — xg)} al, |0) = 6(x1 — x1) (0]l i, + 0(x2 — x5)(0)
+(0| [aj(,la,@ +o(x, — xz)} [a;?axl 4 o(xs — x| 0) = 8(x; — x))8(xs — )
+6(x1 — x5)0(xg — X4) = 0T (x1, %05 X, X5) . (3.32)

3.3 Schrodinger Equation for Interacting Bosons

Introducing local creation and annihilation operators al, and a, has not only the advantage of
constructing many-particle states, which automatically have the correct symmetry. In addition
one obtains a universal form of the time-dependent Schrodinger equation, which turns out to

be independent of the particle number n. In its representation-independent form it reads

L, 0 A
th = [¥(1)) = Hp(?)) . (3.33)

Here [¢(t)) denotes some many-particle state in the second-quantized Hilbert space, which is
spanned by the basis states 1) The second-quantized Hamilton operator H consists of two

terms:
H=H +H,. (3.34)

The local Hamilton operator H; is determined the 1-particle Hamilton operator of non-interacting

bosons

h2

Due to the sandwich principle the first-quantized Hamilton operator (3.35]) is multiplied with

the local creation and annihilation operators @l and dy to the left and to the right, respectively,
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so a subsequent integration over the coordinate x yields the corresponding second-quantized

1-particle Hamilton operator:

ﬁlz/d3xal{—;—MA+%( )} : (3.36)

Correspondingly the bi-local Hamilton operator H, is constructed with the help of the 2-particle

interaction Va(x — x'):

/d3 /d3 alal, Vay(x — X )iy dy . (3.37)

Note that in both terms and the creation and annihilation operators appear at
the left and at the right, respectively. This particular ordering of second-quantized operators
is called normal ordering. It has the consequence that the vacuum energy of the Hamilton
operator defined by , , and vanishes due to the definition of the vacuum state
in ((3.29):

H|0) =0 — (0|H =0. (3.38)

In the following we demonstrate that the operator character of al and a, is essential for the fact
that the Schrodinger equation (3.33|) describes a many-body problem. To this end we multiply
(3.33) from the left with the adjoint of the basis state (3.30))

X1, X = (0as, -y (3.39)
With this we get at first
L0 . X . -
ih 57 Olax, -+~ ax [(2)) = (Olax, -~ ax, H[$(2)) - (3.40)

Due to (3.38)) we can express the right-hand side of (3.40)) in terms of a commutator

0 (O, e 6(8)) = (0] [, = B [00)) (3.41)

Taking into account both contributions (3.36)) and (3.37)) of the Hamilton operator this leads

to the expression

/d3 /d32(5 —z {—h—A + Vi(z )}(01 [, - iy, G0, ] /d3y1/d Ys
. / & / 025 8(y1 — 21)0(y2 — 22) Va1 — 22)(0] [+~ s, 8], 8], Gy [0(1)) . (3.42)
In order to evaluate the first commutator in we use an identity similar to
[A,BC|_=[A,B] C+ B[AC]_, (3.43)
which yields

[Ax,, ** x,, (g _ - (3.44)
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Note that here the second term vanishes as the annihilation operators commute with respect
to each other due to (3.25). Applying now recursively the identity (3.10), we get

[, -+ iy, ] Zax” SR N [N [ SRRy N (3.45)
where the remaining commutators yield a delta function §(x, —y) due to :
[, - -y 1] Z Oy = X,) sy - Oy Gy = Oy - (3.46)
Thus, the first expectation value in (3.42)) yields
(O] [ax, - Gxy, 1] Z 8(x) — ¥) {0, -~ Gy G,y - -l [O(1)) . (3.47)

In a similar manner we proceed also for the second commutator in (3.42)) by applying the

identity (3.43) twice, yielding

lax, - - s (03,00,) (Agyig))] =[x, -+ -y, 00 00,] Gy,
=[x, * Gy, @0, Ggylig, + a3 [, -+ ixy, 0] gy, (3.48)
Thus, taking into account (§ m ) reduces (3.48)) to
(G, + - iy @1 0 gy ] 25 — V1) Gy Gy Gy Oy G gy iy
n
+ D 0(xy = ya) @, sy ey Gy Oy - (3.49)

Now we determine the second expectation value in (3.42)) from (3.49). Due to (3.29) we ob-

serve that the second term in ([3.49) then vanishes and the first term can be rewritten as a

commutator:
(0] [ax, « - - lxy , Gl Gl Gyig, | [00(2))
- Z 5(XV - yl) [dxn T CAlxujquuﬂ e dxl’ &I’Q] — &Zz&zllqvb(t)) . (350)

Using again ([3.46)) we can then evaluate ((3.50)):

(O [éix,, - - - iy, @1, @1, gy, | [00(2)) (3.51)
= Z Z 5(Xl/ - y1>5(xu - y2)<0|dxn&xu+1dzlaxufl U CALXLLH‘AIZ%AIXMA T dX1|¢(t)> :
v=1 p=1

Finally, inserting the intermediate results (3.47) and (3.51) into the projected Schrodinger
equation (3.40)) and the expectation value of the Hamilton operator (3.42|) as well as performing
the integrations over the delta functions yields the n-particle Schréodinger equation ([2.21f) with

(2.23). Here we take into account that the n-particle wave function ¥ (xy, . ..x,;t) follows from
projecting the state |¢(t)) upon the basis state (3.30]) similar to (2.20)):

OH(xg, X ) = THx, L X (1)) (3.52)
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3.4 Field Operators in Heisenberg Picture

So far the non-relativistic many-body theory was formulated in the Schrodinger picture as the
local particle creation and annihilation operators al, and Gy, were time-independent, whereas
the many-body state |¢(t)) from the second quantized Hilbert space was time-dependent. Now
we perform the transformation to the Heisenberg picture, where the many-body state is time-

independent and the whole time dependence is carried by so-called field operators.

At first we repeat the general procedure in first quantization. To this end we start with the
Schrodinger picture and restrict ourselves for the sake of simplicity to the case of a time-
independent Hamilton operator Hg. The corresponding equations of motion for both the time-

dependent state [¢(t)) and a time-independent operator Og read

L 0 .
ih o [Ws(t)) = Hslys(t)), (3.53)
0 -
h — = 0. .54
7 BN Og 0 (3 5 )
The formal solution of the Schrodinger equation (3.53)) is given by
s (1)) = e 5™ |45 (0)) - (3.55)

Here we identify the initial state |1)s(0)) in the Schrodinger picture with the state |1y) in the

Heisenberg picture:

|1s(0) = [¢m) - (3.56)

Thus, the transformations from the Schrodinger to the Heisenberg picture and vice versa are

defined according to the relations
us®) = e M) = [gm) = (1)) (3.57)

From (3.53) and (3.57) we then read off that the state in the Heisenberg picture |iy) is time-

independent:
L0 7 iHst/h iHgt/h 0
ih = hu) = —Hg €57 s (t)) + € tho () = 0. (3.58)

In order to determine the operator OH(t) in the Heisenberg picture, we demand that the ex-
pectation values do not change once we perform a transformation from the Schrodinger to the

Heisenberg picture:

(s(t)|Os|vs(t)) = (Yu|Ou(t)|tn) - (3.59)

Inserting (3.57)) into (3.59) we determine, indeed, formally the time dependence of the operator

Ou(t) in the Heisenberg picture:

(et | Ogle™ ™M ap) = (TR Oge™ st ) = (pyg| Ot (£)|hwr) -
—  Ou(t) = efst/h Og g7t/ (3.60)
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Thus, multiplying an operator in the Schrodinger picture Og from the left with eiflst/h and from
the right with e~*#5!/" yields the corresponding operator in the Heisenberg picture Oy (t). For
instance, for the Hamilton operator Os = f]s we obtain from the result that it does not
change its form when we perform the transformation from the Schrodinger to the Heisenberg

picture:
Hy(t) = st/ fg e~iHst/h — g (3.61)

Furthermore, for the operator in the Heisenberg picture OH(t) we determine from 1' 1 ,
and (3.61)) the Heisenberg equation of motion:

@h20H< t) = ez’ﬁst/h {—ﬁsés + Osﬁs} e-z‘ﬁst/h + eufzst/n mgos e—iﬁst/h
ot ot
L 0 A . . .
=—> 1h a OH(t) = [OH<t), Hsi| = |:0H(t)7 HH(t)] I (362)

Now we transfer this procedure to the second quantization. To this end we assign analogous
to (3.60) to the local particle creation and annihilation operators al and ay in the Schrédinger
picture corresponding time-dependent fields operators in the Heisenberg picture:

D (x,t) = aly(t) = e gt e HUn D(x,t) = Gt (t) = M G e M (3.63)

At first we determine from (3.25]) and (3.63)) the equal-time commutator relations of these field

operators:

~

o). B8] = [0, 0] =0, [0 ] = dx-x). (364

Thus, the field operators ﬁT(x, t), &(x, t) in the Heisenberg picture fulfill at each time instant ¢
the same commutator relations (3.25) as the local creation and annihilation operators al, ay in
the Schrodinger picture. This means that ¢f(x, ) and ¢ (x, ) have the physical interpretation

to create and annihilate a boson at space point x at time t.

Now we transform the Hamilton operator (3.34)), (3.36)), and (3.37)) from the Schrédinger to the
Heisenberg picture. Analogous to (3.60) we multiply the Hamilton operator

H= /0[35561T {——A+V1 } /d3 /d3 al x/‘/Q X — X )y Gy (3.65)

from the left with et/ and from the right with e~##*/%:
Hy(t) = / BBy T Gf e iHHN { ;2 A+ Vi(x )} (It o=ttt/ (3.66)
/d3 /d3 ! z‘ﬁlt/h dle—iﬁt/h ez‘ﬁt/h d;e—iﬁt/h Vg(x . X/)eiﬁt/h by e—th/h eiﬁt/h dxe—iﬁlt/h‘
Using the field operators the Hamilton operator reads in the Heisenberg picture:
Hy(t) = /d% Ul(x, 1) {_% A+ Vl(x)} O(x, )
+% / APz / B2 T (x, 1)t (X 1) Va(x — x)p(X, 1) (x, 1) . (3.67)
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With this Hamilton operator in the Heisenberg picture we can determine from ([3.62)) the Heisen-
berg equation of motion of the field operator @(X, t):

ih% - [;z?(x,t),ﬁH(t)}_. (3.68)

At first we get

N 2
in —‘%gz’ ) _ / ' / P2 5(x — x') {_2% A"+ Vl(x")} [0, 0), 01 (', )]

+% / d’a/ / d*2" Vo(x' — x") [&(XJ),W(X’,t)@/A)T(X’Ct)%@(X”,t)zﬁ(X’,t)] : (3.69)

Here the respective commutators can be evaluated with the help of the identity (3.43) and the
commutator relations (3.64)), yielding

(906 8) P, D 1)] = dlox =) bl 1) (3.70)

and, correspondingly,
i, 1), 91 0 DD D )]
= {5<x —x) P (x" 1) + d(x — x") T(x, t)} D" (K, ). (3.71)

Inserting (3.70) and (3.71)) in (3.69)) we finally obtain

~

in ) - {‘f—M At v1<x>} dxt) [ d Vil - %) 00K 06 (.8 (372

In the same way also the Heisenberg equation of motion of the adjoint field operator

" ) A
ih w - [w(x, ), HH(t)} . (3.73)
is evaluated:
)t 2 R N - A
—ih w = {—;L—M A+ Vl(x)} Pi(x,t) + i (x, 1) /d3x’ Va(x — x) T (', ) (x, 1) . (3.74)

This is, indeed, the adjoint of the Heisenberg equation of motion . The operator-valued
integro-differential equations and are nonlinear. Due to their complexity it is not
possible to obtain exact analytic solutions. Therefore, one has to reside to develop physically
reasonable approximate solutions.

3.5 Creation and Annihilation Operators for Fermions

So far we have shown that the symmetric many-body states for bosons can be practically realized

with the help of local creation and annihilation operators al, and ay in the Schrédinger picture.
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Here the symmetry of the many-body states of bosons was ultimately a direct consequence of
the commutation relations (3.25]). Therefore, the question arises whether there exists a similar
formalism also in view of the anti-symmetric many-body states for fermions. To this end we

aim for creating an anti-symmetric many-body state for fermions similar to (3.30) via

X1, .., X,) =l ---al |0). (3.75)

Xn

But then we have to demand instead of the commutation relations (3.25)) corresponding anti-

commutation relations
lax, 4], = [al,al,], =0, lax, al)], = 0(x —X). (3.76)

where the anti-commutator between two quantum mechanical operators A and B is defined by

~ ~

[A,B], = AB+ BA. (3.77)

As in the bosonic case in (3.29) we define in addition the vacuum state |0) by the condition

that it does not contain any particles:
ax]0) = 0 — (0lal = 0. (3.78)

Indeed, (3.77) and (3.78]) turn out to guarantee for the anti-symmetric many-body states (3.75))
the orthonormality relations (2.74]) for n = 1 and n = 2 fermions, which are characterized by
e = —1. From (2.72)), (3.75)), (3.76]), and (3.78)) we obtain at first

xax)Tt = (al,0lal, 0) = (0lax,al, |0)
= (0] — &lexl +0(x; —x)))|0) = 6(x1 — ) = 0 H(xy; X)) . (3.79)
Correspondingly, we get then
@, 0) = (0], L, L, 10)
= (0], (— af,a,q +0(xy — x'l))dl,2|0> = 6(xy — x{)(0] — aj{ lyey + 0(x5 — %5)]0)

—(0)( = @l dx, + 8(x) = x2)) (= il G, +6(x1 = x3))[0) = 331 — X])d(x2 — X5)
—(x; — X2)5(x2 —x)) =67 (xy, X0; %), X5) . (3.80)

_1<X17X2|X/17X/2> ! _< Ax, I(20| Ic

S ~—

As two local creation operators al and &L anti-commute due to 1} we conclude that then

the square of the fermionic creation operator al. vanishes:

(al)*=o. (3.81)

X

For the anti-symmetric many-body state (3.75] this has the consequence that it vanishes pro-

vided that two space coordinates x; and x; for ¢ # j coincide:

Ix1,...,%,) 1 =0, if x;, =x; fori#j. (3.82)
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Thus, the anti-commutation relations (3.76)) contain automatically the Pauli exclusion principle

that two fermions can not be at the same space point.

The properties (3.75)) and (3.76]) are also sufficient in order to formulate with the help of the

second quantized Hamilton operator

h2
H= d3xaT{—2—A+V1 } /d3 /d3 alal, Va(x — x)ax .  (3.83)

the second quantized Schrodinger equation for a fermionic many-body state |¢(¢)):

zh— [W(t)) = Hip(t)) - (3.84)

Projecting (3.84) to the anti-symmetric basis states (3.75) yields, like in the bosonic case, the
corresponding n-body Schrédinger equation (2.21)) with (2.23)) for the n-particle wave function

VT (x, X ) = X L X [U(1) (3.85)

We leave the detailed proof to the reader, which follows a consideration similar to Section [3.3|

Furthermore, transforming the fermionic creation and annihilation operators al and @, from

the Schrodinger to the Heisenberg picture yields fermionic field operators
77/A)T(X, t) = otHt/h &L e—im/h7 @@(x, t) = otHt/h b e—iﬂ't/h7 (3.86)
which fulfill due to (3.76) equal-time anti-commutation relations:

000,06, 0)] = [F ) B D] =0, [t 061 = dGx—x). (387

+

Furthermore, we remark that the Hamilton operator in the Heisenberg picture

. 72 - -
H (i) /d3x€th/h t th/h{ 2 A—f“/l( )}eth/h dx eszt/h (388)

/d3 /d3 / th/h T 71Ht/h th/h al efiflt/h V2(X . X/)eth/h s efif{t/h 6if1t/h a efth/h'
turns out to have the same form as in the bosonic case, see (3.67):
. . K2 .
) = [ el {‘m At v1<x>} B, 1
1 . . . .
+5 /d?’x/d%’ VI(x, )YT(X 1) Va(x — X)) (X, 1) (%, 1) . (3.89)

With this the Heisenberg equations of motion of the field operators 1(x, ) and ' (x, t)

w20 i, )] | (3.90)
mw — [zzT(x,t),ﬁH(t)]_ (3.91)
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are evaluated and yield
) h? . . ) .
200 A0 [0+ [ - x) K006 00 00) (3:92)

as well as its adjoint

ot x 2 R R ~ ~
h é(?t - {‘2% A+ Vi(x >} PI(x,t) + 9T (x, 1) / d*z' Va(x —x) T (x', )9 (x', 1) (3.93)

corresponding to the bosonic case, see and (13.74] - Note that obtaining (3.92)) and ((3.93] -

necessitates the operator identity 1} and the complementary one
[A,BC] = [A,B],C - B[A,C],, (3.94)

which directly follows from the definitions of both the commutator (2.13]) and the anti-commutator

BTD).

3.6 Occupation Number Representation

Let us finally consider the case that the 2-particle interaction vanishes, i.e. V3(x —x’) = 0, from
the point of view of second quantization. We show in this section that then identical particles
are described within the so-called occupation number representation. To this end we start with
the second quantized Hamilton operator in the Schrodinger picture for non-interacting identical

particles

H= /d%eﬂ {——A+V1( )} : (3.95)

As we deal at the same time with bosons and fermions, the creation and annihilation operators

al, ay fulfill either canonical commutation or canonical anti-commutation relations:
[, ). = [ak,al,] =0, lax, L] = d(x —x). (3.96)

In the following we assume again that the 1-particle wavefunctions g, (x) with the quantum
numbers « are known as solutions of the time—independent 1-particle Schrodinger equation
, obeying both the orthonormality relation and the completeness relation (2.50)).
Due to the latter the creation and annihilation operators al, ay can be expanded in the 1-

particle basis:
iy = Y g, (X) dq — al ="y (x)al,. (3.97)
Both expansions are inverted with the help of the orthonormality relation (2.49)), yielding

= / dPrpy (x) ax = al = / d*x g, (x)al . (3.98)
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With this we deduce the commutation and anti-commutation relations for the operator-valued
expansion coefficients @, a, by taking into account (3.96)):

(G0, o], = [al,al,]. =0, (G0, @l ] = e (3.99)

Inserting the expansions of the creation and annihilation operators (3.97)) in the second quan-
tized Hamilton operator ([3.95]), we can express it via the operator-valued expansion coefficients
al,, a, due to (2.48) and (2.49) and end up with

H=Y FEuq, (3.100)

where we have introduced the particle number operator
Mo = @) g, - (3.101)

Note that the useful operator identity

[AB,C]_=A[B,C]_+[AC]_B, (3.102)
- F F

which follows from the definitions of both the commutator (2.13) and the anti-commutator
(3.77)), complements the bosonic version (3.10) with a corresponding fermionic one. With

(3.43]) and (3.102)) we can then show that the particle operators 7, and n, for two quantum

numbers « and o/ commute:
[y o] = [ﬁa, Ag,aa,} - [a* aa,aT,} o + 6, [0, 0] (3.103)
= (at [aa, ag,} + [ag, ag,} o ) o+, (ag (s o] & [6, ] aa) ~0.
¥ ¥ ® ¥
Thus, we conclude that the particle number operator (3.101)) commutes with the Hamilton
operator (3.100)):
(i, H] =Y Ea[fa, ] = 0. (3.104)
Due to (3.103)) and ((3.104]) we know that there must exist a set of states, which are eigenstates
for both all particle number operators (3.101| Jand the Hamilton operator (3.100):
Nal - s Moy o) = Mol Nay-..), (3.105)

Hl...na,...) = Y Fangl....,na,...). (3.106)

In the case of bosons we already know from Section [3.2] that the commutation relations for the

operators !, G, imply that the eigenvalues of the particle operator 7, can have any integer

(e

value including zero:

bosons: ne =0,1,2,.... (3.107)
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But for fermions it turns out that the anti-commutation relations for the operators a/,, a,, lead
to an essential restriction for the eigenvalues of the particle operators. Namely we read off from
(3.81) and (3.101]):

(6a)” = T - (3.108)

Applying (3.108)) to the eigenstates |...,ng,,...) we conclude due to the eigenvalue problem
(13.105)):

n2 =ng, (3.109)
which yields straightforwardly
fermions: N =0,1. (3.110)

Thus, each state characterized by the quantum number o can be occupied with at most one

fermion in accordance with the Pauli exclusion principle.



Chapter 4

Canonical Field Quantization for

Bosons

The equal-time commutation relations of the field operators v (x,t) and ¥'(x,t) have
so far been introduced heuristically in order to describe a non-relativistic quantum many-body
problem. In the following we show that these equal-time commutation relations can be
systematically derived from first principles within the canonical field quantization formalism
for bosons. To this end we have to generalize the recipe how to quantize a system with a finite
number of degrees of freedom to a continuum of degrees of freedom. But prior to that it is

essential to work out the field theory of non-relativistic quantum mechanics.

4.1 Action of Schrodinger Field

We start with considering the complex Schrodinger field ¢(x,t) and its adjoint ©¥*(x,t) as two

independent fields with their respective equations of motion:

zh% = { ;WAHA( )}w(x,t% (4.1)
—mw = {—Q%AHG( )}¢*(x,t). (4.2)

Now we derive a variational principle with an underlying action so that these equations of
motion emerge from applying the corresponding Hamilton principle. To this end we multiply
(4.1) and with the variations d¢*(x,t) and di(x,t), respectively, add both equations
together, yielding the spatio-temporal integral

/dt/d3 {m[(w 1) M t)

+W [w (x, ) A S(x, £) + 0eb(x, 1) A G (x, t)] - Vl(x)é[@b*(x, £)i(x, t)]} ~0.
37

(%, 1) —awg’ t)} (4.3)
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Note we have used in the last term the product rule for field variations:

5 [¢*(x, 1 (x, t)] — 0 (x,£) (x, 1)+ Ou(x, 1) U (x, 1) . (4.4)

Both terms in (4.3) with the temporal and the spatial derivatives are now partially integrated
appropriately. Here we implicitly assume that the variations of the fields dv(x, t) and 09" (x, t)
vanish at the respective integration boundaries. Furthermore, we apply the calculational rule
that a variation and a partial derivative are independent from each other, so they can be

interchanged. With this one partial integration in time leads to

/ dt {5@0*(){, t)awg’t" b_ (w(x,wW} _5 / dt v+ (x, t)awgt(’ t) (4.5)

and two partial integrations in space give, correspondingly:
/ P W*(x, DV 503 1) + () V2007 (x,0)] = 9 / PV 1) - V1) . (46)
Inserting (4.5)) and ( into . we obtain a variational principle of the form

SA[Y" (e, 0); (e, 9)] = 0. (4.7)

Note that we use here a bullet e in order to emphasize that the action is a functional of both
Schrodinger fields ¢*(x,t) and ¥ (x,t). The action A is defined as a temporal integral over a

Lagrange function L according to

A= /dtL{ ’Wa(t Do, ),awét )] (4.8)

and the Lagrange function L represents a spatial integral over the Lagrange density

o*(x,t o(x,t
L= [#ee (v, Vot v, voen, 250 )
In case of the Schrodinger field the Lagrange density reads
2
L =ihy*(x,t) 81#(5;,15) - 27_;\/[ Vi (x,t) - Vi(x,t) — Vi(x)*(x, t)(x,t) . (4.10)

Conversely, it is also possible to rederive the original equations of motion (4.1]) and (4.2) from
a variational principle, which is based on the action (4.8)—(4.10). But this necessitates to
introduce before the technique of functional derivatives, which we now introduce concisely

without mathematical rigour.

4.2 Functional Derivative: Definition

At first we consider a function f of a finite number of degrees of freedom:

f=Ffq, - an). (4.11)
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The partial derivative of f with respect to the variable g;, i.e.

Of - ) (4.12)
dq;
then denotes the change of the function with respect to the variable ¢;, where all other variables
Qis---59j-1,Gj+1, - - -, v remain constant. The total change of the function f
L Of (1, qn)
df (g, an) = 50 dg; (4.13)
j=1

is then additive in all possible changes of the function, where always only one variable changes
and all the other variables remain constant. Specializing (4.13]) to an infinitesimal change in

one variable, i.e. dg; = €0;;, yields

of (q1s - - -,
flar, - osqi+e . cooan) — f(@us -, Qs Gn) = df (1, -, qn) = € f(%aq QN). (4.14)

Thus, the partial derivative follows from the limit of a difference quotient:

af(Q177QN) :hmf(q177QZ+€77QN>_f(QI77Ql77QH)
dq; e—0 € '

(4.15)

Now we generalize this concept of differentiation from a finite number to a continuum of vari-

ables. Therefore, we regard now a functional
F=F[¢(e)], (4.16)

i.e. a mapping of a field ¢(z) to a real or a complex number. The functional derivative

OF [gb(oﬂ

0¢()
should then describe how the functional F' changes provided that the function ¢(x) is only
changed at a single point x. Thus, the functional derivative becomes in this way an
ordinary function, which depends on the variable x. In analogy to the total change of

the functional F' is defined via

(4.17)

5F[p(e)] = / dx % So(x) . (4.18)

so it is additive with respect to all local changes of the function ¢(x) at all space points z.
Similar to the case of a partial derivative also the functional derivative can be determined from
the limit of a difference quotient. To this end we introduce a local perturbation of the field

¢(z) at space point y with strength e:
do(z) =ed(z —vy). (4.19)
and determine from (4.18))

F[p(e) + ed(e —y)] — Flg(e)] = F[¢(e)] = /dm IF[¢(e)]

0¢()
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In the limit ¢ — 0 we obtain

OF[p(e)] _ . Flo(e) +ed(e —y)] - Flé(e)]

6o(y) e :

From this definition of the functional derivative as a limit of a difference quotient follow several
useful calculation rules. At first, we obtain from (4.21) the trivial functional derivative

0p(x) . o) +ed(x —y) — o(x)

(4.21)

5000) = 11_1)]% - =0(x—vy). (4.22)
Then we determine from the product rule
0{F[¢()IG[o(e)]} _ . Flo(e) +ed(e —y)|G[g(e) + (e — y)] — Fd(e)]G ()]
3¢(y) €0 €
— g% {F[¢(°) + €d(e 6— y)] — Flo(e)] Glo(e)] + Flp()] Glg(e) +€d(e 6— y)] — Glg(e)] }
_OFloe)] . 0C16(s)]
= 25 Gl + Flo(e) 5 0 5 (423

And, finally, combining (4.21]) and (4.22)) yields the chain rule:

0f(¢(x)) f(o(x) + ez —y)) — f(¢(z)) _ 9f(9(2)) s _ 9f(o(x)) d¢(x)
¢

ooy ‘ = To(e) "V T T80 saly)

. (4.24)

4.3 Functional Derivative: Application
Now we work out several non-trivial applications of the functional derivative in the realm of
second quantization, where it turns out to be a useful tool in order to determine commutators

between second quantized operators. We start with the observation that the commutator (3.46))

can also be determined from a functional derivative via

n
[, <+ ey, GL] =) (X = X)) i, ey iy i, = o i, (4.25)
v=1 x

Let us consider then an arbitrary functional F'lae] of the annihilation operator ay:
Flad] = Z/d?’xl---/d%n Fo(X1,. .. Xp) lx, - - - Gix, - (4.26)
n=1

Then the functional derivative of this functional (4.26)) with respect to the annihilation operator
ax can be efficiently determined via a functional derivative due to (4.25)):

[F[d,],dl] :Z/d%l-~-/d3ann(x1,...xn) [, -+ Gy ]
N n=1

e f ) )
= Bay- | B, Fy(xq,...%, (. - Oy, = — Faa] . 4.27
S [t [ B i, i = Pl 020
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In a similar manner one also proves

[ax, F[aiﬂ = % Flal]. (4.28)

In particular, (4.27) and (4.28]) allow to reproduce the non-trivial commutation relation in

(3.25) with functional derivatives:

Say  bal
A~ ~1 _ X x! !
lax, al,] = Saw ~ 3al d(x—x'). (4.29)

And it is even possible to show that both calculational rules (4.27) and (4.28]) can also be

applied to functionals, which contain creation and annihilation operators in normal order:

—

Flalal.al] = Flalal 52,3 (4.30)
—

[dx,F[di,d.]L - %F[&i,d.}. (4.31)

Here the arrows over the functional derivatives indicate from which side the normal ordered
functional of creation and annihilation operators has to be differentiated. With this it is also

possible to reproduce the trivial commutation relation in (3.25)) with functional derivatives:

5 o
[a* a*] —al 2 =0, [ax,ax,] = % e =0. (4.32)

x) x! ~ ~
Sak

) Ay’

Furthermore, the calculational rules (4.30)) and (4.31)) in the Schodinger picture can be extended
correspondingly to the Heisenberg picture:

(P[0, 0o )] BT 0x.1)] = P (o, 0)i(e,0)] (4.3
- (W(X,t)

R . . 5 . R

D0t P oot 0] = S Pl o)t 0)] (4.34)

With this the Heisenberg equations of motion |D of the fields operators W(x, t), Qﬂ(x, t) can

be formulated with the help of functional derivatives:

- —_—
i % = [0 ut)] = ﬁ H(t), (4.35)
it (x . . )
P = e )] =~ -2 (1.36)

Thus, we conclude that all commutators between second-quantized operators in Sections 3.2
3.4) which have been evaluated via the operator identities (3.10]) and (3.43)), can also be calcu-

lated with appropriate functional derivatives.
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4.4 Euler-Lagrange Equations

After this technical excursion to the definition and application of functional derivatives we now

return to the question how to determine the underlying equations of motion from the variational
principle (4.7). Applying (4.18) to (4.7) we get

5A = /dt/d% {% 51 (x,1) + %&/}(x, t)} ~ 0. (4.37)

As the variations of the fields §¢*(x, t) and 01 (x, t) are considered to be independent, we obtain
from (4.37)) the following two conditions:

L:o, Ay (4.38)
op*(x, t) 01p(x, 1)
Thus, the Hamilton principle in Lagrangian field theory states that the fields ¢*(x,t) and
¥(x,t) are determined from extremizing the action. It remains to explicitly determine the
functional derivatives of the action A with respect to the fields *(x,t) and ¥ (x,t). Due to
(4.8) we have to consider the spatial coordinates x to be fixed and only take only variations
with respect to the functional dependencies in time ¢ into account. With the chain rule of

functional differentiation (4.24)) we get

5 o (x,t')
C0A o) 0L Wr(xt) 5L i

g ot

Interchanging variation and partial derivative allows for a partial integration, where the bound-

ary terms can be ignored, yielding

0A , oL 0 oL I*(x,t)
—— = A — — — : 4.4
o Rl P i Ot (0D 0
ot’
From the trivial function derivative (4.22)) follows
0P (x, ') /
so we read off from (|4.40)
A oL 0 oL
= - — . 4.42
SU(xt)  our(xt) | 9t 00 (1) (4.42)
ot
Correspondingly we obtain
L L
0A J 0 4] (4.43)

Sh(x,t)  ou(x,t) Ot RICN

ot
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Thus, we conclude that (4.38) together with (4.42]) and (4.43)) represent the underlying Euler-
Langrange equations. It remains to determine the respective functional derivatives of the

Lagrange function (4.9). To this end we consider, conversely the time t to be fixed and only
take only variations with respect to the functional dependencies in the spatial coordinates x

into account. Applying similar techniques of the functional differentiation as before, we obtain

oL oL oL 0L oL

e B e R T e R et RN T R
ot ot
oL oL oL 5L or
Ul oD Y VD) SO0t 000D (4.45)
ot ot

Thus, combining (4.38) with (4.42)—(4.45) yields ultimately the Euler-Lagrange equations of
classical field theory:

oL oL o  oC
W_VW_QM = 0, (4.46)
ot
oL oL o oC
o(x,t) v Vi(x,t) ot 5 x,t) 0. (4.47)
ot

Although we have derived these field equations in two variational steps by taking into account
(4.8) and (4.9)), they can also be directly determined by considering the action .4 as a spatio-

temporal integral over the Lagrange density L:

- 3 ) ) o (x,t) . IY(x,1)
A—/dt/d x L (w (x,t), Vi (x,t),T,@b(x,t),V@Z)(x,t), T ) . (4.48)

Now it remains in (4.46|) and (4.47)) to evaluate the respective partial derivatives of the Lagrange
density £ of the Schrédinger field theory defined in (4.10)):

_oL _ Lop(x,t) oL R o
DU (x,1) —Vi(x)¥(x,t) +ih oF Vet 2M Vip(x,t), W =0, (4.49)
ot
oL . oL h? . oL .
Golxd) -Vi(x)v*(x,1), Vo) 20 Vit (x, ), o) ihp(x, 1), (4.50)

86t

Inserting these intermediate results (4.49) and (4.50]) into (4.46) and (4.47)) yields, indeed, the
equations of motion of the Schrodinger theory (4.1) and (4.2]).

4.5 Hamilton Field Theory

Now we go over from the Lagrange to the Hamilton formulation of classical field theory. To

this end we have to determine at first the momenta fields 7*(x, t), w(x, t), which are canonically
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conjugated to the Schédinger fields ¢¥*(x,t), ¥(x,t). In close analogy to a classical system with
a finite number of degrees of freedom we obtain from (4.44), (4.49)), and (4.50):

. B oL B oL B
T(x,t) = &b 00 (x,1) _88¢*(x,t) =0, (4.51)
ot ot
oL oL .
T(x,t) = 81/1()( - ] T ih*(x,1), (4.52)
ot ot

Thus, we conclude that ©*(x,t) represents the canonically conjugated momentum field of
¥ (x,t). The Hamilton function follows via a Legendre transformation from the Lagrange func-
tion:

H= /d3 { 6#}@(}: .t +ﬂ(x,t)%} L. (4.53)

Inserting therein (4.9), (4.10) and (4.51)), (4.52) the Hamilton function turns out to be of the

form

H = [ #or(nx), Vnlx, ) 0x.1), Vol 1) (4.54)

where the Hamilton density H is given by
h Vi(x)

H= S Vr(x,t) - Vy(x,t) + ih (x,t)Y(x,t). (4.55)

Thus, taking into account the relation (4.52)) between 7(x,t) and ¥*(x,t) yields
= [ {90 V) + b (e ) (456)
where a partial integration leads to the standard form
h2

Also the Hamilton equations of motion can be obtained in close analogy to the classical me-
chanics of a finite number of degrees of freedom. To this end one has to consider the action A
as a functional of the fields 7(x,t) and ¥ (x,t). Then the Hamilton principle

5 A[r(e, ) (e, o) /dt/d3 {M Sr(x,1) + 5'4)51/1()(,75)}:0. (4.58)

1 (
leads because of the arbitrariness of the variations d7(x,t) and 09 (x,t) to
A dA
om(x,t) 0, dp(x,t) 0 (4.59)

Due to (4.8) and (4.53)) the action A depends on the Hamilton function H as follows:
t
A= /dt/d‘?xw(x, t) 8¢é};, ) —/dtH[W(.,t>;1/}<.,t)] : (4.60)
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With this we can now evaluate the functional derivatives in (4.59)), yielding the Hamilton

equations of motion of classical field theory:

SA au(xt)  OH

om(x,t) Ot om(x,t) =0 (461)
dJA  Om(xt) oH
(x,t) Ot et (4.62)

As the Hamilton function H is of the form (4.56), the respective functional derivatives in (4.61])
and (4.62) yield

0H OH OH
om(x,t)  On(x,t) v oVr(x,t)’ (463)
o OH v OH (4.64)

W) | oD Y OVl
Thus, inserting (4.63) and (4.64) into (4.61), (4.62)) the Hamilton equations of classical field

theory have the form

ouxt)  OH O
o o) Y ovaxD) (4.65)
on(x.t) O oM
o T autn Y avite D) (400

Due to the Hamilton density of the Schrodinger theory (4.55) the respective partial derivatives

read

oH _N(x) ok

aﬂ'(X, t) o Zh w(x’t)’ 8V7r(x, t) - 2M’l Vw(X, t) ) (467)
oH _Vix) oH &

dut) ik m(x,1), OVe(x1) oM Vr(x,t). (4.68)

Thus, we recover from (4.65)—(4.68) due to (4.52)) the equations of motion of the Schrodinger
theory (4.1]) and (4.2]).

4.6 Poisson Brackets

And, finally, we analyze the role of Poisson brackets in classical field theory. To this end we
define for two functionals F' (e, e);1(e, e)] and G [r(e,e); 1) (e, e)] their Poisson bracket via

L[ 6F  sG SF6G
{ra} = /d ’ (w(x, B Sroo ) on(x.t) 30(x, t)) ' (4.69)

This allows to reexpress the Hamilton equations (4.61)), (4.62)) with the help of Poisson brackets:

o (sat) SH su(xt) SH \  SH  du(x1)
{veen m = /d v ((M(x’,t) el 1) on(xt) (51/1(x’,t)) “ et ot AT
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B 5 , [ om(x,t) O0H om(x,t) O0H B 0H  Om(x,t)
{”<X’t)’H}__/d g ((W(x’,t) Sr(x ) (1) (W(x’,t)) = Tstkn o Y

Also the temporal change of a functional F [ (e, e);1)(e, )] can be formulated with the help of

Poisson brackets. At first we obtain with the chain rule of functional differentiation:

or s [(Om(x,t) OF op(x,t) OF
ot _/d x( o enx.t) | o 51/1(x,t)) ’ (472)

which reduces due to the Hamilton equations (4.61)), (4.62]) and the Poisson brackets (4.69) to

B ) 5 5 5 5
R R e T R o) R G R

Thus, the formulation of the Hamilton equations in form of Poisson brackets according to
({4.70) and (4.71) follows immediately from (4.73)). Furthermore, we obtain for the fundamental

Poisson brackets of the Schrodinger field ¢ (x, ) and its canonical momentum field 7 (x,t) at

equal times:

/ _ 3 M 5¢(X»t) 5¢(X/:t) (W(X»t) (W(X'at) _
{veen vt = /dm (51/1(x”,t) dr(x" t)  om(xt) o X”,t)) =0 (4.74)

- (

, s [ Om(x,t) om(x/,t) om(x,t) om(x/,t)

{rx .m0} = / @ ((M(X”,tt) 57T(x~,fs _57T(X”,tt) (M(x”,tt))
(
N (

0. (4.75)

- )
, B s o OV(xt) om(x',t)  Sp(x,t) om(x,t)) ,
{peennt o) = /d v (61/1(x’/,t) Sr(x ) om(xt) 50 x”,t)) = o —x)). (4.76)

4.7 Canonical Field Quantization

On the basis of having worked out the classical field theory to such an extent, we can now
perform the canonical field quantization in the Heisenberg picture. To this end we associate
to the complex Schrodinger field ¥ (x, t) and its canonically conjugated momentum field (x, t)
corresponding second quantized field operators Qﬂ(x, t) and 7(x,t). Furthermore, in close anal-
ogy to the quantum mechanics for a finite number of degrees of freedom, we postulate that the
Poisson bracket between two functionals F' and G goes over into a commutator between their
corresponding second quantized operators F and G as follows:
1 1~ =«
{rc} — |G (4.77)
— VA —
In this way, the fundamental Poisson brackets (4.74)—(4.76]) go over into equal-time commuta-
tion relations

[@&(x, t),zz?(x',t)]_ - [ﬁ(x, t),fr(x',t)} —0, [@@(x, t),ﬁ(x',t)}_ —ihd(x —x). (4.78)

As (4.52)) implies that the momentum field operator (x, t) is given by the adjoint field operator
Df(x,t) via

#(x,t) = ih YT (x, 1), (4.79)
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we recognize that the previous equal-time commutation relations (3.64)) between the field op-
erators zﬂ(x, t) and zﬂT(X, t) follow from (4.78). Furthermore, the postulate {D converts the

Hamilton equations (4.70f), (4.71)) into

m%g;’t) - [ﬂ(x,t),ffl}i, (4.80)
m% — [ﬁ(x,t),ﬁf}_. (4.81)

Due to (4.79)) they turn out to agree with the Heisenberg equations of motion of the fields

operators ¥(x,t) and ¢f(x,¢) in (3.68) and (3.73). And the Hamilton function (4.57) is con-

verted within the canonical field quantization to the Hamilton operator (3.67)) in the Heisenberg

picture without the 2-particle interaction.






Chapter 5

Canonical Field Quantization for

Fermions

In the previous chapter we worked out with the help of the functional derivative the classical
field theory for bosons. Its canonical field quantization then allowed to derive the equal-time
commutation relations for the bosonic field operators. Here we show that a corresponding
derivation is also possible in view of the equal-time anti-commutation relations for the fermionic
field operators. But in order to obtain a proper classical field theory for fermions, one needs anti-
commuting Grassmann fields. Therefore, we start this chapter with introducing the concept
of anti-commuting Grassmann numbers and fields, which was developed by the mathematician

Hermann Grassmann in the middle of the 19th century.

5.1 Grassmann Fields

The classical analogue of the Pauli exclusion principle is not realizable within the realm of
the usual numbers like real or complex numbers but needs the new mathematical concept of

Grassmann numbers.

5.1.1 Grassmann Numbers

The entity of anti-commuting Grassmann numbers is called the Grassmann algebra. Each
element of a Grassmann algebra of dimension n can be represented by a set of n generators or
Grassmann variables 1);, where the index ¢ runs from 1 to n. The Grassmann algebra is defined

by postulating the anti-commutation relations

[wzﬂ/}jL =viY;+ i =0 (5.1)
49
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for all 3,7 = 1,...,n. As a special case of (5.1) we read off that the square and all higher

powers of a generator have to vanish:
YP=0. (5.2)

This has the consequence that each element of the Grassmann algebra can be expanded in a

finite sum over products of generators as follows:

n i—1

Fn ) = ORI+ 33T P i+
=1

i=1 j=1

+ Z fi(n_l) 1 iy iy e b+ [y, (5.3)

i=1

where all coefficients f (0),f¢(1)>figg), VN fi(n_l), f™ are complex numbers. Due to the anti-

commutation relations ([5.1)) it is sufficient in the sum (5.3) that the indices of the generators
appear in ascending order, i.e. ¢ > j in the third term. This reduces correspondingly the number

of independent products of p generators to the binomial coefficients

ny = (”) . (5.4)
p

For instance, one obtains for p =0,1,2,...,n—1,n:

n n i—1
1
n0:1:<n), n1221:n:<7;>, ngzz 1:§n(n—1):<g>
0 i—1 i=1 j=1

- n n
nn_1:Z1:n:< ) nn:1:< ) (5.5)
pr n—1 n

The dimension of the Grassmann algebra, i.e. the maximal number of linear independent terms

in the expansion ([5.3) amounts to

Zn:np - zn: 1P 17P (") = on (5.6)
p=0 p=0 p

as (5.4]) has to be taken into account.

5.1.2 Grassmann Functions

A Grassmann function maps a Grassmann number (5.3)) to another Grassmann number (/5.3]).
Consider as an example the Grassmann algebra of degree 2 with the generators 1, and s,

which has the dimension 22 = 4. A Grassmann number f is then represented as

F@n,02) = FO 4 f gy + £ o + f@ by (5.7)



5.1. GRASSMANN FIELDS o1
‘ ordinary variables Grassmann variables
13} 3}
9z, 1=0 a0 1=0
9 %)
o2, (wj l‘k) = 0ij T + ik, 50 (1/1] (2 ) = 04 Y — Oik
%) Of (x1,...,2n 0 yeeesUn
o[ nsen)] = i o) 4y P I [ )] = 0y ) =y L)
13} 7] 7]
92, ]}7:%%‘— i gy = 0 { ﬂ/’]L %ﬂ%aw bij
g 0 o 9 o 0 o 9
[ax/ aT:J T O Oz Oy Omi {81/}2 aw]L i aw] "0

Figure 5.1: Comparison of calculation rules for differentiation with respect to ordinary and

Grassmann variables.

With the help of the Taylor series and (5.1]) we obtain, for instance, the following two Grassmann

functions:

61/)1 +ba
e¥1¥2

Does a Grassmann number f only consist

L+ + s,

L+ by

(5.8)
(5.9)

of an even number of generators, then it commutes

with all Grassmann numbers and one assigns to it the parity 7(f) = 0. In the opposite case that

a Grassmann number f consists of an odd number of generators, then it anti-commutes with

such Grassmann numbers, which also have an odd number of generators, and one assigns to it

the parity 7(f) = 1. Grassmann numbers, which contain both an even and an odd number of

generators, do not have any parity. We have, for example,
due to (5.9), but we can assign to e¥1+¥2 no parity due to (5.8).

5.1.3 Differentiation and Integration

m(1) = m(he) = 1 and (e ¥2) =0

Within a Grassmann algebra one can introduce the operations of differentiation and integration.

But these are abstract constructions, which have properties differing considerably from the

usual differentiation and integration calculus with real or complex numbers.

In comparison

of a differentiation with respect to an ordinary variable, the differentiation with respect to a

Grassmann variable is defined via the rules in Fig. [5.1] As an example we consider again the

Grassmann algebra of degree 2. For the respective derivatives of ([5.7) we obtain

of (W, ¢2) Ly | 42 Of (Y1, 42)
81/)1 - fl + f ¢27 81/12
82f(w17 ¢2) _ 82f(w17’l/}2) -0 a2f(’l/}17 w2) —
oy o3 ’ 010ty

= f2(1) — @y, (5.10)
0 f (11, 4a)
2 _Z AT T
f Doy (5.11)
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ordinary variable Grassmann variable

| _awfas@ + o) = [ "dss@+8 [ dsgte) | [as]asw)+ sow)] = a [ausw)+ 6 [avae)

/_O;dxf(a: + 1) = /_O;dﬂff(x) /dwf(w o) = /d¢f(¢)

Figure 5.2: Linearity and translational invariance as defining properties of integration with

respect to Grassmann variables in comparison to integration with respect to ordinary variables.

Correspondingly the derivatives of ([5.8)) and ((5.9)) yield

861/)1+1112 a€¢1+¢2
5o =1 S = (5.12)
Hedr ¥2 Hedr ¥2
90 = 1)y, i = —y. (5.13)

Introducing an integration with respect to a Grassmann variable one has to abstain from various
usual properties. For instance, the integration with respect to Grassmann variables can not
be defined via a Riemann sum as there does not exist any concrete interpretation for an area
under a curve. But the integration can also not be defined by inverting the differentiation as
integration boundaries do not make any sense. Let us consider at first the case of a single

Grassmann variable 1) with the property
[¢¢ﬂ ~0. (5.14)
+
Then a Grassmann function f of this Grassmann variable 1) is given by
fW)=a+by. (5.15)

The integral [ di f(1) is determined according to Fig. such that its properties are similar
to those of a definite integral fj;o dx f(z) of ordinary functions f(x), which vanish at infin-
ity. Demanding linearity and translational invariance of integration according to Fig. [5.2] we

conclude

/d¢h+b(¢+wﬁy:/dw@zHw>+b(/d¢0¢h:/ﬁ¢@wbw), (5.16)

from which we can read off the following important integration rule:

/ﬁ¢1:o. (5.17)

This is integration rule is complemented by the arbitrary normalization

/ww_1. (5.18)
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Those integration rules ((5.17)), (5.18]) have to be compared with the corresponding differentiation
rules, see Fig. [5.1}

d d
w0 @wzl. (5.19)

Thus, one can conclude that in the space of Grassmann numbers integration and differentiation

are surprisingly identical. For instance, we get for the function ({5.15):

d
[avrw =v.  rw =, (5.20)
The generalization of the integration rules (5.17)), (5.18) to the case of higher-dimensional
Grassmann algebra with generators 1; for ¢ = 1,...,n is given by

/d@z),- 1=0, /d% i =6, (5.21)

which corresponds to the differentiation rules in Fig. [5.1 Multiple integrals are calculated
in the usual way by performing successively the respective one-dimensional integrals. As an

example we determine the integral over the function (/5.7)):

/ iy / i f(r,1hs) = (5.22)

Thus, a multiple integration has the effect of projecting the corresponding coefficient in the

expansion (5.3 of the Grassmann function

/dwn /dwlf(wl,...,wn) = (5.23)

5.1.4 Complex Grassmann Numbers

In view of dealing with a quantum many-body problem with an arbitrary number of fermions

it is reasonable to also introduce complex Grassmann numbers. To this end one deals with two

disjunct sets of Grassmann numbers vy, ...,1, and ¥j, ..., 4}, which anti-commute:
] = Jenv] = [wny] =0 (5.24)
+ - -
Those generators constitute together a 2n-dimensional Grassmann algebra. Both sets ¢4, ..., %,
and 7, ..., are interconnected via the operation of conjugation:

(’%)* = w: ) (wz*)* =y, (wll wiz T wln)* = w; T w; w; ) ()‘ wly =\ w: ) (525)

where A\ denotes a complex number. Differentiation and integration are the defined in such a

way that both sets ¢, ...,1, and ¢],... 1) are treated as independent numbers.
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5.1.5 Grassmann Fields

Finally, in order to apply complex Grassmann numbers in the realm of classical field theory for
fermions, we have to introduce also anti-commuting fields, which amounts to the continuum
limit ¢; — ¢ (x) and ¢} — ¢¥*(z). Thus, the anti-commutation relations (5.24]) go over to

@) 6@ = [0 @) = [w@).e@)] =0 (5.26)

With this the anti-commuting fields ¢ (x) and ¢*(x) are the generators of an infinite-dimensional
Grassmann algebra. An arbitrary element of this algebra then represents a functional f[¢*, )],

which can be expanded in generalization to (5.3)) according to

@) 0e) = 10+ [ da {10 @0w )+ 4 b+ [ [ as
) P @, wau (@) (@) + F (@, w0 () (@) + £ <x1,x2>w<x1>w<x2>} +o0(5:27)

In this continuum limit the differentiation with respect to Grassmann variables becomes the

functional derivative with respect to complex Grassmann fields, which obey the rules

0p(a) _ () _ o op(x) _ oy(z)
sz our(x) 5( ) o) o) 0. (5.28)

5.2 Lagrange Field Theory for Fermions

Now we develop a classical field theory for fermions and assume to this end that the Schrodinger

fields 1*(x, t) and 9 (x, t) are anti-commuting complex Grassmann fields. As in the bosonic case
(4.8)—(4.10) the action is a space-time integral

A= /dtL { Wgt ),w(.,t), %é;’t)] (5.29)
of the Lagrange function
= [aer (w*<x, 0.9 (. 0), 20 i ), Vi), Wg;”) o (530)

where the Lagrange density is given by
o(x,t) h?

ot 2M
Instead of the bosonic Hamilton principle of the Lagrange field theory (4.37)), (4.38]) we obtain

now the corresponding fermionic version:

OA = /dt/d3 {(w (x,1) 1/1( )+5w( )Miﬁt)}:o. (5.32)

L =ihy*(x,t) Vi*(x,t) - Vi(x,t) — Vi(x)*(x, t)(x,t) . (5.31)
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As the variations of the complex Grassmann fields d9*(x,t) and ¢ (x,t) are considered to be
independent, we obtain from ([5.32)) like in (4.38)):

) )
Ay A ) (5.33)
oy (x,1) p(x, 1)
Calculating the functional derivatives of the action ([5.29)) with respect to the complex Grass-
mann fields *(x,t) and 1(x,t) yields the same Euler-Lagrange equations like in the bosonic

case (4.42) and (4.43)):

0A oL 0 oL

R R R TN T (5.34)
ot
0.A 5L 0 L
op(x,t) SU0,1) Ot SO0 (5.35)
ot

Also the respective functional derivatives of the Lagrange function (5.30) with respect to the

complex Grassmann fields ¢*(x,t) and ¥(x,t) formally coincide with the bosonic calculation

dp*(x,t) - oY*(x,t) -V Vi (x, t) ) 5 O™ (x, ¢) = 5 o (x, 1) (5.36)
ot ot
oL oL oL SL or
(x,t)  (x,t) v Vi(x,t)’ 5 ap(x,t) 5 Bu(x,1) (5.37)
ot ot

Thus, also the Euler-Lagrange equations for the complex Grassmann fields have formally the

same structure as in the bosonic case (4.46)), (4.47))

TRCT I 7 NI 0, (5.38)
ot

oot Vit SOUD) 0. (5.39)
ot

A difference between the Schrodinger field theory for bosons and fermions only occurs once the
partial derivatives of the Lagrange density ((5.31)) are determined:

oL Cou(x,t) 9L R oc
ot
ot

Namely, whereas (4.49) and ([5.40]) have the same signs, we observe different signs in (4.50)) and
(5.41)). Despite of that we obtain in the fermionic case from (5.38))—(5.41]) formally the same
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equations of motion for the Schrédinger Grassmann fields

ih Wé’;’ H {—;—M A+ Vl(x)} D(x,1), (5.42)
—ih% = {—;—MA+‘/1(X)}¢*(X,t). (5.43)

as in the bosonic case (4.1)) and (4.2]).

5.3 Hamilton Field Theory for Fermions

Going over from the Lagrange to the Hamilton formulation of field theory one needs the momen-

tum fields, which are canonically conjugated to the anti-commuting Schrodinger fields * (x, t)

and 1(x,t). From (5.36), (5.37) as well as from (5.40)), (5.41)) we conclude:

. B oL B oL B
T(x, 1) = NN TE) —0, (5.44)
ot ot
oL oL .
n(x,t) = ; GO 1) = ; GO D) = —ih)*(x,1). (5.45)
ot ot

Thus, 7*(x,t) vanishes and the momentum field m(x,t), which is canonically conjugated to
the Grassmann field ¢(x,t), turns out be also a Grassmann field as it is given by *(x,1).
Furthermore, we remark that a comparison of with reveals a sign change. The
Legendre transformation between the Lagrange function L and the Hamilton function H reads

L= /d?’x {WW*(X, t) + awgt(’t) m(x, t)} - H[ﬂ'(.,t);?/](’,t)} . (5.46)

Note that here the order of the Grassmann fields 0y (x,t)/0t and w(x,t) and their complex

conjugate is chosen in such a way that the Legendre transformation ([5.46|) is consistent with
the definition of the canonical conjugated momentum fields in ([5.44)) and (5.45)). Taking into

account ((5.30)), (5.31]) as well as ((5.44)) and ([5.46)), the Hamilton function turns out to be of the

form
H = [ #oa(n(x), Vnlx, ) wlx.1), Volx.1) (5.47)
where the Hamilton density H is given by

h Vi(x)

- __ t) - 1) — 12

Note that the fermionic Hamilton density ((5.48) has the opposite sign of the bosonic Hamilton
density (4.55). Furthermore, we remark that, in order to derive (5.48), we used the anti-

commutativity of the Grassmann fields so that two terms proportional to [0¢(x,t)/0t]7(x,t)

m(x, t)(x,t). (5.48)
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and 7(x,t)[0¢(x,t)/0t] just cancel each other. Taking into account the relation (5.45)) between
7(x,t) and ¢*(x,t) yields

= / Bz {2% Vi (x, 1) - Vib(x, 1) + Vi(x) (x, )(x, t)} , (5.49)

so a subsequent partial integration then converts (5.49) to the standard form

H:/d3x¢*(x,t) {—h—2A+V1( )}¢(x,t). (5.50)

Thus, we conclude that the two sign changes in ((5.45)) and (5.48)) in comparison to the bosonic
case compensate each other and the Hamilton function of anti-commuting Schrodinger fields
(5.49) finally coincides formally with the corresponding one of commuting Schrédinger fields in
(4.56)).

The Hamilton principle of classical field theory reads in the Hamilton formulation

SA[m(e,0);9(e, @) /dt/d3 {(57Txt56A + 51 (x, 1) M)}—o. (5.51)

(x,1) 0 (x,t
As the variations of the Grassmann fields 07 (x,t) and ¢ (x,t) can be arbitrary, we obtain
dA dA
—— =0 —— =0. 5.52
om(x,t) ’ d)(x,t) (5.52)

Due to (5.29) and ([5.46) the action A depends on the Hamilton function H as follows:
0 t
A= /dt/d%v%ﬂ(x,t) - /dtH[?T(.,t);’gD(.,t)] : (5.53)

Performing the functional derivatives (5.52) of the action (5.53)) then leads to the Hamilton

equations of the anti-commuting Schrodinger fields:

A op(x,t)  SH
57T(X7 t) T at N 57T(X, t) - O’ (554)
oA _aW(X,t) B SH B
sp(x,t) Ot ot 0. (5.55)

Note that the first term of the Hamilton equation equation ([5.54)) has an opposite sign in
comparison with the corresponding bosonic case in (4.61). As the Hamilton function H is of
the form (5.47)), the respective functional derivatives in (5.54)) and ([5.55)) yield

om(x,t)  Om(x,t) v avVr(x1) (5.56)
St et Y avex )’ (5.57)

which formally agree with the corresponding formulas of the bosonic case and ( -
Thus, inserting (5.56} , - ) into -, - ) the Hamilton equations of the Grassmann field
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theory have the form

o t) O oM

ot - on(x,t) v oVr(x,t)’ (5.58)
on(xt)  OH oH

o ouxD Y avex D) (5:59)

Due to the Hamilton density of the Schrodinger theory (5.47) the respective partial derivatives

read

oH _ Wi(x) OH h

87r(x, t) - ih ,QZ}(X’ t) ’ V7T(X, t) - _2MZ V¢(X7 t)7 (560)
oH _ Vi(x) OH  h

oot ih m(x,t), Vi(x.t)  2Mi Vr(x,t). (5.61)

Thus, we recover from - - due to - the Schrodinger equations for the Grassmann
fields and -, which formally agree with the Schrodinger equations of the bosonic

case 1) and (4.2)).

5.4 Poisson Brackets

Also in the classical field theory of anti-commuting Schrodinger fields one can introduce Poisson
brackets. For two Grassmann functionals F' [r(e, e);1)(e, e)] and G [ (e, e); (e, ®)] their Poisson
bracket is defined as

[ [ §F G SF6G
{raf, = )/d v (&p(i, D onxt) 57r()};, D 0 (x, t)) ! (5.62)

where 7(F) denotes the parity of the Grassmann functional F'. For instance, the anti-commuting

Schrodinger fields ¢(x, t) and 7(x, t) have an odd parity m = 1, whereas the Lagrange function

(5.30), (5.31) or the Hamilton function (5.47), (5.48)) have an even parity # = 0. Now we

investigate the symmetry of the Poisson bracket ((5.62]), which leads to three cases:
1. case: m(F)=7n(G)=0

VA 5 5 5
{ra), = [da (w(f e g e t>>

- /dgf'7 (57r (x,1) Mji t) &p(zf,t) 57;25, t)) - _{G’F}+ (5.63)

2. case: (F) =0, n(G) =

. ([ 0F G SF §G
{F’G}+ - /dx<(5w(x,t) srd) om0 5¢(x,t))

3 0G ) 5G 5
= /d x (571.()(’ £) 5w<i t) + ) 57T(i t)) = —{G’,F}Jr (5.64)

Note that the case 7w(F) = 1, n(G) = 0 follows from reading ([5.64) in the opposite

direction and exchanging F' and G.
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3. case: m(F) =7n(G) =1

L[ oF &G SF 6
{ro} = _/d v (w(i D orx ) 57(5, ) (52/1(x,t))

A 5 5 5
[ (e st * e )~ LTS, 6

Thus, the Poisson bracket is symmetric for two odd Grassmann fields, otherwise it is anti-

symmetric provided that the involved functionals do have a specific parity.

With the help of the Poisson bracket (5.62)), the Hamilton equations (5.54)), (5.55) for Grass-
mann fields read
0H OY(x,t)
t ,H} - - , 5.66
{w(x JHy (%, t) ot (5.66)
0H on(x,t)
HHp = - =I5
{W(X’ JHy S0 (x, ¢) ot
Thus, the Hamilton equations of the fermionic and bosonic case (5.66)), (5.67) and (4.70)), (4.71)),

respectively, have the same general structure and only differ by the used Poisson bracket. Also

(5.67)

the temporal change of a Grassmann functional F' [ (e, e);1)(e, )] can be formulated with the
help of a Poisson bracket. At first we obtain with the chain rule of functional differentiation:
OF on(x,t) OoF op(x,t) OoF
—=|d ’ ’ 5.68
ot / v ( o enxt) ot s (5.68)
which reduces due to the Hamilton equations (5.54)), (5.55) to

OF [ ( 0H _OF SH  6F
o / $(5¢<x,t) sraD) | om(x, D) 51p(x,t)>

oF oH oF o0H
= (-1 ”(F)/d3 - {F H} . (5.69
(=1) 5o srx ) | on(x1) sux.D) My, (569
Thus, the formulation of the Hamilton equations in form of Poisson brackets according to (5.66]),
(5.67) represent a special case of ((5.69). Furthermore, we obtain for the fundamental Poisson

brackets:
oY(x,t) oY(x',1)

{venving = - / dgx”(;j(g;,tg) gjf((;{?) T on(x1) 50 ”,t)) =0 (5:70)
)

(
, 5 o om(x,t) om(x',t) om(x,t) om(x/,t)
{”(X’t)’”<x’t>}+ - / d'x (w(xﬂ,tt) 57T(x”,tt _57T(X”,tt) 5¢(x~,tt)>
, s o [ 0Y(x,t) om(xX',t) p(x,t) Im(x',t)
{¢(X’ t)’”(x’t)}+ _/d ’ ((w(x",t) Sm(x",t)  om(x",t) 5w(x”,t))

Note the additional minus sign in (5.72)) in comparison with (4.76]).

o’

5.5 Canonical Field Quantization

No we implement the canonical field quantization for fermions in the Heisenberg picture by

going over from the anti-commuting Schrodinger fields (x,t) and m(x,t) to corresponding

0. (5.71)

—0(x —x). (5.72)
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second quantized field operators ﬁ(x, t) and 7w(x,t). Here the question arises whether the
Poisson bracket ((5.62)) corresponds to a commutator or to an anti-commutator. We show now

that this depends upon which parity the Grassmann functions F' and G have.

In case of the fundamental Poisson brackets (5.70)—(5.72) we observe that they are all sym-
metric. Therefore we postulate in case of symmetric Poisson brackets (5.65) a transition to

anti-commutators, which are also symmetric:
1 1~ -
T(F)=7(G) =1: {FG} — = [F G} . (5.73)
+ th +
In this way, the fundamental Poisson brackets (5.70)—(5.72)) go over into equal-time anti-

commutation relations

~

D0, 00| = [/ 07,0 =0, i), 7K D] = —ihdlx - x). (5.74)

As (5.45)) implies that the momentum field operator (x, t) is given by the adjoint field operator
Dt (x,t) via

r(x,t) = —ihl(x, 1), (5.75)
we recognize that the previous equal-time anti-commutation relations (3.87) between the field
operators z@(x, t) and @T(x, t) follow from (5.74)).

Afterwards, we consider the Hamilton equations (5.66)), (5.67), where the involved Poisson
brackets are anti-symmetric. Therefore we postulate in case of (5.64)) )that the Poisson brackets

go over to commutators, which are also anti-symmetric:

A(F)=1,7(G)=0: {F G}+ — % [FG]_ (5.76)

Then we obtain from the Hamilton equations (5.66)), (5.67)) the corresponding Heisenberg equa-

tions

mwgz’w - [z&(x,t),ﬁl}_, (5.77)
maﬁg;’t) = [rten. 8] (5.78)

Due to they turn out to agree with the Heisenberg equations of motion of the fields
operators ¥(x,t) and ¥f(x,¢) in (3.68) and . And the Hamilton function (5.50) is con-
verted within the canonical field quantization to the Hamilton operator in the Heisenberg
picture without the 2-particle interaction.
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Chapter 6
Poincaré Group

According to special relativity the space-time in the absence of gravity has a flat Minkowskian
structure. The group of symmetries, which leaves distances between events in this Minkowskian
space-time invariant, is named after the mathematician Henri Poincaré as the Poincaré group.
In the following we work out its properties as a Lie group, which unifies mathematical structures
of a group and a manifold as its group elements depend continuously and differentiably on
certain parameters. In fact, the Poincaré group turns out to be a ten-parametric, non-abelian
Lie group, which contains rotations in space, boosts between inertial systems, and translations
in space-time. Thus, the elements of the Poincaré group depend continuously and differentiably
on the rotation angles, the boost velocities and the translations. Furthermore, we discuss the
Poincaré algebra, which amounts to restricting the Poincaré group to the tangent plane at the
identity element, yielding the generators of rotations, boosts, and translations. And, conversely,
the Lie theorem turns out to allow to reconstruct the full Poincaré group by evaluating an
exponential function involving both the generators, i.e. the elements of the Lie algebra, and
the group parameters. And, finally, we determine the Casimir operators of the Poincaré group,
i.e. those operators commuting with all elements of the Poincaré algebra. Their eigenvalues
turn out to characterize all irreducible representations of the Poincaré group, to one of which
each elementary particle of the standard model has to belong. In this way, the Poincaré group
characterizes the underlying symmetry of relativistic quantum field theory and, thus, represents

its very backbone.

6.1 Special Relativity

Albert Einstein formulated the special relativity in 1905, which has changed since then the

basic concept of space and time in the absence of gravity. It is based on two basic postulates:

1. Postulate: The velocity of light is the same in all inertial systems.

2. Postulate: The fundamental laws of physics have the same form in all inertial systems.
63



64 CHAPTER 6. POINCARE GROUP

On the one hand, this implies concrete physical consequences for fast moving particles, which
are nowadays confirmed, for instance, in the Large Hadron Collider (LHC) at Cern on a daily
basis. A prominent example is provided by the time dilatation, i.e. for an observer in an inertial
frame of reference, a clock that is moving relative to it in another inertial frame of reference will
be measured to tick slower than a clock that is at rest in its frame of reference. On the other
hand, special relativity also unifies the fundamental description of space and time. In view of
formalising the second postulate, a point in space-time, which is also called the Minskowski

space, is characterized by the contravariant space-time four-vector
(z) = (x07x17x2’x3) _ (Ct,xi) = (ct,x) . (6.1)

Here we use the convention that Greek (Latin) indices run from 0 to 3 (from 1 to 3). Further-

more, from the first postulate follows for a light ray in two different inertial systems:
(ct)? — x> = (')’ —x2. (6.2)

This condition can be reformulated with the help of the covariant Minkowski metric

1 0 0 0
0 -1 0 0
)= 6.3
@)= 0 0 1 o (63
0 0 0 -1

as the invariance of the scalar product of the space-time four-vectors z* and z’* in the respective

inertial systems:

' (6.4)

v /
G ' = g x

Note that we use here the Einstein summation convention that one has to sum over all indices,
which appear twice, i.e. once in form of an upper or contravariant index and once in form of
a lower or covariant index. Apart from the contravariant space-time four-vector (6.1)) we also

introduce the covariant space-time four-vector
Ty = G 2" (6.5)

Thus, the contravariant space-time four-vector x” is transformed via contraction with the co-
variant metric g, to the corresponding covariant space-time four-vector x,,. Inserting (6.1)) and
(6.3) in (6.5)) the respective components of the covariant space-time four-vector turn out to be

(24) = (w0, 21,22, 23) = (ct, —x") = (ct, —X) . (6.6)
With this the invariance of the scalar product (6.4) reduces to

ata, =Mz, . (6.7)
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Furthermore, the obvious identity

[y 5V,.; = Guk (68)

with the Kronecker symbol §”, means that the latter can be identified with the Minkowski

metric g¥,., which consists of both the contravariant index v and the covariant index :

1 000
0100
VY — (§V ) = 6.9
RN I (69)
0001
In addition we also define
1 0 0
0 -1 0
MY = , 6.10
=10 0 (6.10)
0O 0 0 -1
for which we read off with (6.3) and the obvious identity
9" gue = 0", =g",.. (6.11)

Thus, (6.10) represents the contravariant Minkoswki metric. Due to (6.5) and (6.11)) the co-
variant space-time four-vector z, is transformed via contraction with the contravariant metric

g*” to the corresponding contravariant space-time four-vector x*:
g x, = g" gu = 0", " =t (6.12)

Therefore, we can summarize that the co- and contravariant Minkowski metrices allow to pull
down and up indices according to (6.5)) and (6.12)).

But the concept of four-vectors is much more general than the mere description of space-time
four-vectors. Namely, a four-vector represents objects whose scalar products coincide in all
inertial systems. Let us consider in view of another example the seminal energy-momentum

dispersion relation of a relativistic particle, see Fig. [6.1] in two different inertial systems:
E? = M*c* 4+ p2¢?, E? = M"™?d* 4+ p"c. (6.13)
Due to the equality of the rest masses M and M’ in both inertial systems
M =M (6.14)

the energy-momentum dispersion relations ([6.13]) reduce to the identity
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> 7

Figure 6.1: A relativistic energy-momentum dispersion ((6.13) for massive (red) and massless

(blue) particles in comparison with the non-relativistic limit (black).

Thus, introducing the contravariant momentum four-vector
E E
) =" p". 0" p°) = (;,p) = (?p) (6.16)

allows to formulate the identity (6.15]) as the invariance of the scalar products of the contravari-

ant momentum four-vectors p and p'*:
G PP = G DD (6.17)
Defining in analogy to
Pu = Gu P’ (6.18)

also the components of the covariant momentum four-vector

(pu) = (Pos p1, P2, p3) = (%,—p") = <E,—p) : (6.19)

C

the invariance of the scalar product (6.17)) can also be formulated as
Ppu=10"p),. (6.20)

Furthermore, we conclude from (6.13]), (6.14]), and (6.19) that the scalar product of the four-
momentum vector with itself is given by the rest mass M of the particle:

P'p. = M?c*. (6.21)



6.2. DEFINING REPRESENTATION OF LORENTZ GROUP 67

6.2 Defining Representation of Lorentz Group

Now we study the consequences of the invariance of the scalar product of four-vectors with
respect to a change from one inertial system to another. To this end we consider that the two
inertial systems are connected via a linear coordinate transformation, which is mediated by a

4 x 4 matrix A*:
o' = AF 2 (6.22)
The invariance then reads explicitly
G 2" = g 22" = g NN 272 = g,y A7 NP aM (6.23)
As holds for arbitrary components x* of a space-time four-vector, we conclude the identity
Gy = A"u Gop N, (6.24)

This represents the defining relation for Lorentz transformations A, which can be interpreted
in two different ways. At first we write (6.24]) in matrix notation

g=A"gA, (6.25)

where we have introduced the elements of the transposed matrix AT according to

(AT)“U _ gw (AT)KU _ g‘uﬂAm@ — Aaﬁg/@‘u — AU'u ) (626)

Note that a left (right) index denotes the respective row (column) of the matrix, so we have
concretely

AT AT 1 AT 2 AT A0 AT, A%, A3

ALTOAT AT AN | A% AN A A% (6.27)

AT AT OATE AT [T A%, AL, A%, A%, | '

T T T T
ALY AT AT AT A% Al A2, A3,

The set £ of all 4 x 4 matrices A, which transform the Minkowski matrix g according to ((6.25))
into the Minkowski metric g, defines the so-called Lorentz transformations. Note that another

equivalent way to interpret the invariance ([6.24)) follows from contracting it with ¢g"*. Taking

into account (6.11)) and (6.26)) yields

0", =0," = (AT) SN, = (ATA) P (6.28)
Thus, we conclude that Lorentz transformations A are also defined by the identity
AT = ATt = (AT)MV =AM = (Afl)“y : (6.29)

By inspection we find that the set £ fulfills all group axioms:
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e At first we show that the closedness axiom is valid. Provided that A;, Ay belong to £ we
obtain from (/6.25)) that also A;As belongs to L:

(MA2)" g (MA) =AY (AT gA) Ao =A gAy=g. (6.30)

e Then we take advantage of the associativity of matrix multiplication. For Ay, Ay, and As
belonging to £ we conclude (AjA2) Ag = Ay (A2A3) from (6.25):

[(A1A2) As]” g [(A1Az) Ag] = AT [AT (AT g A1) Ag] As = g = [Ay (Aa3)]T g [Ar (A2A3)] . (6.31)

e The identity element is represented by the Kronecker symbol from ((6.9)):
A=1=(g"). (6.32)
On the one hand we conclude that A, belongs to £ because of the identity
g=A'gA,. (6.33)
On the other hand we observe for any A belonging to L:

AeA = AN, = A. (6.34)

e And, finally, for each A from £ we obtain for its determinant from (|6.25)):
Det g = Det A” - Det g - Det A — (Det A)> =1. (6.35)

We conclude then that A from £ has a non-vanishing determinant, i.e. Det A # 0, so

there exists an inverse transformation A~!. Furthermore, from (6.25)) we yield:
(AT)_l ght=g — (A_l)T ght=g. (6.36)
Thus, there exists an inverse A~! from L.

One denotes the set £ of all Lorentz transformations as the Lorentz group or, more concretely,
as the pseudo-orthogonal group O(1,3) due to the concrete form of the covariant Minkowski
metric (6.3). The Lorentz group £ can be classified with respect to the following two properties:

e Due to (6.35) we read off that Det A = £1. A Lorentz transformation with Det A = 41
(Det A = —1) is denoted to be special (non-special).

e From ([6.24)) we conclude for p = v = 0 due to (6.3)):
1= goo = A% gop A0 = (A%)° = (A)? = (M%) =1+ (A"p)*>1. (6.37)

A Lorentz transformation A with A% > 1 (A%, < —1) is called orthochronous (non-

orthochronous).
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branch | Det A | A%, example
Ly +1 | >0 identity: diag(1,1,1,1)
Lo -1 > 0 space inversion: diag(1,-1,-1,-1)
Ls -1 <0 time inversion: diag (-1,1,1,1)
Ly +1 | <0 | space-time inversion: diag(-1,-1,-1,-1)

Table 6.1: Overview of the four branches of the Lorentz group.

Thus, we conclude that the Lorentz group consists of four different branches as indicated in
Tab. 6.1l As the Lorentz transformations from the different branches can not be transformed
into each other, the Lorentz group is not connected. Only the branch £; of the special or-
thochronous Lorentz transformations represents a subgroup of the Lorentz group as performing
consecutively two transformations from this branch does not allow to leave this branch. There-
fore, in the following we deal with only this branch £; and call these special orthochronous

Lorentz transformations for the sake of simplicity as the Lorentz group.

6.3 Defining Representation of Lorentz Algebra

The set of all 4 x 4 matrices A is described in total by 4 - 4 = 16 degrees of freedom, where
the invariance (6.24) leads to 4 - 5/2 = 10 restrictions. Therefore the dimension of the Lorentz

group is
16 —10=6. (6.38)

Here we investigate, in particular, the elements of the Lorentz group in the vicinity of the unity
element (6.32)). All elements of the Lorentz group, which deviate infinitesimally from the unity
element, can be represented as

A =g", + !, . (6.39)

Inserting (6.39) into the defining identity for Lorentz transformations (6.24)), we obtain up to
first order of the deviations w*,:

AN oy = (97, +w7) (97 + 7)) Gop = 709" 900 + @79 0 Gop + 9740’ 9o
gaﬂgau + wgugmj + wp,,g#p = Guv + Wyp, + W = Guuv - (640)

Thus we conclude that the deviations of the Lorentz transformation from the unity element are
represented by anti-symmetric 4 X 4 matrices:

Wy +wyy, = 0. (6.41)

The set of all anti-symmetric 4 x 4 matrices are called the Lorentz algebra of the Lorentz group.

The dimension of the Lorentz algebra is 6, which coincides with the dimension of the Lorentz
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group determined in (6.38). Using the anti-symmetry (6.41]) the elements w”, of the Lorentz

algebra can be represented as

1
W, = g0 wap = 5 (97'9%, = 979°,) was (6.42)
Thus, all elements w*, of the Lorentz algebra can be expanded with respect to basis elements
as follows:
i
— LT 6.43
w 14 2 ( ) v w ﬂ ( )

Here w,p represent expansion coefficients and the representation matrices of the basis elements
L8 read:

(29)" =i(g™g%, — g™g",) - (6.44)

The indices a, 3 characterize the respective basis elements L*?, whereas the indices y, v indicate

the components (Lo‘ﬁ )“V of their respective 4 x 4 representation matrices. One calls (6.44)) the
defining representation of the Lorentz algebra as it was derived via (6.39) and (6.43]) from the
elements A of the Lorentz group acting on space-time. Its representation matrices (6.44]) have

obviously the properties to be anti-symmetric with respect to both pairs of indices «, 8 and p,
v

; (6.45)
(6.46)

(L), = - ()"
(), = = ()

v
L
And now we determine the commutator between two basis elements L and LY. After a
lengthy but straight-forward calculation, which we have relegated to the exercises, one obtains

(L7, L°] =i (g*°L7 + g7 L — g* VL7 — g7 L) . (6.47)

This means that the Lorentz algebra is closed with respect to performing the commutator
between two of its basis elements. Furthermore, the result (6.47) can be summarized according

to
a 5 - ~afBY0 T e
(L8, 1] =iCy™ L (6.48)
where the structure constants of the Lorentz algebra are given by

afvyo ey el @ o
C" =90+ 979~ 9SS 979 (6.49)

6.4 Classification of Basis Elements

The basis elements L® of the Lorentz algebra can be sorted into two classes by specializing
the indices «, § into spatial and spatio-temporal indices, respectively:

1
Ly = §€kllem, (6.50)

M, = L%. (6.51)
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Here €y, denotes the three-dimensional Levi-Civita tensor, which has the value €153 = 1 and

is anti-symmetric with respect to two of its three indices:
€klm = —€lkm = —€mlk = —Ckml - (6.52)

According to (6.44) we obtain by taking into account and (6.10) the following explicit
representations for the basis elements (6.50)):

00 0 0 00 O
0 0 0 0 00 0 O
L1 = L23:—i =—1 5
0 0 0 —g%%g3, 00 0 +1
0 0 ¢g*¢2%, 0 00 —1 0
0 0 0 0 0 0 O
0 0 Hg3 0 0 0 -1
Ly = L= S ,
0 0 0 0 0 0 0
0 —g%g', 0 0 0 41 0 0
0 0 0 0 0O 0 0 O
0 0 —g'tg?, 0 0 0 10
Ly = L1?=—i ny T2 " (6.53)
0 ¢%2¢', 0 0 0 -1 0
0 0 0 0 0 0 0 O
Correspondingly, we yield for the basis elements (6.51)):
0 g% 0 0 0 +1 0 0
—g'tg® 0 00 1 00
M, o= =g 990 il T ,
0 0 00 0 0
0 0 0 0 0 0 00
0 0 g% 0 0 0 +1 0
0 0 0 0 0 0 0 O
My = L% =i ’s =i ,
—¢2¢% 0 0 0 Y10 0 0
0 0 0 0 0 O 0
0 0 0 ¢%g3, 0 00 +1
0 0 0 0 0 00 O
My = L% = =i (6.54)
0 00 0 00 O
—g¥g% 0 0 0 Y100 0

Specializing the commutator (6.47) to the respective spatial and temporal indices, we obtain
corresponding commutator relations for the two classes of basis elements (6.50) and (6.51)). To
this end, however, one has to take into account the inversion of (6.50))

LY = e Ly , (6.55)

which can be proven with the help of the contraction rule of the three-dimensional Levi-Civita

symbol €;jj:

€ijk€imk — 5iz5jm - 5im5jl . (656)



72 CHAPTER 6. POINCARE GROUP

With this we yield

[Li, i) = i€mimLin, (6.57)
(L, Mi] = t€pum M, (6.58)
[My, Mi] = —ierumLin . (6.59)

From the commutator (6.57) we read off that the basis elements (6.50) represent a subalgebra
of the Lorentz algebra.

6.5 Lie Theorem

Considering the Lorentz group in the vicinity of the unity element (6.32)), we recognize from
(6.39) and (6.43)) that there the basis elements L** appear:

v

A, = gt =5 (L77)) s (6.60)
Conversely, the Lie theorem states that the knowledge of the basis elements L™ of the Lorentz

algebra allows to determine each element of the Lorentz group by evaluating a matrix expo-

nential function:
A =exp {—% L*P wag} . (6.61)

The statement of the Lie theorem suggests that the (basis) elements of the Lorentz algebra are

called to be the (basis) generators of the Lorentz group. Corresponding to the decomposition

of the basis generators L into the two classes (6.50) and (6.51)) also the expansion coefficients

waep are decomposed into

1
()Ok = §€klmwlm7 (662)
& = wor (6.63)

By taking into account the anti-symmetric properties (6.41]) and (6.45]) as well as the definitions
(6.51) and (6.55)) the Lie theorem (|6.61]) reads

A =exp (—% LR — %LOkwok) = exp ( — 1L — ifl\/[) i (6.64)

In the following we investigate further the Lie theorem ((6.64) and show that & = 0 corresponds
to rotations and ¢ = 0 to boosts, respectively. Thus, ¢ (&) denote the vector of rotation angles

(rapidities) and L (M) represent the generators for the rotations (boosts).
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6.6 Rotations

According to the Lie theorem ((6.64) a general rotation with the vector of rotation angles ¢ is
defined by the matrix exponential function

R(p) = exp { . ich} , (6.65)

where the explicit representation matrices for the basis generators of rotations L are defined in
(6.53). In the exercises Eq. (6.65]) is evaluated by investigating the Taylor series for the matrix
exponential function and using, for instance, the Cayleigh-Hamilton theorem. To this end one

uses the fact that for any matrix A its characteristic polynomial
fN) =Det (A= AE) = (=1)"A\"+c, A" '+ + A+ Det A (6.66)
yields an analogous polynomial f(A) by substituting the scalar variable A by the matrix A:
fA) = (—D)"A" 4+ ¢, A" -+ A+ Det A, (6.67)

The Cayley-Hamilton theorem then states that this polynomial expression is equal to the zero

matrix, i.e. f(A) =0, implying that the matrix A fulfills the property
(=1)"A" + ¢, A" P A+ Det A= 0. (6.68)

With this one obtains from (6.65)) that the representation matrix of a rotation is of the form

PPk
]2

Roo=1, Ryj=Rjo=0, Rj(p)= ‘%‘% sin || +

Note that the 4 x 4 matrix defined by fulfills two properties, which are characteristic for

describing a rotation along the axis ¢ with the angle |¢|. On the one hand the rotation axis

(1 —cos|e|) + d;x cos|p|. (6.69)

 is an eigenvalue of the rotation matrix R(¢) with eigenvalue 1:

R(go)<0> _ (O> (6.70)
@ @

On other hand the trace of the rotation matrix R(¢) is related to the rotation angle || via
TrR(¢) = 2+ 2cos|ep|. (6.71)

Furthermore, we note that the spatial components of a representation matrix of a rotation obey

the orthonormality relation

which follows from (6.28]) and (6.29)) but can also be proven by using the explicit expression
(6.69)-
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passive rotation active rotation

vector is fixed vector is rotated

coordinate system is rotated coordinate system is fixed

7 \ ) 1
2 ¢ b 4 é e

=
L 4
| {
X
|
|
%\ x
X},
A 4
X

Table 6.2: Passive and active rotations act in opposite directions.

Now we apply the rotation matrix to a vector x, which has a component parallel to the

rotation axis

$-X ¢
X = —— — 6.73
' el el (6.73)

and another one perpendicular to the rotation axis: x, = x — x|. For the rotated vector

we then obtain the decomposition
r_ L .
x =x)+x cos]cp|+m><xl sin || . (6.75)

Specializing (6.75)) to a rotation around the axis ¢ = pe, yields

) cosp —sing 0 T
xh | =] sing cosp 0 o | - (6.76)
z, 0 0 1 3

Note that a coordinate transformation like the rotation in (6.76)) allows for both a passive and

an active interpretation, see Tab. [6.2] For instance, the transformation

cos ¢
x=10 - x' = | sing (6.77)
0 0

can be interpreted either as the description of a fixed vector under the clockwise rotation of the

coordinate system or an anti-clockwise rotation of the vector for a fixed coordinate system.
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Figure 6.2: Inertial system S’ moves with the velocity v relative to inertial system S.

6.7 Boosts

According to the Lie theorem ((6.64) a general boost with the vector of rapidities £ is defined

by the matrix exponential function

B(§) = exp { - iSM} : (6.78)

where the explicit representation matrices for the basis generators of boosts M are defined in
(6.54). In the exercises (6.78)) is evaluated, yielding the representation matrix of a boost in the

form

cosh [€] i] sinh |£]
BEO=| 5‘5’ . (6.79)
@ sinh [€] &, + é,; (cosh |¢] — 1)

We interpret the boost (6.79) passively in order to determine a relation between the rapidity
& and the velocity v, with which the inertial system S’ is moving with respect to the inertial
system S, see Fig. 6.2l To this end we observe that the coordinate origin of S’ is described in

both inertial systems S and S’ with the following space-time four-vectors:

o[ oct wy [ et
(w)—<vt>, (:;;)_(0). (6.80)

Thus, mapping the four-vector (z#) to (z'*) via the boost (6.80) according to
H = BR(€) 2" (6.81)

we obtain from taking to account ([6.79)):

t'" = tcosh|&] + |£’,t sinh |€], (6.82)
£ §v §
= h —_— hlgl—1). .
0 Gl sinh |£] +2 St €l el (cosh [€] — 1) (6.83)

At first, we conclude from (6.83)) that rapidity & and velocity v are anti-parallel with respect

to each other:

& __ v (6.84)

&l vl
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Inserting (6.84]) into (6.83]) we conclude how the amounts of both the rapidity vector and the

velocity vector are related:

vl = sinh |&] — v (cosh |&] — 1) — v = tanh |€]. (6.85)
c c c

Thus, due to hyperbolic relations we obtain

1
cosh|g| = =7, (6.86)
1 — tanh?® |¢|
tanh
sinh [¢] = anhlé] M (6.87)

1 — tanh? |¢| ¢

where we have introduced the Lorentz factor of special relativity as an abbreviation:

! (6.88)
VIS NEE |
With (6.79) and (6.84))—(6.88]) the representation matrix of a boost turns out to be
/l) .
gl =
B(v) = CO T, (6.89)
c 'Y (%) |V|2 7
Note that the components of a representation matrix of a boost obey the relation
B*,(v)B,"(v) =6,", (6.90)

which follows from ([6.28]) and (6.29)) but can also be proven by using the explicit expression
(6.79). And finally, as a concrete example, we read off from (6.82)) and (6.84)—(6.88]) the time

dilatation

v?2 v2
r _

i.e. an observer in the inertial system S detects that the clock in the moving inertial system S’

goes slower than the clock in S.

6.8 Scalar Field Representation

Let us consider a scalar field ¢(z*), which represents a tensor field of rank n = 0 as it is
invariant with respect to any Lorentz transformation A. Within a passive interpretation of the
Lorentz transformation

" = A x¥ — ot = (A" 2 (6.92)

v
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the four-vectors z# and x’* denote one and the same space-time point at the original and the
transformed coordinate system S and S’, respectively. Due to the invariance of the scalar field

the original scalar field ¢(z#) in S must coincide with the transformed scalar field ¢'(z'*) in S":

¢'(a") = p(a"). (6.93)

Expressing the original scalar field ¢ via the transformed coordinate system S’ we obtain from
(6.92) and (6.93):

o) =0 (A", 2") . (6.94)

In order to simplify our notation in view of the following considerations, we omit from now on

the prime ’ at the respective four-vectors:
& (") = ¢ <(A*1)“V x) . (6.95)

Specializing (6.95)) with the help of (6.39) and (6.42) to infinitesimal Lorentz transformations,
we obtain up to first order in the expansion coefficients wygs:

¢ (") = ¢ (a: + %waﬁ (L*)", r) = (1 — %waﬂ W) ("), (6.96)
where the differential operators L*® are given by
L = — (L*%)" 2" 9,. (6.97)
Due to the representation matrices the differential operators turn out to be of the form
L% =i (2%0" — 2P0) . (6.98)
Taking into account the definition of the four-momentum operator in quantum mechanics
p* = ih 0* (6.99)
Eq. reduces to dimensionless angular momentum operators
L = % (zp° — 2Pp*) . (6.100)

Note that the components of the space-time four-vector and the momentum four-vector operator
fulfill

[p*,2°] = ihg* [0,,2°] =ihg”. (6.101)

Here we have taken into account that differentiating with respect to the components of a

contravariant four-vector yields the components of a covariant four-vector:

0

(%Z@.

(6.102)
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From (3.10) and (6.101]) we get the following set of commutation relations:

[L027] = = (L) ot (6.103)

LP 5] = = (L) (6.104)

Due to the commutation relations ((6.103)) and (6.104)) one denotes the space-time four-vector

and the momentum four-vector operator p* as vector operators. Correspondingly one considers

an operator OM~ v as a tensor operator of rank n if it transforms in each index Aq,..., A\, as
a vector:
~ A~ n A~
[L“”, O)\l...)\n] == Z (L“V)/\kn OM- Ak 1FA 1 An (6.105)
k=1

The commutation relations ((6.103)) and (6.104]) now allow to determine the commutation rela-
tions between the angular momentum operators (6.100]) by taking into account (3.43)):

[i@ﬁ, iﬂ — (gmS LAY 4 P 108 — gor ]85 _ 4B iM) . (6.106)
Comparing 1} with (6.106) we conclude that also the angular momentum operators L
fulfill the commutation relations of the Lorentz algebra. Therefore, the angular momentum

operators L°P are considered as a representation of the Lorentz algebra in the Hilbert space of
scalar fields. Furthermore, with the help of the representation matrices (6.43]) we can rewrite

(6.106)) according to

L0, 0] = (1), £ = (1), £ (6.107)

Thus, the angular momentum operators LB represent in the sense of (6.105)) tensor operators
of rank 2.

6.9 Tensor/Spinor Field Representation

Now we consider a tensor or a spinor field 17 (z#), where the index o stands for the respective
tensor or spinor indices. Performing a Lorentz transformation one has to take into account that

this affects both the space-time four-vector ## and the tensor or spinor components .

6.9.1 Four-Vector Example

Let us consider at first the concrete example of a four-vector A?(x#), which represents a tensor
field of rank n = 1 as one Lorentz matrix A is involved in transforming the tensor or spinor

components 7:

A (@) = A7 AT (aM) . (6.108)
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Reexpressing the space-time components of the original four-vector A™ in S via the transformed
coordinate system S” according to (6.92)), one yields

A (") = A7 AT ((A‘l)“y :13”) , (6.100)

where again the prime ’ at the space-time four-vector has been omitted in order to simplify the
notation. Afterwards we specialize (6.109)) with the help of (6.39) and (6.42)) to infinitesimal

Lorentz transformations and obtain up to first order in the expansion coefficients wygs:

l

A(at) = {g‘z —% (L77)", waﬁ} {Af(x“) +5 (L), wapa” Oy AW‘)}

l

— A7(gM) = {ga = (Maff)”T waﬁ} AT (2 | (6.110)

Here the operator M® turns out to be additive in the representation matrices 1) and the
angular momentum operator ((6.100)):

MP = L9 4 18 (6.111)
Thus, from (6.45)) and (6.100) we read off the anti-symmetry
M8 = — Mo (6.112)

As both the representation matrices L*® and the angular momentum operators Lof fulfill

according to (6.47) and ([6.106]) the Lorentz algebra as well as they commute with each other

[L“ﬁ, 2’75} ~0, (6.113)

we conclude that also the operators M*? fulfill the Lorentz algebra:

[, 39) = (g7 W0+ g7 NI — g NP — g ) (6.114)

6.9.2 General Case

Now we return back to the general case of a tensor or spinor field ¥7(z#). Performing an

infinitesimal Lorentz transformation we have then in analogy to (|6.110))
W (k) = {g‘TT — 2 (1) waﬁ} o7 (@), (6.115)
where the operator M“? has a decomposition similar to (6.111)):
M8 = [* 4 NoB (6.116)

Although we can not write down the explicit form of the matrices N®? for a general tensor or
spinor representation of the Lorentz algebra, we do know that they must fulfill the commutator

relation

[NF N7] =i (g™ NP7 4 g7 N® — g°7 NP> — g® N°7) . (6.117)
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Furthermore, both representations L*f and N°? of the Lorentz algebra in Minkowski space and

in the space of the tensor or spinor components are independent from each other, implying

[Naﬁ, Dé] ~0. (6.118)

From this we then read off that also the operators M*? defined in 1' fulfill the commutation
relation of the Lorentz algebra. They are a representation of the Lorentz algebra in the
Hilbert space of tensor or spinor fields. In addition, as L*? coincides with the orbital angular
momentum , one can identify the representation N*? of the Lorentz algebra in the space
of the tensor or spinor components with the spin angular momentum and, thus, Me8 with the

total angular momentum.

6.10 Defining Representation of Poincaré Group

Poincaré transformations in Minkowski space are put together from a Lorentz transformation
A*, and a shift a*:

2" = A a +at. (6.119)

Whereas Lorentz transformations do not change the scalar product of four-vectors due to ((6.4))
and (|6.17]), Poincaré transformations ([6.119)) only leave distances between four-vectors invariant:

guw (2 — ) (2" = ") = g (2" —y™") (& = ¢") . (6.120)
Therefore, Poincaré transformations are also called to be inhomogeneous Lorentz transforma-

tions.

We show now that the set P of all Poincaré transformations is a group. To this end we

characterize an element from P with (A, a):

e At first we prove the closedness and assume, to this end, that both (A, a;) and (Ag, as)
belong to P. Taking into account (6.119) we then conclude

Q?g = AQ#V ':Elll + ag = AZMV (Alun xli + all/) + al; = AZMV Alun xﬁ + AQHV a’lf + ag
> AMV — A2MV Aly;{, 3 CI,M — AQMV CLT _I_ CLg . (6.121)
Thus, also
(AQ, CLQ)(AI, al) = (A, CL) = (AQAl, AQCLl + CLQ) (6122)

belongs to P. One calls the multiplication rule (6.122) a semi-direct product of the
Lorentz group £ and the translation group 7. In case of a direct product one would have

had the simpler multiplication rule:

(AQ, (12)(/\1, al) = (A, CL) = (AQAl, a, + CLQ) . (6123)
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e In the next step we consider the associativity, so we assume that (A1, a1), (A, a2) and
(A3, a3) belong to P. Thus, we obtain from ([6.122))

(A17 (Il) ((AQ, (Ig)(Ag, CL3)) = (Al, al)(AgAg, Ag&g + ag) = (AlAgAg, A1A2a3 -+ AlCL2 + al)(6124)
(A1, a1)(Ag, a2)) (Az, a3) = (A1A2, Arag + a1) (A3, a3) = (A1 A2A3, A1 Asas + Aras + a1)(6.125)

and deduce with this the associativity

(A1, a1) (A2, a2)(As, a3)) = (A1, a1) (A2, a2)) (As, as) . (6.126)

e Then we identify the unity element of P with (A, a.) = (/,0) due to (6.32). Namely,
with (A, a) from P we read off from (/6.122))

(I,0)(A,a) = (A, a) = (A, a)(I,0). (6.127)

e And, finally, the inverse element of some element (A,a) belonging to P is given by
(Aya)™t = (A7!,—A~'a) from P as taking into account (6.122)) leads to

(A,a) Y (Aa) = (A —Ata) (A a) = (ATA A a — A ) = (1,0) . (6.128)

Similar to the Lorentz group also the Poincaré group is divided with the help of the values
Det A and A%, into the four branches P; with ¢ = 1,2,3,4, see Tab. . In the following we
restrict ourselves to consider the subgroup P; of the Poincaré group P, which is characterized
by Det A > 0 and A%, > 0.

6.11 Tensor/Spinor Representation of Poincaré Algebra

Let us analyse a tensor or spinor field ¢7(z#), which is invariant with respect to a translation

with an arbitrary four-vector a*. Within a passive interpretation of the translation
o =t + a* = o = 2" — ot (6.129)

both z# and z'* denote one and the same space-time point with respect to the original and the
translated coordinate system S and S’. Due to the invariance of the tensor or spinor field its

descriptions 17 (z#) and ¢'7 (2/*) in S and S’ must coincide:

Y7 (@) = 97 (). (6.130)

Considering in ((6.130]) the original tensor or spinor field 17 with respect to the transformed
coordinate system S’, we obtain from ((6.129)) and (/6.130)

V(@) = 7 (a = "), (6.131)



82 CHAPTER 6. POINCARE GROUP

where we have omitted again the prime ’ at the four-vectors in order to simplify the notation.

For an infinitesimal translation a* = e* we then have

V' (2*) = 7 (2*) — €* Op Y7 (). (6.132)
Taking into account the momentum operator this reduces to
W () = (1 + % €a ﬁa) b7 (). (6.133)

Thus, the basis generators of the translations can be identified with the components of the
momentum operator . Together with the basis generators of the Lorentz transformations,
which are given by the total momentum operators , they span the Poincaré algebra. In
order to characterize the Poincaré algebra completely, it remains to deduce the commutation re-
lations between its basis generators p* and M®?  which can be accomplished straight-forwardly.
To this end we read off from that the commutator between two basis generators of trans-

lations vanishes:
. p°] = 0. (6.134)

Thus, the momentum operators p* represent a commutative subalgebra of the Poincaré algebra,
which implies via the Lie theorem that the translations form an abelian subgroup of the Poincaré
group. Afterwards, we consider the commutator between the generators p* and M themselves.
Here we use that the representation of the basis generators of translations and the
representation N°? of the Lorentz algebra in the space of the tensor or spinor components are

independent from each other, implying

[p*, N?]_ = 0. (6.135)
With this as well as (6.44)), (6.104]), and (6.116]) we then obtain
[M“"7ﬁ”]_ = i(¢"p" — g*p") . (6.136)

And we remark that the commutator relations between the total momentum ([6.116)) were
already obtained in ((6.114)) and are characteristic of the Lorentz algebra. From (6.116)) we read

off due to the Lie theorem that the Lorentz group is a non-abelian subgroup of the Poincaré
group.
Finally, the definition (6.105) of a tensor operators O*»-*n of rank n for the Lorentz algebra

is straight-forwardly extended to the Poincaré algebra according to

n

[, O3] = 237 (e, O (6.137)

B k=1

With the help of the representation matrices ((6.44]) the commutator relations (6.116|) and (6.136)

can then be rewritten as
[M“ﬁ,zﬂ = - (L) 8, (6.138)

R B g (6129
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Thus, according to (6.137]), p* and MeB represent tensor operators of rank n = 1 and n = 2,

respectively.

6.12 Casimir Operators of Poincaré Algebra

Those operators, which commute with all basis generators of a Lie algebra, are called Casimir
operators. The first Casimir operator of the Poincaré algebra is given by the scalar product of

the momentum operator with itself:
P’ = gap "9’ . (6.140)

Taking into account (3.10) and (6.134)) one can directly show that p* commutes with all mo-

mentum operators:

[20°) = gy (797 5°)_ = g5 {97 97 5°) + [0 5] 7} = 0. (6.141)

Furthermore, p? is per construction a Lorentz scalar and, thus, commutes with all generators

of the Lorentz algebra M*? due to 1} (6.136|), and ((6.140):
2 0] = g [0 M) =g {m [, 07e2] o+ [, 0ee] ﬁﬁ}
iGns {ﬁ” (9°°9° — ¢%p*) + (979" — ") ﬁ‘s} =0. (6.142)

In order to construct a second Casimir operator, we define now the Pauli-Lubanski operator

~ 1 ~
Wo = 5 €apys poM (6.143)

Here €,5,5 denotes the four-dimensional, totally anti-symmetric unity tensor, which is a rela-
tivistic extension of the three-dimensional Levi-Civita symbol used in (6.50)). It has the value

€1234 = 1 and is anti-symmetric with respect to two of its four indices:

€apys = —€apiy = —€adyB = —€arps = —€sfra = —Eyfad = —€Bays - (6.144)

The scalar product of the Pauli-Lubanski operator W, with the four-momentum operator p®

vanishes due to (6.143)) and (6.144)):

o 1 ~
W, p® = 5 Cas PPM e =0. (6.145)

Furthermore, we read off from (3.102)), (6.134]), (6.136]), (6.143]), and (6.144) that the Pauli-

Lubanski vector commutes with the four-momentum operator:

7 N ad’ |11 ~o 1 ao’ ~3 7 ~o 1 aa’ ~ Y N
o] = g W] = 50w [N 5] = 507 s {pﬁ |
INCINe y i aa’ o ABA o ABA
+ [P, 57] M”‘s} = 59" cwpys (9°p°p" — g7 p"p°) = 0. (6.146)
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Now we determine the commutator of the Pauli-Lubanski operator with the basis generators

of the Lorentz algebra. To this end we use (3.43)), (6.116)), (6.136), (6.143), and (6.144) and
obtain at first:

~ A ~ o 1 ~ ~
|:Ma/87 W’Y] B = g'y§ [Maﬁa W5:| B = 5 97565;)07' [MaﬁvﬁpMaT]

1 N ~ A ~
=§gwe5m{[M“5,ﬁp} S ALEN }

= %gw {gﬁpeapm (ﬁ“M“ . 2;3"M‘”> — §e50r (ﬁﬂM” - QpUMﬁT)} . (6.147)

In order to identify the right-hand side of (6.147)) with known operators, several additional

calculations are necessary. At first we apply the contraction rule for the e-tensor

€aprs €770 = 6,78,70.7 +8,70,7 6, 46,78,
! Oé, ! O/ / / / ﬁ/ a/
—6,70,98,7" —6,28,78,% —5,75,"5. (6.148)

which is similar to (6.56)), so that the relation (6.143|) can be inverted in analogy to (6.50) and
(6.55) due to the anti-symmetry (6.112)):

W, €970 = pP M + pY MO8 + pd MPY (6.149)
Furthermore, we conclude from the contraction rule the special case

€aprs P18 =2 (5;’565’ - 5a5’55a’> , (6.150)
so that can be contracted with the e-tensor. On the one hand we then obtain

W ePre, 5=2 (Wg 5.8 W, 505) , (6.151)

whereas we read off from (6.149))

W, € ¢rrs = PPM € + DM € s + PP M €505 (6.152)
Thus, taking into account (6.112]) and (6.144]) we result in
€y (ﬁf@J\W - wM“) —9 (Wg 5P W, 505> . (6.153)

Inserting then (6.153]) into (6.147)) determines the commutator of the Lubanski operator with

the basis generators of the Lorentz algebra in the following form:

W] =i (W - ) (6.154)

With the help of the representation matrices (6.44) one recognizes that the Pauli-Lubaski

operator represents a tensor operator of rank n = 1:

W1 = — (L00) i (6.155)
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We consider now the scalar product of the Pauli-Lubanski operator with itself
W2 = gogWow? (6.156)

and show that it represents the second Casimir operator of the Poincaré algebra. At first, we
yield for the commutator of W?2 and p* due to (3.10)) and (6.146)

[W%ﬁﬂ_ —0. (6.157)

In addition, we obtain that W2 also commutes with Mes by taking into account 1) and
(6.154))

[VV?, M“ﬁ] ~0. (6.158)

Finally, the question arises how to physically interpret both Casimir operators of the Poincaré
group. To this end we describe a particle with fixed four-momentum p = (p*) via a tensor or

spinor field ¢7(z) and the eigenvalue problem

Py () = p'y(z). (6.159)

Then the first Casimir operator has an eigenvalue, which is determined by the rest
mass M due to . Thus, in view of the second Casmir operator W? it remains to interpret
physically also the Pauli-Lubanski operator W,. To this end we insert the decomposition
1' of the representation M*? of the Lorentz algebra in the Hilbert space of the tensor
or spinor fields in the representation L® of the Lorentz algebra in Minskowski space and the

representation N°? of the Lorentz algebra in the space of the tensor or spinor components into
(6.143). Due to the anti-symmetry of the e-tensor ((6.144)) this yields:

A

1 A A A 1
W = £ cams (P57 + 5727 4 5P197) 4 5 oo (6.160)

Taking into account the definition of the orbital angular momentum operators ((6.100) as well
as the commutation relations (6.101]) and (6.134]) we observe that (6.160]) reduces to

A 1

W, = 5 Cos PPN (6.161)

Thus, it turns out that the orbital angular momentum operator L*? does not contribute to the
Pauli-Lubanski operator W,. Describing again a particle with fixed four-momentum p = (p*)
via a tensor or spinor field 17 (x), the eigenvalue problem with respect to the Pauli-Lubanski

operator reads
Wt () = Wot? (2) (6.162)

where the eigenvector is given by the Pauli-Lubanski four-vector

1
Wa = 5 €ops PPN (6.163)
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Decomposing the basis generators N®# of the Lorentz algebra in the space of tensor or spinor

components in analogy to (6.50)), (6.51]) into two classes

1
Sk = §€kllem, (6.164)
K, = N%, (6.165)
we introduce the two vectors
S = (51,%,5;) = (N* N N?), (6.166)
= (Ki, Ky, K3) = (N, N N%) (6.167)

With this the covariant components of the Pauli-Lubanski four-vector (6.163)) are defined similar

to and ((6.19)
(Wa) = (Wo, Wi, Wa, W3) = (Wo, =W"*) = (W, —W) , (6.168)
where the temporal and spatial components read

Wy = p-8S, (6.169)
W = p’S+SxK, (6.170)

respectively. In the rest frame of the particle we have p° = Mc and p = 0, so that the temporal
and spatial components of the Pauli-Lubanski vector (6.169) and (6.170]) reduce to

Wy = 0, (6.171)
W = McS. (6.172)

Analogously to the calculation of (6.57)) we obtain from the commutation relation (6.117) a

corresponding commutation relation for the vector components Sj:
[Sk, Si_ = i€umSm - (6.173)

Thus, we conclude that in the rest frame of the particle the Pauli-Lubanski four-vector rep-
resents the spin angular momentum of the particle. Therefore, W, in (6.143]) is a relativistic

generalization of the spin angular momentum in any inertial frame.

6.13 Irreducible Representations of Poincaré Group

With the help of the eigenvalues of the Casimir operators ((6.140) and (6.143) of the Poincaré
algebra one can classify the irreducible representations of the Poincaré group. Note that they
are infinite dimensional as they describe particles with an unbounded momentum. In contrast

to that the defining representation of the Lorentz group was finite dimensional. The eigenvalue
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of the first Casimir operator (6.140)) is characterized due to (6.21) by the rest mass M of the

particle:
p? = M3, (6.174)

Depending whether the rest mass M is non-zero or vanishes one distinguishes two different

classes of representations.

6.13.1 Massive Representations

Let us consider first the case that the rest mass is non-zero, i.e. M > 0, which defines the
massive representations. Then we remark that the second Casimir operator has an
eigenvalue, which is a Lorentz scalar, so it has in each inertial system the same value. In
particular in the rest frame the eigenvalue of reduces due to (6.171)) to

W?=-W?=-M?c*S*. (6.175)

As the components of the vector S obey the commutation relations (6.173)) of the angular
momentum algebra, the eigenvalues of (6.175)) are given by

W? = —-M*c*S(S+1); S=0,1/2,1,3/2,... . (6.176)

Such a massive representation is, thus, characterized by both the mass M and the spin S. As
these are the fundamental properties of elementary particles, we have obtained the result that
the elementary particles themselves can be identified with the irreducible representations of the
Poincaré group. States within such a representation only differ in the third component of the

spin vector, where 25 + 1 different eigenvalues can occur.

6.13.2 Massless Representations

For a particle with a vanishing rest mass, i.e. M = 0, it is not possible to reach its rest frame by
applying any Lorentz transformation. If this was possible, then this would have the unphysical
consequence that the energy of the particle would vanish due to p° = 0. Therefore, massless

particles need as a basic principle a different treatment.

Within a massless representation both four-vectors p® and W have a vanishing scalar product
with respect to each other due to (6.145):

Pa W =0. (6.177)
Furthermore, due to (6.174)) and (6.175)), they represent light-like four-vectors, i.e. they obey

pap™ =0, W W* =0, (6.178)
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Decomposing into its temporal and spatial components
@) =p>, (W) =wW?, (6.179)
then we directly conclude from p® # 0 and W # 0:
P’ #0, WP #£0. (6.180)
Let us consider now the linear combination
Ap® + BW® =0. (6.181)

Obviously, (6.181]) does not only have the trivial solution A = B = 0 as we obtain from o = 0
and from taking into account (|6.180)

P
Thus, both light-like four-vectors p® and W are linear dependent. Therefore, for their re-
spective operators p* and We there must exist a proportionality factor operator h with the

property
We = hp~. (6.183)

Now we determine for this proportionality factor h the commutator relations with the generators
of the Poincaré algebra. At first we get from (3.10)), (6.134)), (6.146)), and (/6.183))

[W“,ﬁﬁ] = [ﬁzﬁ"‘,ﬁﬂ_ = W[ 0%+ [B,ﬁﬁ]_ﬁa — [l},pﬂ_ —0.  (6.184)

In a similar way we determine from (3.43)), (6.136)), (6.154)), and (6.183)):

et W | = [k = N e [N ] = [ h] = 0. (6.185)

This means that the proportionality factor h represents an additional Casimir operator. For

the corresponding eigenvalues of W"‘, iz, and p we then obtain from (6.183))
We = hp“, (6.186)

so we read off for the zeroth component o = 0
WO
Thus, taking into account (6.169) and (6.179) the eigenvalue h of this additional Casimir

operator h is given by

h (6.187)

j— PS

= (6.188)
p|
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which is intuitively accessible as the projection of the particle spin upon the direction of motion.
Therefore, one calls h as the helicity operator. For a given spin S and momentum p the
eigenvalue (|6.188]) of the helicity operator h has a fixed sign, i.e. either positive or negative,

which is the same in all inertial systems.

One can define the helicity operator h also for massive particles, but then it does not represent
a Casimir operator. This means, for instance, that then an appropriate Lorentz transformation
can convert a state of positive helicity into another state with negative helicity. Thus, the
helicity describes for a massive particle its state but not the massive particle itself. The latter

is only possible for massless particles as they always move with light velocity.

6.13.3 Other Representations

From a mathematical point of view the Poincaré group does allow also for other classes of
unitary representations. Among them is one with the constraint p,p* = 0 and a continuous
spin. Another one obeys the constraint p,p" < 0 for particles moving with a velocity larger
than the light velocity, which are known hypothetically as tachyons. But so far there is no
experimental indication that these other representations of the Poincaré group are realised in
nature by any elementary particle. But, although this is purely speculative, one of these other
representations of the Poincaré group might indicate a solution for the virulent problem of our

time that the physical nature of dark matter is yet unknown.






Chapter 7

Noether Theorem

In 1918 the mathematician Emmy Noether published a theorem, which had far-reaching conse-
quences for different branches of theoretical physics. It states that every differentiable symme-
try of the action of a physical system is relaed to a corresponding conservation law. Although
Noether’s theorem has implications also in classical mechanics, we focus here on classical field
theory, where it provides a fundamental connection between continuous symmetries and con-
served quantities. Namely, each continuous symmetry, which leaves the action invariant, leads
inevitably to a corresponding conserved quantity. For instance, translations in time and space
are related with the energy and the momentum conservation. In a similar way spatial rotations
and boosts imply the conservation of angular momentum and the center of mass, respectively.
And, finally, an invariance with respect to a translation of the phase in a wave function turns
out to be connected with the charge conservation. In the following we derive the Noether theo-
rem in its most general form in the realm of classical field theory and then specialize it to these

important applications.

7.1 Invariance

The action A represents a functional of the underlying tensor or spinor field W7 (2), i.e. we

have
A=AV ()], (7.1)

which is defined as a spatio-temporal integral over the Lagrange density L:

c

A= 1/Qd‘*:c/: (T7(2?), 8,07 (2)) . (7.2)

Here we restrict ourselves to a local field theory, where the Lagrange density £ can only depend
on the tensor or spinor field itself and its first partial derivatives but not from higher partial

derivatives with respect to space and time. Now we consider a transformation, which involves

91
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both the space-time coordinates and the tensor or spinor field:

= 2NN, (7.3)
U2 = WU (2)) | (7.4)

Here we use the convention that the unprimed (primed) quantities denote the ones before (after)

the transformation. The transformation ([7.3)), (7.4) then changes the action (7.1f), (7.2) to

A Twr(e)] = / L (\If"’(x“),a;qﬂ"(x“)) . (7.5)

Cc

The transformation ((7.4)), (7.5)) is exactly then a symmetry transformation, when it leaves the

action invariant:
AT (0)] = A [¥(o)] . (7.6)

In the following we analyze the physical consequences of this invariance of the action.

7.2 Infinitesimal Transformation

For the proof of the Noether theorem it turns out to be sufficient to consider an infinitesimal
symmetry transformation. For such an infinitesimal symmetry transformation Eqs. ([7.3)), (7.4

reduce to

2 = 2+ 6, (7.7)

V() = W) + 600 (2) . (7.8)
Here 6¥°(z2*) denotes the total variation of the tensor or spinor field, which generically contains
two contributions. On the one hand it involves a change due to transforming the space-time
coordinates from z* to z*, on the other hand it includes a change of the tensor or spinor field
from W7 to U, For technical reasons it is, therefore, advantageous to introduce the local

variation 0W7(2*) of the tensor or spinor field U7 (z*) as the infinitesimal transformation of the

tensor or spinor field for fixed space-time coordinates:
oW () = W7 () — W7 (2). (7.9)

Combining ([7.8)) and (7.9)) we recognize the following connection between the total variation
5W7(2*) and the local variation W7 (z*):

JU () = 607 (1) — [\IJ"’(x'A) . \II’U(a:)‘)] . (7.10)
Inserting ((7.7)) into ([7.10]) and taking into account only the first order of the variations yields

07 (2) ~ 007 () — 9,0 ()02 = 5V () — 0, W7 (z)dH . (7.11)
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The result (7.11) means that one has to subtract from the the total variation §W°(z*) that
contribution, which stems from the change of the space-time coordinates, in order to obtain the
local variation §W7(z*). Note that using the local variation §¥°(z*) has the formal advantage

that it commutes with the differentiation
9, {wak)] - S[@u\lla(x’\)] , (7.12)
whereas this is not true for the total variation §¥7(z*) due to (7.11):

9, {Sq/a(xk)] ” 6[@\1/”(:1:*)] . (7.13)

7.3 Total and Local Variation of Action

According to the action A before the transformation is integrated with respect to €2,
whereas the action A’ after the transformation is integrated with respect to € due to ((7.5)).
Within a passive interpretation of the space-time transformation both © and € denote one
and the same four-dimensional integration volume, which is described by different coordinate
systems. Transforming €' back into 2 with the help of the infinitesimal transformation (7.7,
the respective differential volumes transform with the Jacobi determinant. Up to first order in

the variation we have

0620 0620
L+ 0x9 oxl!
4./ /A A o
A B P Ll I 96! ~1 4 By
d4x a<xﬂ) ale» axo 1 —+ 0;51 . ax”

The result ((7.14)) states that the relative change of the differential volumes is given by the four-
divergence of the variation of the space-time coordinates. The Lagrange density transforms

accordingly via
L' =L+L. (7.15)

Taking into account ((7.2) and (7.4)) the total variation of the action

SA=A [0 (e)] — A[T7(e)] = ! / dta' L — ! / d'z L (7.16)

C C

can be evaluated with the help of ((7.14) and (7.15]) up to first order:

i I
sa=t [ae| (14 55) wroe)—c| =1 [ (se+552) . @an
c Ja Ox c Ja Oxt

Similar to (7.11)) the following relation holds between the total variation 0L and the local
variation 6L of the Lagrange density:

0L = 6L + 0,L0z" . (7.18)
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For the Lagrange density L of a local field theory as it appears in 1) the local variation 6L
is given by

oL
oV (at)

oL

L= 5(0, 07 (1))

50 () + 5 {auw(ﬁ)} . (7.19)
As the local variation ¢ has according to (7.12) the property that it commutates with the

differentiation, we conclude from ([7.19)

SO — oL SO (N oL S0 (oA
5L = 55 OV )+ Fge iy O RAESIE (7.20)
which can be rewritten as
P oL oL NI oL N
e ey a(@ﬂo(ﬁ))] W (27) + 0y {8(8,}1/”@*)) oW (a )} - (12

7.4 Continuity Equation

Inserting both the total and the local variation of the Lagrange density from ((7.18)) and (7.21))
into ([7.17)), the total variation of the action results in

4 = ¢ [ [gwem o sy )
+0, [W 5\1/"(xA)] + /Jéx“} : (7.22)

The first term in (7.22) turns out to vanish as the tensor or spinor field W7 (z*) has to fulfill
the Euler-Lagrange equations corresponding to the action A due to the Hamilton principle of

classical field theory:

5.A or or
SO o) ey (7.23)

From (7.22), (7.23) as well as the connection (7.10) between the local variation dW(z*) and

the total variation W7 (z*) of the tensor or spinor field W7 (z*) we then conclude

1 4 oL o/ A oL O (A o v
5’A:E/de8” {Wé\lf (%) — W&/‘If (%) —5,/5} ox } (7.24)

As the infinitesimal symmetry transformation leaves the action invariant according to ([7.6]),

the total variation of the action must vanish:
0A=0. (7.25)

Furthermore, we note that the four-dimensional integration volume €2 in ([7.24)) can be chosen
arbitrarily, so we read off that also the integrand of ((7.24) must vanish due to ([7.25)). In this

way one obtains a continuity equation

Dy (2 =0, (7.26)
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where the current density f#(2?) is additive in the variations of both the tensor or spinor fields

§W7(x*) and the space-time coordinates dz":

1 oL 1 oL

~cague@y ) e e

fr(at) 0,V (2) — 6% L] 6" . (7.27)

7.5 Conserved Quantities

A continuity equation of the form (7.26]) represents a differential formulation of a conservation
law. Integrating ((7.26)) over the total three-dimensional volume, we obtain

0= /d%@u ) = % /d?’x af(;tx/\) + /d3a:divf(x,t). (7.28)

Thus, applying the theorem of Gaufl and assuming that the tensor or spinor field as well as its

first derivatives vanish fast enough at infinity, we get

0

5 /de P2t = —c /d3x divf(x,t) = —C]{do f(x,t) =0. (7.29)

With this we conclude that the spatial integral of the temporal component of the current density

F(t) = / &z fO(a) (7.30)

represents the conserved quantity of the Noether theorem:

0
5P =0. (7.31)

After having derived with this the most general form of the Noether theorem, we discuss now

case by case important applications.

7.6 Canonical Energy-Momentum Tensor

Due to the Poincaré symmetry of the flat Minkowskian space-time structure the action must
be invariant with respect to translations of both time and space. According to and
this leads to the following infinitesimal variations of the space-time coordinates z* and
the tensor or spinor field ¥ (z):

ort = -2t =¢, (7.32)
SO0 () = W7(a"™) — W7 (2*) = 0. (7.33)

As the infinitesimal translation four-vector ¢* can be chosen arbitrarily, we read off from (7.26)),
(7.27) and (7.32)), (7.33) the differential continuity equation

9,0 (z*) =0, (7.34)
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where the canonical energy-momentum tensor ©O* (z}) = g*~ O _(z?) is given by

P! oL o A "
@n(ac)—z[mﬁﬂ@ () =" L] . (7.35)

Evaluating ([7.34)) for v = 0, 1,2,3 we obtain four conserved quantities, namely the energy F

and the momentum p of the particle:

(p”) = ( Ble > = /d% (©%(zY)) , ag =0. (7.36)

p

The energy turns out to be of the form

E= / drH, (7.37)
where the Hamilton density H is given by
\I/O'
H=c0" = oc__ o _ . (7.38)

ove\ Ot
0
(%)
and, thus, corresponds to a Legendre transformation. And the momentum results in
Pt = / dr P, (7.39)

where the momentum density P? turns out to be

oL  ove
ov7\ Ox'
0
()
Later on we will specialize ((7.37))—(7.40)) for concrete field theories as, for instance, the Maxwell
and the Dirac theory. Then it will also become transparent that the conserved quantities defined
according to the Noether theorem via ([7.37)—(7.40]) have, indeed, the proper physical SI units.

Furthermore, we remark that, using the definition (7.35]) of the canonical energy-momentum
tensor, the current density (7.27)) of the Noether theorem can also be written as

1ot
" ¢ 00,0 ()

P =0"=— (7.40)

(™) SV (2) — 0" (252" . (7.41)

7.7 Angular Momentum Tensor

The action must also be invariant with respect to Lorentz transformations. According to ((6.22)),
(6.39), (6.43) and Section this involves the following infinitesimal transformations of the
space-time coordinates z* in (7.7)) and of the tensor or spinor field W7 (z*) in (7.8)):

st = -2t = —%w,m (L"”)A

SU7 () = () — 0 () = —%w,m (N")7 07 (). (7.43)

R (7.42)
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As the infinitesimal rotation angles and rapidities can be chosen arbitrarily, we obtain from

, and , the differential conservation law
0, J" " (2*) =0, (7.44)
where the angular momentum tensor J*** consists of two contributions:
JH () = L () + S () (7.45)

The first term in ((7.45)) depends on the representation matrices of the Lorentz algebra L** in

the space-time
L () = iOF () (L), o’ (7.46)

and is, therefore, identified with the orbital angular momentum tensor. Inserting therein the

respective representation matrices (6.44)), the orbital angular tensor reduces to
LR (a) = O (2*) 2”7 — O (2) 2" . (7.47)

Analogously, the second term in ((7.45)) stems from the representation matrices of the Lorentz
algebra N** in the tensor or spinor field space
—1 oL

S ) = (8,07 ()

(N5, W (2) (7.48)

and, therefore, corresponds to the spin angular momentum tensor. As N"* is anti-symmetric

with respect to its indices v, &, the spin angular momentum tensor ((7.48)) fulfills the property

SHR () = —§HRe (5 (7.49)

Furthermore, we read off from ((7.34)), (7.44)), (7.45)), and (7.47) that the four-divergence of the

spin angular momentum tensor coincides with the anti-symmetric contribution of the canonical

energy-momentum tensor:
0,5 (2*) = O () — O () . (7.50)

Note that in addition to the differential conservation law ([7.44)) also an integral version exists,

which states that an anti-symmetric tensor of second rank represents a constant of motion:

aMle
=0. 5l
5 0 (7.51)

MVE — \/de JOVK,(:L,A),

Specializing v, k to the values j, k = 1,2, 3 one can interpret M7* as the total angular momen-

tum. According to ([7.45)) and ([7.51)) it decomposes into
MY = L% §ik (7.52)
Here the angular momentum L% follows from (7.47))

ot = / P [O% (1) 27— 0%, 1) 2*] (7.53)
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which reduces with the help of (7.35)) to

e 1 oL ,
Jjk _ — B T (akpy a0 o
L - /d T AT (x.1)) (x 0; — 8k>\11 (x,t). (7.54)

Correspondingly the spin angular momentum S7* reads due to ((7.48)

so that the spin angular momentum vector
Si = 5 Eij (756)

can be expressed with the help of (6.164)) according to

. DO T (x.1)) (S)7, ¥ (z). (7.57)

7.8 Symmetrizing Canonical Energy-Momentum Tensor

In general the canonical energy-momentum tensor ©"*(z?) following from due to the
Noether theorem turns out to be not symmetric with respect to its indices v, k. This repre-
sents at a first glance a quite fundamental theoretical problem as in Albert Einstein’s general
relativity a symmetric energy-momentum tensor 7%*(z*) appears as an inhomogeneity of the
field equations defining the underlying metric of space-time. In the following we show how
this problem can generically be solved in a constructive way. To this end we work out the so-
called Belifante construction, which allows for any underlying field theory to determine for each
canonical energy-momentum tensor ©“*(z*) a symmetrized energy-momentum tensor 7"%(x)

by adding an additional tensor of second rank ¢"*:
T () = @V (z?) + 7 (a) . (7.58)
Demanding that the modified energy-momentum tensor T"%(z*) is symmetric, i.e. that
T (2™ — T (2*) = 0 (7.59)

holds, we obtain from ((7.50) and ([7.58|) a relation between the tensor of second rank t** and

the spin angular momentum tensor S**
R (2 =t (2?) = 0MSW“(xA) . (7.60)

In order to solve ([7.60]) for the tensor of second rank ¢ we perform the ansatz that it follows

from the four-divergence of a tensor of third rank y***

5 (2?) = @LXW”(J;)‘) , (7.61)
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where the tensor of third rank y*** is anti-symmetric with respect to its first two indices, i.e.
() = (). (7.62)

In case that such a tensor of third rank y*** would exist, the symmetric energy-momentum ten-

sor T"%(x*) would be physically equivalent to the canonical energy-momentum tensor ©%(z?).

On the one hand we read off from (7.58)), (7.61), and (7.62) that the differential energy-

momentum conservation law ([7.34]) for the canonical energy-momentum tensor ©%(z*) implies

a similar one for the symmetrized energy-momentum tensor 7"%(x?):
,T" (") = 0. (7.63)

On the other hand it also follows from ([7.58)), (7.61)), and ((7.62)) that the conserved quantities
of energy and momentum following from the canonical energy-momentum tensor ©"%(z) agree

with the ones from the symmetrized energy-momentum tensor 7" (z*)
/ B T (1) = / 3z 0% (), (7.64)
as the Gauf3 law implies
/d% O™ (2 = 0. (7.65)

Inserting the ansatz ([7.61]) into (7.60)) one obtains the following relation between the tensor

x*" and the spin angular momentum tensor S***:
X () = () = S () (7.66)

Now we uniquely determine the tensor x*** by taking into account ((7.62) and (7.66]). To this
end we decompose the tensor x*** via
XM () = T (@) + e (2t (7.67)

UVE
S

UVE

per - which are symmetric and anti-symmetric with respect to

into the two tensors xy*** and x

the indices v, k, respectively:

XEE(a?) = X () (7.68)

() = (). (7.69)

Inserting (7.67)—(7.69) into (7.66|) the tensor x*** drops out and the tensor x*** follows to be
1

X () = 3 SHYR (Y (7.70)

Here the anti-symmetry ((7.69)) of the tensor xy#** is guaranteed due to the anti-symmetry ((7.49))

a

of the spin angular momentum tensor S#**. Taking into account ([7.67)—(7.70]) one deduces from
(7.62))

S

1 1
X (@) gt (2h) = =5 S — 5 S (7.71)
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Due to ([7.49) we find that (7.71]) is straightforwardly solved by

1 1
(@) = =g 8 () — 5 S (). (7.72)

And the tensor of third rank x*** follows, finally, from combining (7.49), (7.67)), (7.70]), and
(7.72)):

X () = 3 [55() 4 5 () — 5 ()] (7.73)

7.9 Modified Angular Momentum Tensor

Finally, we show for the sake of completeness that the symmetrization of the energy-momentum
tensor also leads to a simplied angular momentum tensor. To this end we consider a modified
angular momentum tensor I***, which follows from the symmetrized energy-momentum tensor
T"" in the same way as the orbital angular momentum tensor :

IR () = THe (™) o — TH () 2" (7.74)

Combining ([7.45)), (7.49), (7.58)), (7.61), (7.73), and (7.74) it turns out that the canonical
angular momentum tensor J#* and the modified angular momentum temsor I** differ by the

four-divergence of a tensor of fourth rank nP**:
IR () = TR () + Onfte (). (7.75)
Here the tensor of fourth rank #»”*** turns out to be
I () = X = () (7.76)
which is anti-symmetric with respect to its first two indices due to :
P() = () (7.7

Therefore, both angular momentum tensors I#* and J*** are physically equivalent. On the one
hand we read off from ([7.75) and (7.77)) that the differential angular momentum conservation
law (7.44)) for the canonical angular momentum tensor J**(z*) implies a similar one for the

modified angular momentum tensor I*/%(a?):
O, 1" (z*) = 0. (7.78)

On the other hand it also follows from ([7.75), (7.77), and the GauBl law that the conserved
angular momenta ((7.51)) following from the canonical angular momentum tensor J***(x) agree

with the ones from the modified angular momentum tensor I*%(x?):

/ P (1) = / Bz 1% () (7.79)



Chapter 8

Klein-Gordon Field

The first relativistic quantum field, which we deal with here, is the Klein-Gordon field. It
represents a free scalar field and describes in its second-quantized form particles with spin 0.
One example for such particles within the realm of the standard model of elementary particles
is the Higgs particle H, which is electrically neutral and gives all particles their mass due to
its interaction with them. Another example is provided by the pions, which were originally
introduced by Hideki Yukawa as the exchange particles giving rise to the nuclear force. There
exists a neutral pion 7¥ and two charged pions, namely 7+ and its antiparticle 7—. Note that
the pions turned out to be the lightest mesons, i.e. they consist of two quarks. Therefore, they
are unstable, decay via weak or electromagnetic interaction, and are considered nowadays no

longer as elementary particles.

Coupling the charged pions minimally to the electromagnetic field yields a theory, which is
called scalar electrodynamics. In its second quantized form it microscopically describes the
interaction between charged pions due to the exchange of photons. From a pedagogical point
of view it would be reasonable to introduce scalar QED before QED as the description of matter
by the Klein-Gordon theory is much simpler than the Dirac theory. Therefore, starting with
scalar QED would make it easier to understand several technical issues as, for instance, the
Feynman diagrams of QED without having to deal with the intricate spinor algebra of the
Dirac theory. Another motivation to study scalar electrodynamics would be that it represents
the relativistic generalization of the Ginzburg-Landau theory of superconductivity. However,
due to time constraints, we will not be able to work out scalar electrodynamics, so here we can

only refer the interested reader to the relevant literature.

8.1 Action and Equations of Motions

The action of the Schrédinger fields ¥(x,t) and ¥*(x,t) in (4.8)—(4.10) is not invariant with
respect to Lorentz transformations as it contains partial derivatives of first (second) order with

respect to the time (space) coordinate(s). In contrast to that a relativistic action must treat
101
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Figure 8.1: Relativistic and non-relativistic energy scales differ according to (8.5) by the rest
energy Mc?.

temporal and spatial partial derivatives on an equal footing. Depending on the respective

internal spin degrees of freedom there are different ways how to convert the non-relativistic
Schrodinger action (4.8)—(4.10) into a relativistic one.

In the following we deal with charged relativistic particles like the pions 7% and 7~, which
do not have any internal spin degree of freedom. Such particles are described by scalar fields

U(2*) and ¥*(2?). The corresponding action
A= AT (0); (o)) (8.1)
is defined by a spatio-temporal integral over the Lagrange density according to

A= % /d‘*xc(xp*(ﬁ),aﬂxp*(ﬁ); \IJ(:BA),GM\I/(:E’\D : (8.2)

where we have d*xr = cdt d®z. The Lagrange density of the Klein-Gordon fields is given by the

real-valued Lorentz invariant
L=Ag" o,V (z)0,¥(x) + BU*(x*)¥(a?). (8.3)

In the following we choose the yet unknown constants A and B in such a way that the Lagrange
density of the Klein-Gordon fields goes over in the non-relativistic limit into the Lagrange
density of the Schrodinger fields. To this end we decompose at first the derivatives in
into their respective temporal and spatial contributions:

109" (x, 1) 9V(x,t)

=A
£ c? ot ot

— VU (x,t) VU(x,t)| + BU*(x,t) ¥(x,1). (8.4)

Performing the transition from a relativistic to the corresponding non-relativistic theory one
has to take into account that the corresponding energy scales are shifted by the rest energy
M ¢c? of the particles with mass M with respect to each other as is illustrated in Fig. m

Erel = Enon—rel + MCQ . (85)

This becomes apparent from Fig. |6.1] where the relativistic dispersion relation is compared

with its non-relativistic limit. As a quantum mechanical wave function depends exponentially
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via e7/" from the energy E, (8.5 suggests to perform the separation ansatz

U(x,t) = e My (x 1), (8.6)
UH(x,t) = MU yr(x 1) (8.7)

Inserting , (8.7) into the Lagrange density of the Klein-Gordon fields (8.4)), we obtain

A [oyr(x,t) Ov(x,t) i oo Ip(x,t)  OYr(x,t)
£=2 { ot or TRMe [w D T o Mx’t)} }
AV (x, 1) Vi (x, 1) + (B + Mh - A) O (x, 1) (x, 1) (8.8)

In the non-relativistic limit ¢ — oo we have now to guarantee that (8.8) reduces term by term
to (4.10):

e Due to a partial integration in time the second and third term in (8.8]) can be merged. A
comparison with (4.10]) then fixes the constant A:

oM K2

e With this choice of A the first term in (8.8)) vanishes in the non-relativistic limit ¢ — oo
and the fourth term turns out to yield the correct kinetic energy of the Schrodinger field.

e The last term in (8.8) must vanish as the Schrodinger field does not have such a mass
term, so also the constant B is determined by taking into account :

M2 1
B:—h—;A — B=—3 M. (8.10)

Inserting and (8.10) into (8.4) the action of the Klein-Gordon field
A=A[U"(o,0);U(e,0)] (8.11)

is given by a spatio-temporal integral

A= /dt/d3;c£<\lf*(X,t),V\If*(x,t),M;\P(x, £), VI(x,1), a‘y(x’t)) (8.12)
ot ot
with the Lagrange density
ROV (x,t) 9U(x,t) B . Mc .
L= T % 9] VU (x,t) VU(x,t) — —5 U (x,t) U(x,t). (8.13)

Similar to the discussion of the Schrédinger fields in Section [4.4] the Hamilton principle of
classical field theory

dA 0A

Skt 5D

~0 (8.14)
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leads to the Euler-Lagrange equations

oL oL o oLC
m -V aV\If*(X, t) - & aa\lfg(ltx,t) =0, (815)
= " S = 0. (8.16)

GUxD) Y OVU(x1) I gorh

In order to evaluate (8.15]), (8.16)) we need the following partial derivatives from the Lagrange
density (8.13]):

oL 1 oL n? oL h? 0U(x,t)
= MAU G v A\ [} = d 1
o - 2 MOV Gy T Tanr VYD 9%TED oM T ot (8.17)

oc 1., /O oL B 9Ur(x,t)
i~ 2 MV vy T o VY ) e = o g 81

Inserting the additional calculation (8.17)) and (8.18)) into the Euler-Lagrange equations ({8.15]),
(8.16)), we obtain the Klein-Gordon equations for the fields W(x,t) and ¥*(x,t):

1 0%V (x,t M?c?
1 0%0*(x,t . M3
3 % — VAU (x, 1) + = U*(x,t) =0. (8.20)

They represent wave equations, which contain an additional term due to the finiteness of the

Compton wave length of the particles

h
For a pion 7+ or 7~ with the rest energy Mc? = 139.6 MeV the Compton wave length (8.21)

amounts to A\¢ &~ 9 fm, which is of the order of magnitude of the size of the atomic nucleus.

The appearance of the Compton wave length (8.21)) can be physically understood as follows.
A relativistic particle with the momentum uncertainty Ap = Mc yields via the Heisenberg

uncertainty relation a corresponding spatial uncertainty

h

Ax = Ve (8.22)
which is of the order of the Compton wave length . Wherever a relativistic particle is
confined to a region, which is of the order of the Compton wave length, the resulting energy
uncertainty becomes so large that particle-antiparticle pairs are generated out of the vacuum.
This peculiar phenomenon is best illustrated by the Klein paradox, which arises for a pion
77 running against a potential step of height V', see Fig. [8.2l Provided that the potential
height V' reaches the order of the rest energy 2Mc? of two pions, the wave function falls off
exponentially in the region of the potential threshold. This then leads to the generation of
particle-antiparticle pairs, which have to move due to momentum conservation in opposite

directions. As a consequence, one observes within the potential threshold a negative charge
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V (%)

!

Figure 8.2: The scattering of a pion 7T at a potential threshold with height V' ~ 2M¢c? leads
to the Klein paradox that the reflection coefficient becomes larger than one. This is due to the

creation of particle-antiparticle pairs within a region, which has the extension of the Compton

wave length (8.22)).

density, so that the situation emerges as depicted in Fig. Surprisingly, this leads to a
reflection coefficient of this one-particle scattering problem, which is larger than one. The
Klein paradox has, therefore, the consequence that a relativistic quantum theory can never be
restricted to a one-particle theory. Instead, it has to be extended to a relativistic quantum field
theory in order to incorporate adequately the inherent many-body phenomena. Inserting the

ansatz (8.6), in the Klein-Gordon equations (8.19)), (8.20|) for the wave functions ¥(x,t),

U*(x,t), we obtain

1 0*Y(x,t)  2iM 9p(x, 1)

2 o ho ot i) v (523
1 0% (x,t)  2iM OY*(x,t) 9 _
iy + - 5 VvVt (x,t) = 0. (8.24)

In the non-relativistic limit ¢ — oo both (8.23) and (8.24) go over into the corresponding

Schrodinger equations for the wave functions ¥ (x,t) and ¥*(x,t), as expected:

2
ih% - —Q%V?zp(x,t), (8.25)
* 2
—ihw = —%V%*(x,t). (8.26)

Note that, historically, Erwin Schrodinger discovered on his quest for a quantum mechanical
wave equation in 1926 at first the Klein-Gordon equation. But solving this relativistic wave
equation for the example of the Coulomb potential he found that the resulting energy eigenval-
ues disagreed with the measured spectral lines of the hydrogen atom. In retrospect we know
that this is due to the fact that the Klein-Gordon equation does not take into account the
spin 1/2 degree of freedom of the electron in the hydrogen atom. Due to this discrepancy

he abandoned the Klein-Gordon equation and derived instead in the non-relativistic limit the
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Schrodinger equation, where he obtained a much better agreement between the corresponding

solution of the Coulomb problem and the measured spectral lines of the hydrogen atom.

8.2 Continuity Equation

Now we multiply (8.19) with ¥*(x,¢) and (8.20) with W(x,¢) and subtract both from each
other, yielding at first

1, ?U(x,t) 1 O*U*(x,t)

— U (x, 1) VAU (x, 1) + U(x, 1) VU (x,t) = 0, (8.27)

where the mass terms have dropped out. This can be recast into the form

J .. oV(x,t) O¥*(x,t)
o [V T T Y
+V [\If(x,t) VU (x, 1) — U (x, 1) VI(x, )] =0, (8.28)

which corresponds to a continuity equation:

Ip(x,1)

j(x,t) =0. 2

0 Vi) =0 (5.29)

Here both density p(x,t) and current density j(x,t) are only determined up to a yet unknown
constant K:

K oV(x,t) OU*(x,t)
= — |P* — U .
pxt) = 2 [ Ol )| (5.30)
ixt) = K [\I/(x,t) VU (x, 1) — U (x, 1) VI(x, t)} . (8.31)

The constant K can now be fixed uniquely by considering the non-relativistic limit ¢ — oo. To

this end one inserts the ansatz (8.19)), (8.20)) into (8.30)), (8.31)) and gets

) = 3 [unoen) 20t - 200D ) - 2 i) (832
i(x, 1) = K[¢(x,t)v¢*(x,t)—w*(x,t)v@u(x,t)}. (8.33)

We have then to demand that (8.32)), (8.33) go over in the non-relativistic limit ¢ — oo to the

corresponding non-relativistic expressions:

p(x,t) = P*(x,)P(x,1), (8.34)
h
jt) = g [0t VRl t) = (1) Vib(x, )] (8:35)
This fixes the constant K to the value
K= (8.36)
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Thus, we obtain from (8.30), (8.31), and (8.36) for the density p(x,¢) and the current density
j(x,t) of the Klein-Gordon fields

(1) = 2;;02 {\If*(x,t) aq’é’t"” —m’;f’t) \1/<x,t)], (8.37)
i(x,1) = %[\Iz(x,t)vq/*(x,t)—qx*(x,t)vq/(x,t)}. (8.38)

From the continuity equation (8.29) follows the existence of the conserved quantity. Namely,

considering the time derivative of the quantity

Q= [ @), (8.39)
we obtain from (8.29)) and applying the theorem of Gauf3
oQ
— =— @ df-j(x,t). 4
b=t (3.40)

Here the surface integral at infinity vanishes as the fields U*(x,t), U(x,t) as well as the current
density j(x,t) in (8.38)) are assumed to vanish fast enough at infinity, yielding

2Q _
ot

Now it turns out to be useful to define a scalar product between two arbitrary fields ¥y (x, t)

0. (8.41)

and Wy(x,t) according to

(W), ) = / P {‘llf(x,t) Ol t) OV g o] (8.42)

2M? ot ot

But note that this scalar product is not positive definite. For instance, choosing the ansatz
Uy (x,1) = Uy(x, t) = N MUn (8.43)
we obtain
(U, W) = —N? < 0. (8.44)

In order to investigate the non-relativistic limit of this scalar product, we insert , 3.7)
into (8.42)):

h ) Dby (x, 2%ME
(1) = 5 [ e [uren 22t - 2B - 2 i ()] (849

Performing the limit ¢ — oo, we conclude

(U, W) = CILTO<‘I’1, V) = /dgfﬁ V1 (x, 1) a(x, 1), (8.46)

which is just the positive definite scalar product used in the Schrodinger theory. Thus, from
the fact, that the scalar products of the Klein-Gordon and the Schrodinger theory differ, we
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read off that each quantum field theory has its own natural scalar product. It turns out that
this conclusion has far-reaching consequences, as the natural scalar product of a quantum field
theory represents a central technical tool. For instance, in the present case of the Klein-Gordon
theory, taking into account we finally obtain a useful relation between the conserved

quantity (8.42)) and the scalar product (8.39):
Q= (V7). (8.47)

As the scalar product is not positive definite, the conserved quantity can have both positive
and negative values. This makes it possible to identify (), or more precisely e() with the
electric charge of a complex-valued Klein-Gordon field, where e denotes the elementary charge.
Furthermore, we conclude that a real-valued Klein-Gordon field, where W*(x,t) = ¥(x, t) holds,
leads to a vanishing charge @ due to (8.42) and (8.47).

8.3 Canonical Field Quantization

The two independent Klein-Gordon fields U*(x, t) and W(x, t) have the two following two canon-

ically conjugated momentum fields:

) Ye W2 OU(x,1)
II (X’ t) = DU (x,t) = IM 2 ot ) (848)
ot
2 *
M(x,f) = oL  hT 0V*(x,t) (8.49)

2U(xt) QN2 ot
ot

where £ denotes the Lagrange density of the Klein-Gordon field from (8.13). With the help of

a Legendre transformation we then obtain the Hamilton density from the Lagrange density:

oV*(x,t) oV (x,t)
= II" ——= 411 ——= L. .
H (x,1) py + II(x, t) Er L (8.50)
Inserting therein (8.13)) together with (8.48]), (8.49) this yields
2M ¢ h? Mc?
"= h—j I (e, 1136, 1) + 2 VI (x, ) VU (x, 1) + U (x, )U(x,t). (851

The Hamilton function H of the charged Klein-Gordon field then follows from spatially inte-
grating this Hamilton density H:

H= /d%%. (8.52)

With this one can perform a canonical field quantization along the lines outlined in Chapter
M For the sake of brevity we do not work this out in detail for the Klein-Gordon field but
mention instead the result. At first, one assigns to the classical fields ¥*(x, t), ¥(x,t), II*(x, 1),
and TI(x,t) corresponding second-quantized operators \iﬁ(x, t), \if(x, t), ﬁ*(x, t), and ﬂ(x, t).
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Due to the spin-statistic theorem of Pauli one performs for the Klein-Gordon field a bosonic
field quantization and obtains between both W(x, ), II(x,t) and Wi(x,t), IIf(x,t) equal-time

canonical commutation relations:

[\il(x, t),\i/(x’,t)] - [f[(x, t),f[(x’,t)} — 0, [\f/(x,t),f[(x',t)]i — ihd(x —x'), (8.53)

[xiﬁ(x, £), Ut (x, t)] - [ﬂ*(x, ), Tt (¢, t)} —0, [@T(x, ), T (¢, t)} — ihd(x —x'). (8.54)
Due to the independence of the quantized degrees of freedom all mixed equal-time commutator

relations vanish:

[xi/(x,o,\iﬁ(x',t)}_: [@(x,t),ﬂwx',t)}_ = 0,
[mx,t),\iﬁ(x’,t)]_ — [ﬂ(x,t),ﬂux/,t)}_ = 0. (8.55)

Furthermore, the canonical field quantization converts the classical Hamilton function (8.51),
(8.52) to the Hamilton operator:

R IM 2 R 2 . . M 2 R
= / d%{ hf HT<x,t)n(x,t)+QH—MV@T(X,t)W(x,tH ; Tt(x, t)F(x, )| . (8.56)

Note that the respective order of the operators in (8.56|) does not play a role due to (8.55).

With the Hamilton operator we then obtain the following Heisenberg equations:

L OU(x,1) T AT U (x, 1) _2Me
ih o = [\Il(x,t),H = g =T T, (8.57)
T . . Vil 2
in ¥ a(f t) [\Iﬂ(x, 0.0 — égz‘ b _ 2]\;20 f(x,1), (8.58)
= = 2 2
angtc,t) _[fix, 0, 8] — aﬂ(a’t"t) _ 27_;\4 ATt — M G r), (8.59)
oI (x,t) ey - ot (x,t)  h* . Mc .
ih = = [H (), H| = 5 = oy Avx) - U(x,t). (8.60)

Note that the respective commutators are evaluated either with the operator identity or
with functional derivatives similar to Section . Furthermore, combining (8.57)) and (8.60]) as
well as and , we read off that both field operators Uf(x,t) and ¥(x,t) obey the
Klein-Gordon equation:

1 02 M2\ .
1 0% M2\ .

In the following we determine the solutions of the operator-valued partial differential equations
(8.61)), (8.62)) and work out their corresponding physical interpretation.
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8.4 Plane Waves

The field operator \i/(x, t) as a function of its spatial degree of freedom x is now expanded into

plane waves:

B(x, 1) = / @ p g () Ny exp (% px> | (8.63)

Here N, denotes a normalization constant, which is fixed later on appropriately. Inserting
the decomposition (8.63)) into the Klein-Gordon equation (8.61)) of the field operator, yields an

ordinary differential equation of second order for the respective Fourier operators ay(t):

o p?c + M3t |
pYel ap(t) + o ap(t) =0. (8.64)
The general solution of (8.64) reads
ip(t) = @l exp (—% Ept) + 0@ exp (% Ept> . (8.65)

Here we have introduced as an abbreviation the relativistic energy-momentum dispersion
Ep = /P2 + M2, (8.66)
which obeys the symmetry
E,=FE_. (8.67)

Inserting (8.65)) into the plane wave expansion ({8.63]), we obtain at first

U(x,1) = /d3p N, {&g) exp [72_1 (px — Ept)] + dg) exp [% (px + Ept)] } . (8.68)

Performing in the second term the substitution p — —p, taking into account (8.67)), and

assuming
Np = N_; (8.69)

converts (8.68)) into

A

U(x,t) = /d3p N, {ELS) exp [% (px — E’pt)} + d(,zz, exp {—% (px — E’pt)}} : (8.70)

(2 ~

Thus, redefining a=, as ag) allows to compactly summarize (8.70)) as

2
U(x,t) =) / d*pal) ul) (x,t) . (8.71)
r=1
Here we have introduced u,()r ) (x,t) as an abbreviation for the plane waves

l
ug) (x,t) = Np exp {57« 5 (px — Ept)] (8.72)
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with the notation
1: =1
gr:{ e (8.73)

The normalization constant /Vp, is now fixed by demanding for the scalar product between the

plane waves ug) (x,t) and ug,/)(x, t):

W u")y =, 6, 6(p —p'). (8.74)

P P

Thus, this condition amounts to demanding that the plane waves with r =1 and r = 2
correspond to the charge +1 and —1, respectively, as follows from and . Taking
into account the scalar product of the Klein-Gordon theory defined in as well as ,
we get at first

r r’ ETE +8,«/E / 7
(ul()), u;,)> — W NpNp exp {ﬁ (e+Ep — e Eyr) t}
X /dgx exp [% (emp' —&p) X:| . (8.75)

Performing the spatial integral yields (e, p’ — e,p) = d(p’ — €,~P), so we conclude from the

symmetries (8.67) and (8.69):

R N L i N i
<u§,),up/ ) = e N, 5 P | (e, —em) Ept| 0(p’ — ,60P) - (8.76)
Due to the observation
e+ g =1
= = 5,’, 57, ro 877
2 { 0; r#7r ’ ( )

which follows from (8.73]), Eq. (8.76) reduces to (8.74]) provided the normalization is fixed by

Mc?

Np =] .
P (27h)3 E,

(8.78)

Indeed, the normalization (8.78) obeys the imposed symmetry (8.69) due to (8.67).

For the following calculations we need another technical result. Namely, considering the com-
(r)*

plex conjugated plane wave up’ (x,t), this just corresponds to exchanging the indices r = 1
and r = 2 according to (8.72)):

u*(xt) =ul (1), w0t = up) (1), (8.79)

Therefore, we read off from (8.74]) and (8.79) the scalar product between two complex conju-

gated plane waves:

W WYY = —2, 6, 6(p — P') . (8.80)

p ’7p
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8.5 Fourier Operators

According to (8.71)) and its adjoint

f(x, 1) Z/d3 altul"(x, 1) . (8.81)

both field operator W(x,t) and Uf(x,t) are expanded in plane waves with time-independent

Fourier operators aﬁ, and a A(T) . With the help of the scalar product of the Klein-Gordon

field both relations can be 1nverted so that, conversely, the Fourier operators &3) and dg M are
expressed in terms of the field operator W(x,t) and its adjoint ¥f(x,¢). Taking into account

(8.74) and (8.80) we get at first

al) = e (w0, (8.82)
al't = —e, (ul*, 0T, (8.83)
which reduces due to (8.42)) to
N ihe, 5 (r) AW(x,t)  Ou*(x,t) -
iy = e / P [u c,t) St - S ) (8.84)
— pt (r)
oy —iher 5 . oV(x,t)  Ou'"(x,t) o4
a;) = S /d x [u( )(x,1) % T Ul(x,t)]| . (8.85)

Applying the Heisenberg equations of motion (8.57) and (8.58)) we arrive at the following
representation for the Fourier operators:

o ihe, 2M (- out(x,t)

aé) = 5 /d?’x l - ™) (x,t) 1T (x, 1) — — U(x, t)} , (8.86)
» —ihe, oM . Ou' (x,t) -

a;)T = s /d?’x [ 2 u (x, ) T(x,t) — % \I/T(x,t)l : (8.87)

With this and the canonical equal-time commutator relations between the field operators and

the momentum operators (8.53)—(8.55) we determine the commutation relations between the
Fourier operators &S’) and dg T At first we get straight-forwardly the trivial commutators

[&g)’&g//)} :[dg”) g/)q _0. (3.88)

And for the non-trivial commutator we obtain at first

. (") (r)
h Ju,,’(x,t) 0 t)
[a” a;)] L / B [ul) (x, t) —P (1) Bup (1)« )(x,t)] . (8.89)

P 2M ¢? P ot ot 4
so taking into account (8.42), €2 = 1 due to (8.73)), and (8.74)) finally yields
() A
a0y =ebudlo-p) . (8.90)

Here the appearance of the factor ¢, indicates due to that aé and a ap " do not represent
a creation and annihilation operator, respectively. We come back to this observation in due
course, but before we determine how both the Hamilton operator and the charge operator are

decomposed in terms of the Fourier operators a\f) and a{’".
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8.6 Hamilton Operator

The plane wave expansions (8.71) and (8.81) of the field operators ¥(x,¢) and ¥f(x,¢) have
together with (8.57)), (8.58)), and (8.72), the following consequences:

VU(x,t) = 7 Z/dgpapa(r ") (x,t), (8.91)
Vif(x,t) = —% Z / Ipepaltul*(x,1), (8.92)
i) = 517 Z/dS’paT O 4% (x, 1), (8.93)
If(x,t) = 2M02 Z / dPpe,Byal) ul) (x,1) . (8.94)

Using now all plane wave expansions (8.71)), (8.81) and (8.91)—(8.94) in the Hamilton operator
of the Klein-Gordon field (8.56)) we get at first

eren EpEl eeopp’ Mc?
d3 d3’ P~p rer A()TA(T/)
= 03 [ [y (T EE o N

r=1r'=1
« / B ul (%, 1) ul) (x, 1) (8.95)
The remaining spatial integral is evaluated with (8.67)), (8.72)), and (8.78]), yielding
/ Mc? )
/d3x ug")*(x, t) ug)(x, t) = Ec exp {% (er — &) Ept] d(p’ — eremp) . (8.96)
P

Inserting (8.96) into (8.95|) the integration with respect to the momenta p’ can be evaluated by

taking into account the symmetry (8.67))

ErE 1E2 p2 M62 M62 i
SYrE Le — A0
= ZZ/ < M2 + Wi + 5 ) 7 oXP [h (er ET/)Ept] ay’'as 2 .. (8.97)

r=1r'=1 p

With the relativistic energy-momentum dispersion (8.66)) this simplifies to

2

2 .
. €60 + 1 ) ,
HzE:E:/dSpTEpexp{ﬁ( )Et} altalr) o (8.98)

r=1r'=1

As Eq. (8.73) implies the auxiliary calculation

gep+1 ) 1 r=1'
2 I VA

the Hamilton operator of the Klein-Gordon field (8.98) finally reduces to

2
H= Z/d?’pE altal) (8.100)

r=1

= b (8.99)
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Thus, whereas the intermediate results and suggest that the second-quantized
Hamilton operator H of the Klein-Gordon theory may explicitly depend on time, the result
(8.100f) reveals that it turns out to be time-independent. This is consistent with the fact
that the energy of the Klein-Gordon theory is a conserved quantity due its time translational

invariance.

8.7 Charge Operator

According to (8.37)), (8.39)) and (8.42)), (8.47)), respectively, the charge of the Klein-Gordon field
is defined by

Q- 2;;02 / P [\p*(x, ) aqutc, b_ 8\11*8(? D g(x, t)] . (8.101)

Due to (8.48) and (8.49) the charge (8.101]) can be reexpressed as follows:
Q=1 / P [0 e 1) T (3. 1) — T, 1) (3, 1)) (8.102)

Within the second quantization we assign to the charge (8.102)) a corresponding operator:

0= % / &z [\iﬁ(x, )T (x, 1) — TI(x, ) U (x, t)] . (8.103)

Note that also here the respective order of the operators does play a role due to (8.53) and
. The particular operator order chosen in (8.103) guarantees that the charge operator Q

commutes with the Hamilton operator (8.56 - due to applying (3.10) and -
[Q, H] ~0. (8.104)

Thus energy and charge remain to be both conserved quantities also in the second quantized

Klein-Gordon theory. Inserting in (8.103]) the plane wave expansions (8.71f), (8.81]) and (8.93)),
(18.94) we get at first

ZZ/(P /d3 - 2]—\;62 4 aé”aé,)/d?’xug) (x,1) u;,)(x,t)‘ (8.105)

r=1r'=1

Taking into account the symmetry (8.67)), the integral (8.96), and the auxiliary calculation
(8.77)), the charge operator (8.105]) reduces finally to the form

2
Q=>_ / d*pe.alal) . (8.106)
r=1

Thus, also the charge operator Q turns out to be time independent, which confirms that the

charge is a conserved quantity for the Klein-Gordon field.
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8.8 Redefinition of Fourier Operators

Now we aim for a consistent physical interpretation of the results obtained so far within the
second quantization of the Klein-Gordon field. From the commutation relations and
1’ we read off that the Fourier operators &S), a@* and &S)T, a§,2) have to be interpreted as
annihilation and creation operators, respectively. This observation suggests to reinterpret the

Fourier operators as follows:

ap = ay, al, = alt, bp = alPt, bl = aly) . (8.107)

By using different letters a and b we express that the corresponding operators ap, I;p and dL,
Z;L describe the annihilation and the creation of different kinds of particles. Furthermore, this
redefinition leaves the trivial commutation relations (8.88)) invariant:

ipoiy| = [ahal] = [bpby] = [L.5L] =0,
[&"’ 6"'} . [&P’ EL’} T [di” EP’}_ = [dLﬁH_ =0. (8.108)

But the non-trivial commutation relations (8.90)) are converted to

~ ~

[ap, a;} = [bp, b;} =dp-p). (8.109)

And the plane wave expansions (8.71) and (8.81) of the field operators W(x, ) and W' (x, ) then
read due to (8.79)):

~

B(x,t) = / &p [dpup(x,t)—l—l;;r,u;(x,t)], (8.110)

A

Ul(x,t) = /d3p [d; un(x,t) + bp Up (X, t)] : (8.111)

Here we have introduced according to (8.72)) and (8.78)

Mc?

un(,6) = ) (x,0) =\ [ 1
P

exp [% (px — Ept)} | (8.112)

In addition, the Hamilton operator (8.100)) and the charge operator (8.106) read due to the
redefinition (8.107))

- /d3pEp (ahitp + ol ) (8.113)
O — / &p (a;ap—zépég). (8.114)

In order to obtain a normal ordering of the operators we have to use the commutator (8.109)),

yielding
H = /d:zp E, (df,&p +b

O = / @'p (ahay — B

6p> +5(0)/d3pEp, (8.115)

T
by) —5(0) / p. (8.116)
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The vacuum state is defined here as usual
ipl0) =0, bp|0) = 0. (8.117)

With this the vacuum expectation values of both the Hamilton operator and the charge operator
result to

<mﬁm>=:5wy/fpa” (8.118)
(ojQlo) = —5(0)/d3p, (8.119)

which are divergent due to two reasons. On the one hand, the factor 6(0) is divergent and,
on the other hand, the respective momentum integrals are divergent as well. Therefore, one
considers instead of the Hamilton operator and the charge operator the respective renormalized

quantities:

~

H: = ﬁ—<o|ff_r|0>:/d3pEp (a;ap+13;6p>, (8.120)
0. = @_m@m:/jm@mywpg. (8.121)

We recognize that both renormalized operators : (0] H|0) : and : (0/Q]0) : are normal ordered,

i.e. the creation (annihilation) operators stand on the left-hand (right-hand) side.

The results (8.120) and (8.121]) allow now for the following physical interpretation. The op-

erators CLI),

types only differ by their charge, they represent particles and their respective antiparticles. The

ap (ISL, b,) describe particles of charge 1 (-1) and energy Ep. As the two particle

particle type a (b) can be identified with the pion 7% (7). On the basis of this insight, we
recognize in that the field operator \i/(x, t) contains both the annihilation of particles a
with charge 1 and the creation of antiparticles b with charge —1. These microscopic processes
act together such that the field operator \i'(x, t) describes the annihilation of a charge 1 and,
correspondingly, the adjoint field operator \TJT(X, t) represents the creation of a charge 1 at the
space-point (x,t). This physical interpretation of the second-quantized operators \i/(x, t) and

@T(x, t) turns out to be crucial for the corresponding propagator of the Klein-Gordon theory.

8.9 Definition of Propagator

In the following we investigate in more detail the Klein-Gordon propagator, which is an im-
portant ingredient of quantum field theory when the interaction of the Klein-Gordon field with
other quantum fields is treated perturbatively. For instance, the Klein-Gordon propagator is an
essential building block of scalar quantum electrodynamics, where the photon exchange between
charged pions is described graphically in terms of corresponding Feynman diagrams. But the

Klein-Gordon propagator turns out to be also central for this lecture from a technical point of
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view. On the one hand, its non-relativistic limit leads to the Schrodinger propagator, which is
used in the context of non-relativistic quantum many-body theory. On the other hand, we will
see later on that the propagator of the Dirac theory is determined by partial derivatives from
the Klein-Gordon propagator. Thus, having a profound understanding of the Klein-Gordon
propagator represents a prerequisite for the Dirac propagator, which is a key element of the

Feynman diagrams of quantum electrodynamics.

Let us start with defining the Klein-Gordon propagator as the vacuum expectation value of the

product of two field operators:
Gx, 1%, ) = <0 ‘T (@(x, ) \iﬂ(x’,t’)> ( o> . (8.122)

The symbol 7" denotes the time-ordered product of the field operators \i/(x, t) and \iﬁ(x’ ).

Given two time-dependent bosonic operators A(t) and B(t'), their time-ordered product reads

T (A(t) B(t’)) — Ot —t)A(t) B(t') + O — t) BH) A(t), (8.123)
where we have used the Heaviside function
1;: ¢t>0
O(t) = ’ . 8.124
) { S (5.124)

Thus, the operator-valued factors in are put into chronological order so that the operator
having the later time argument is put first, i.e. to the left. If the two time arguments happen
to be equal, problems might arise since the operator ordering is then not well defined. In the
present case , however, this is not the case since the operators W(x, t) and Ui(x', ) at
equal time commute due to (8.55). Taking into account (8.123)) in (8.122)) leads to

0) +6(t' ) (0

Note that this introduction of the Klein-Gordon propagator with a time-ordered product of field

G(x,t;x', 1) =0(t — t) <0 ’\if(x, ) Uh(x' 1)

U, 1) B (x, t)’ 0> . (8.125)

operators appears admittedly to be quite unmotivated at this stage of the lecture. But it will be
justified a posteriori when dealing perturbatively with interacting quantum fields. Namely, such
a perturbative treatment is performed systematically in the so-called Dirac interaction picture,
where the unperturbed Hamiltonian determines the time dependence of the field operators, so
that their interpretation of representing creation and annihilation operators is preserved, and
the perturbative Hamiltonian affects the quantum states. And the latter turns out to lead to the
time evolution operator in the Dirac interaction picture, whose perturbative expansion naturally
involves the time-ordered product of field operators. Thus, in conclusion, any perturbative

treatment in quantum field theory is based on the time-ordered product of field operators.

In order to determine the equation of motion for the Klein-Gordon propagator we calculate the

first time derivative:
0G(x,t;x',t')
ST Tl =St —1) {0
R

+O(t —t) <o O (x, )

[‘i/(x, £), Ut (x, t’)] _‘ o> (8.126)

0> +O(t —t) <0

oh(x, 1) UH(x, ) 2

ot
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Here we have used the fact that the time derivative of the Heaviside function yields the delta
function:
00(t)
ot
As the commutator of the field operators W(x,t) and Uf(x’,¢) at the same time ¢ vanish ac-
cording to , the first term in (8.126]) vanishes. Another time derivative leads then with
(18.127)) to

2 R Y
PCXEXT) sy <0|

= 5(t). (8.127)

ot?

9?0 (x, 1)

Ul (x! ¢
(X7 ) atZ

Uh(x',t)

oW (x,t) -
OW(x,t) \IIT(X’,t’)] |0> (8.128)
O@t—t) {0 0 o' —t)(0
1ot~ 1) < o > vl —1) <
Taking into account (8.54)), (8.57)), (8.61)), and (8.125]) we finally obtain
Y - 2M / /
g@—A%—?) G(X,t;x,t):—zTé(t—t)(S(X—x). (8.129)

ot
020 (x,t
U (x,1) O>.
( 1 0? M?c?
Thus, we recognize that the Klein-Gordon propagator represents the Green function of the
Klein-Gordon equation. As a coupling of the Klein-Gordon field to other quantum fields yields
as a Heisenberg equation an inhomogeneous Klein-Gordon equation, its perturbative solution is

based on the knowledge of the corresponding Green function, i.e. the Klein-Gordon propagator.

In view of the non-relativistic limit ¢ — oo we have to separate the rest energy from the

Klein-Gordon propagator due to (8.5)):

G(x,t;x',t') = g(x,;x',t') exp (—% M02t> ) (8.130)
Inserting the ansatz (8.130)) in the equation of motion (8.129)) we get
1 02 2iM O 2M
Performing then the non-relativistic limit ¢ — co Eq. (8.131]) reduces to
. 0 n? o . / /
(zhajth) g(x,t;x',t") =ihd(t —t') o(x — x'). (8.132)

Thus, g(x,t;x',t') coincides with the Green function of the Schrédinger equation and can be

identified with the Schrodinger propagator.

8.10 Interpretation of Propagator

Now we deal with the physical interpretation of the Klein-Gordon propagator (8.125)). To this
end we state two commutation relations for the charge operator (8.103)):

A

[Q, U(x, t)]_ — (x,1), (8.133)

[Q, I (x, t)] = Ui(x.1). (8.134)
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()—(a/{_) ()?’,H)

Figure 8.3: Graphical representation of the Klein-Gordon propagator (8.125]) describing the
propagation of the charge 1 from (x',t) to (x,1).

Thus, the field operators \i/(x,t) and \iﬁ(x, t) decrease and increase the charge by one unit,
respectively, as was already anticipated at the end of Section Namely, denoting with |q)

an eigenstate of the charge operator Q with eigenvalue ¢, i.e.

Qlg) =qla), (8.135)

we conclude with the help of the commutator relations (8.133), (8.134)):

QU(x,1)lg) = ¥(x,1)(Q —1)la) = (¢ — 1) ‘T’( tla) = lg—1)~¥(x,1)g), (8.136)
QU (x,t)|g) = ‘Ifot J(Q+1)]a) = (g + DU (x,t)lg) = lg+1) ~ ¥ (x,t)]q). (8.137)
Against this background the Klein-Gordon propagator describes the propagation of
the charge 1 from (x',t') to (x,t), see Fig. via two microscopic processes. Taking into
account the plane wave decompositions , the first term in describes the
propagation of a particle of charge +1 from (x',t') to (x,t), whereas the second term considers
the propagation of an antiparticle of charge —1 from (x,t) to (x/,¢'). Thus, the Klein-Gordon
propagator takes both processes of particle and antiparticle propagation into account.
But, according to the intuitive physical picture of Richard Feynman, particles with positive
energy propagate forward in time, whereas antiparticles are considered to have negative energy,

which move backwards in time.

8.11 Calculation of Propagator

Now we insert the plane wave decompositions (]8.110[), (]8.111 of the field operators \i/(x, t),
\i/T(X, t) into the definition of the Klein-Gordon propagator (8.125). Due to the commutation
relations (8.108])—(8.109)) and the definition of the vacuum state (8.117)) we obtain the plane

wave representation

G(x, ;%) = / &p [@(t-t/)up(x,t)u;(x@t/)+@<t'—t)up(x',t’)u;,(x,t)}. (8.138)
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Inserting the plane wave (8.112) together with the relativistic energy-momentum dispersion
(8.66)), one obtains the following Fourier representation of the Klein-Gordon propagator:

Gx tx, 1) = % /dgp pQCQ:_ M2cA
% <@(t —t') exp {% [p(x —x') — A /pzcz + M2t (t — t’)] }
+O(t' —t) exp {% [p(x’ —X) — /P32 + M2t (' — t)] }) : (8.139)

In the following we evaluate this momentum integral analytically. At first, substituting in the

second term p — —p, both terms are combined as follows:

1
G(x, t;x',t") = /
27‘(‘h 202 + M264
X exp {hp \/p 2¢2 + M2 |t — } . (8.140)
Introducing subsequently spherical coordinates for the momentum integral, we obtain at first
MC2 2m s o0 1
Gx, t:x',t) = —/ d / df sin 0 dp p*
( ) (27h)? Jo i 0 0 pc? + M3

X exp [ﬁ |x — /| cos@—— p2c? + M2t ]t—t’\] ) (8.141)

Evaluating the angle integrals explicitly, one gets two remaining integrals over the absolute
value of the momentum. Performing the substitution p — —p in the second integral, both

integrals over half axis can be combined into a single one over the whole real axis, yielding

—iMc?
G(x, t;x,t') = e /
4

47r2h2\x x

D 02 —l— M2t
i
xexp{%[|x—x|— p02+M204|t—t’|]}. (8.142)
Here the factor p in the integrand can be represented in terms of a partial derivative with

respect to the distance |x — x/|:

—Mc?
dp
Am?hlx — x| Olx — X!| J_ p2c2 + M2t

xexp{% [p!x—x’\ — /22 + M2 |t—t’|]} . (8.143)

G(x, t;x' 1) =

Due to the substitution
p(z) = Mcsinh z, (8.144)

where we have

d 1
ZZZ(Z) = Mccoshz = Mc\/1+sinh® 2z = = \/p2c2 + M2c4, (8.145)
2 c
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Eq. (8.143)) is converted to

—Mec 0
G(x,t;x',t') =
(x, 8, 7) Am2h|x — x/| J]x — x|
o iMc o ,
X dz exp = [[x—x|smhz—c\t—t|coshz} . (8.146)

o
We now aim at simplifying the integral (8.146|) by combining the two terms in the argument
of the exponential function into a single one. This is accomplished by the trick to perform the
substitution z = 2z’ + zy, which introduces a new variable z; into the calculation:

G(x,t;x',t') = —Me 0

~ 4m2h|x — x| O)x — X/|

X / dz exp {% [\X — x/[sinh (2 + 2z9) — ¢|t — t'| cosh (z + zo)] } . (8.147)

o

Taking into account the addition theorems of hyperbolic functions

sinh (z 4 zp) = sinh z cosh zy + cosh z sinh zj , (8.148)
cosh (z + zp) = cosh z cosh 2y + sinh z sinh 2, (8.149)

the integral (8.147) gets at first more involved:

—Mec a >
G t / t/ = d
(x,t;x',t) 4m2h|x — x/| O]x — x| /_oo :

M
X exp {% [(|x — x'| cosh 2y — ¢|t — /| sinh zo> sinh z

—|—<|x — x/| sinh zg — ¢|t — | cosh zo> cosh z] } : (8.150)

But a closer inspection then reveals that the yet undetermined parameter zy can be chosen in
such a way that the argument of the exponential function in (8.150) does only depend on one

term, for instance on the cosh z function:

sinhzg  [x —X/|

tanh zp = = . 8.151
AR osh 2o  c|t—1| ( )
The subsequent hyperbolic side calculations

tanh —x'

sinh zp = — 0 = x — x| : (8.152)
V1 — tanh? 2, \/02 (t — t’)2 —(x— x’)2
1 t—t

cosh zy = = d | (8.153)

V1 — tanh? z, \/02 (t—t)? — (x — x’)2
together with (8.151]) then simplify the integral in (8.150) to

—Mec 0 >
t. ! t, = d
G(X; ;X7 ) 47r2h|X_X/| 6|X_X/| /oo ©

M
X exp {—2' 70 \/02 (t—t)* — (x —x')* cosh z| . (8.154)
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Here we can use the Hankel function of second kind [(8.405.2), Gradshteyn/Ryzhik]

HP(z) = J,(z) —iN,(z), (8.155)

v

which consists of the Bessel function J,(z) and the von Neumann function N, (z), due to its
integral representation [(8.421.2), Gradshteyn/Ryzhik]

(2) _ eil/7r/2 - —ix cosht—vt
H (x) = ——— dte : (8.156)

T J_ o

With this we obtain from (8.154])

Mc 0 Mec
Gx, ;% 1) = — HY (S5 et —v)?—(x—x)?) . (8157
(¢, 1) = o e Y (Ve ) = ) (3.157)
Thus, it remains to evaluate the derivative, where we have to take into account [(8.473.6),
Gradshteyn/Ryzhik]

d

— HP(z) = —HP (2). (8.158)
dx
Thus we get for the Klein-Gordon propagator the following explicit result:
i(Mc/h)? M
G(x,t;x, ) = i{Mc/h) H (70 \/02 (t—t)° — (x — x/)Q) . (8.159)

4%\/02 (t—t)? — (x—x)*
We note that the particle M enters here only in form of the Compton wave length (8.21)).

In the non-relativistic limit ¢ — oo the argument of the Hankel function becomes arbitrarily
large, so we use [(8.451.4), Gradshtey/Ryzhik]:

2 , us s
H® (2) | — e ile=5v75) | o1, (8.160)
mwr

With this the non-relativistic limit of the Klein-Gordon propagator (8.159)) is for ¢ > ¢’ of the
form (8.130]) with

o M 3 Z'M(X—X’)2
g(x,t;x" 1) = \/(m> exp [m] . (8.161)

One can show that Eq. (8.161]) represents the solution of the inhomogeneous Schrodinger equa-

tion (8.132). Thus, indeed, the Klein-Gordon propagator reduces in the non-relativistic limit

to the Schrodinger propagator.

8.12 Covariant Form of Propagator

In view of obtaining a manifestly covariant form of the Klein-Gordon propagator, we extend
now its three-dimensional Fourier representation (8.140|) to a four-dimensional one. To this end

we consider the auxiliary integral

© JF 6—%E(t—t’)
It—t) = 1 . 8.162
C=t) =] smE i (8.162)
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Figure 8.4: Shift of energy poles according to the iy prescription of Richard Feynman.

Here the term i with n > 0 shifts infinitesimally the poles of the integrand on the real axis into
the complex plane in a particular way. According to this in prescription, which was introduced
by Richard Feynman, the pole at £ = E, is shifted below the real axis, whereas the pole at
FE = —FE, is shifted above the real axis, see Fig. . As we see in due course this guarantees
that particles (antiparticles) move forward (backward) in time. To this end we evaluate the
integral with the help of the residue theorem. In order to guarantee the convergence of
the integral one has to close the integration contour along the real axis for ¢t > ' (t < ¢') in the

lower (upper) part of the complex plane, yielding

—2mi Res e~ # Bt L it
t>t: I(t—t) = 1 = — (=) (8,163
(=8 = 57 e P 2hE," (8.163)
2mi Res e EE(t-)

L Bt (8.164)

t<t: IT(t—-t) = —1 = —
( ) 27T mi0 BE=—\/E3—in E? — E2 +in 2hEL,

Here we have used the fact that the residue of a function f(z) with a simple pole at z = zj is

determined via

Res ¢y = lim (2 — 20) £(2). (8.165)

Z =20 z—20

Both results (8.163)), (8.164) can be summarized as follows:

I(t—t)=— [@ t—t) e wP=) LOt —t 1EP<H’)] Bt (8166
(t=1) = ~gap [ =) ED Lo — ok iz ¢ L (8.160)
Inserting (8.162) and (8.166]) into (8.140|) leads at first to
d3p dE 1
G(x, t;x',t') = 2hMc* li /
(.85, 1) el (27h)3 ) 27h E? — p2c? — M?2c* +in

xexp{—%[E(t—t’)—p(x—x’)}}. (8.167)

This can be rewritten in a manifestly Lorentz covariant form as follows:

4
G 2) = 2hMe tim [ P !

_i H v _ v 8.168
o | (27h)4 g pip” — M2 +in eXp{ 7 Juw P (2" —x )} . (8.168)
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In this form the equation of motion of the Klein-Gordon propagator (8.129) is obviously fulfilled:

M2 d'p g P 7P+
D' G(2;2”) = 2ihMcli wh P % "
(gu PP+ 72 ) (2% 27) = 2ihMc 0 (27h)* guprp” — M2c? +in

i L 2iMc d*p i L
e {‘ﬁgﬂ”p” (= )] -2 | G e {_ﬁgﬂ”p” (@ = ﬂ
2iMc 2iM

= dW(x —2') = — >

Comparing (8.168) with the four-dimensional Fourier transformation the Klein-Gordon propa-

gator

5(t—t)6 (x — x) . (8.169)

d*p 7
AL A — A v o v v 1
we read off
G(p") = G(p, E) = lim 2ihM e . (8.171)

nlo B? — p2c? — M2c* +in

Here a singularity appears when the energy variable E coincides with the physical energy of a
relativistic massive particle, which is given by the energy-momentum dispersion (8.66)). In the
non-relativistic limit ¢ — oo the Fourier transformed of the Klein-Gordon propagator (8.171)

goes over into the Fourier transformed of the Schrodinger propagator:

1 2ith M
E) = lim -G(p,E+ Mc*) =lim li
9(p, ) Jm - (p, B+ Mc?) 7%1 Jm (E/c+ Mc)? — p? — M2 + in
h h
= lim lim = ' = = lim Z— (8.172)
o e B — B B i w0 E = Bnin

Indeed, solving the inhomogeneous Schrodinger equation (8.132)) via a four-dimensional Fourier

transformation

g(x, t;x', ') =/ 27rh/ 2mh)? 9(p, E) exp {% [p (x—x) — E(t - t’)}} (8.173)

yields straight-forwardly m



Chapter 9

Maxwell Field

All electrodynamic processes are described by the Maxwell equations. Surprisingly they repre-
sent the equations of motion of a first-quantized theory, although the Planck constant A does
not appear explicitly. This apparent contradiction is resolved by the following consideration.
If the quanta of the Maxwell field, i.e. the photons, had a finite rest mass M, then it would
appear due to dimensional reasons together with spatio-temporal derivatives as a mass term in
the equations of motion in form of the inverse Compton wave length (8.21). Thus, performing
the limit of a vanishing rest mass, i.e. M — 0, also the Planck constant & vanishes automatically

from the respective equations of motion.

In this chapter we first review the relativistic covariant formulation of this first-quantized
Maxwell theory. Afterwards, we invoke the canonical field quantization formalism and work
out systematically the second quantization of the Maxwell theory. In particular, we have to
deal with the intricate consequences of the underlying local gauge symmetry, which occur due
to the vanishing rest mass of the quanta of the Maxwell field. In this way we determine step by
step the respective properties of a single photon as, for instance, its energy, its momentum, and
its spin. Finally, we discuss the photon propagator, which represents an important building
block in the Feynman diagrams of quantum electrodynamics describing the interaction between

light and matter.

9.1 Maxwell Equations

Forces of an electromagnetic field upon electric charges, which are at rest or move, are me-
diated by both the electric field strength E and the magnetic induction B. Physically both
vector fields are generated by the charge density p and the current density j. Mathematically
they are determined by partial differential equations, which were first formulated by James
Clerk Maxwell. The general structure of the Maxwell equations is prescribed by the Helmholtz

vector decomposition theorem, which states that any vector field is uniquely determined by its
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respective divergence and rotation in combination with appropriate boundary conditions. With
this the electric field strength E follows from

divE = £ , (9.1)
rotE = —— (9.2)
whereas the magnetic induction B is defined by

divB = 0, (9.3)
1 OE

tB = i+ ——. 9.4
To qu+628t ( )

Here the vacuum dielectric constant ¢y, the vacuum permeability po, and the vacuum light

velocity ¢ are related via

1
v EoMo '

We remark that (9.1)), (9.4) and (9.2)), (9.3) are denoted as the inhomogeneous and homogeneous
Maxwell equations, respectively. Furthermore, we read off from the inhomogeneous Maxwell

equations (9.1) and (9.4]) the consistency equation that charge density p and current density j

are not independent from each other but must fulfill the continuity equation

(9.5)

CcC =

9p
ot

which corresponds to the charge conservation similar to the discussion in (8.39)—(8.41)). Note
that we formulate the Maxwell equations (9.1)—(9.4]) according to the International System of
Units, which is abbreviated by SI from the French Systeme International d’Unités. Instead,

+divj=0, (9.6)

in quantum field theory quite often the rational Lorentz-Heaviside unit system is used, where
one assumes €y = fip = ¢ = 1 in order to simplify the notation. But we stick consistently to
the SI unit system, although this might be considered to be more cumbersome, as this has
the advantage that at each stage of the calculation one obtains results, which are, at least in

principle, directly accessible in an experiment.

9.2 Local Gauge Symmetry

From the homogeneous Maxwell equations ((9.2) and (9.3) we conclude straight-forwardly that
both the electric field strength E and the magnetic induction B follow from differentiation of

a scalar field ¢ and a vector potential A:

B = rotA, (9.7)
0A

E = —gradp— —. 9.8

grady — — (9.8)
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From the inhomogeneous Maxwell equations (9.1)) and (9.4) as well as from (9.7) and
we then determine coupled partial differential equations for the scalar field ¢ and the vector

potential A:

a .. P
~“Ap— —divA = — .
o 2 div £, (9.9)
1 0’A 8

The equations (9.7)—(9.10) turn out to be invariant with respect to a local gauge transformation

with an arbitrary gauge function A:

oA
"= — A1
A" = A —gradA. (9.12)

Thus, a local gauge transformation does not have any physical consequences, but it changes
the mathematical description of the electromagnetic field. For instance, choosing a particular
gauge allows to decouple the coupled equations of motion and (9.10)). In the following we

briefly discuss the two most prominent gauges.

The Coulomb gauge assumes that the longitudinal part of the vector potential A vanishes, i.e.

divA =0. (9.13)

With this and reduce to
Ap = —% : (9.14)
%%—AA = loj— = gtgradgo (9.15)

As the scalar potential ¢(x,t) obeys the Poisson equation ({9.14]), it is determined at each time

instant ¢ by the corresponding value of the charge density p(x,t) according to

o(x,1) = / gl —POGD (9.16)

dmeglx — X/|

Due to and we conclude that from the original four fields ¢ and A only two
of them represent dynamical degrees of freedom. As a consequence, the quantization of the
electromagnetic field thus yields later on two types of photons. The advantage of the Coulomb
gauge is that the remaining two dynamical degrees of freedom of the electromagnetic field can
be physically identified with the two transversal degrees of freedom of the vector potential A.
The disadvantage of the Coulomb gauge is that it is not manifestly Lorentz invariant. Thus,

the Coulomb gauge is only valid in a particular inertial system.

The Lorentz gauge is defined via

1 9¢

2o +divA =0. (9.17)
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With this the coupled equations of motions and ((9.10)) yield uncoupled wave equations:

1 Py p
1 0’°A .
= o —AA = puoj. (9.19)

The advantage is here that the Lorentz gauge as well as the decoupled equations of motion
, are Lorentz invariant. On the other hand, the quantization of the electromagnetic
field on the basis of the Lorentz gauge, as worked out by Suraj Gupta and Konrad Bleuler,
turns out to have an essential disadvantage. Namely, apart from the two physical transversal
degrees of freedom also an unphysical longitudinal degree of freedom of the electromagnetic

field emerges, which has to be eliminated afterwards with some effort.

9.3 Field Strength Tensors

In view of a manifestly Lorentz invariant formulation of the Maxwell theory both the electric
field strength E and the magnetic induction B are considered as elements of an anti-symmetric
4 x 4 matrix F', which is called the electromagnetic field strength tensor. Its contravariant

components read

0 —-E;/¢c —E,/Jc —E,/c

E, 0 -B. B
(F™) = (F“”(E, B)) = /e Y : (9.20)
E,/c B, 0 -B,
E./c —-B, B, 0
which fulfill, indeed, the anti-symmetry condition:
FF = —F"# . (9.21)
Its corresponding covariant components
Fpu = Ju vk F/\H (922)
are given by
0 E,/c E,/c E,/c
—FE, 0 —-B. B
(Fu) = (Pr(mB)) = | ~EC y (9.23)
—-E,/c B, 0 -—-B,

—E.Jc =B, B, 0

Furthermore, it turns out to be useful to introduce in addition the dual electromagnetic field
strength tensor *F' by contracting the electromagnetic field strength tensor F' with the totally
anti-symmetric unity tensor €, which was already used in (6.143)):

1
R = 3 A By (9.24)
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Thus, its contravariant components turn out to be

0 -B, -B, -B.
B, 0 E./Jc —E,/c

Sy — (F“” B,—E ) - 9.25
cP) = (e mie) = | T (9.25)
Bz Ey/C —Ex/C 0
and the covariant components
Frw = Gurgow (9.26)
result in
0 B, B, B,
-B, 0 E, —
(Fu) = (F*(~eB.~B/o)) = fe. —EBy/e ©.27)
-B, —FE./c 0 E./c

-B, E,/c —-E,/c 0

With these definitions we can now concisely summarize the homogeneous Maxwell equations
(19.2)), (9.3) with the help of the dual electromagnetic field strength tensor *F

9, F™ =0, (9.28)

whereas, correspondingly, the inhomogeneous Maxwell equations (9.1)), (9.4]) can be united with
the help of the electrodynamic field strength tensor F":

O F" = 1o j . (9.29)

Here the contravariant current density four-vector j* consists of both the charge density p in

the temporal component and the current density j in the spatial components:

(4%) = (cp.d) - (9.30)

Indeed, taking into account ([6.102)), an explicit calculation reproduces the homogeneous Maxwell

equations

0 -B, -B, -B.
D, FM) = (12 ﬁ 9 g) B, 0 E.jc —Ey/c
" — \cot' oz’ 0y’ 0 B, —E./c 0 E./c
B. E,/c —E,)c 0
= (div B, —1 rot E — % aa—]?) = (0,0) (9.31)

as well as also the inhomogeneous Maxwell equations

0 —-E,/Jc —E,/c —FE./c

E —B B

(0, F") = 127£7£’2 2/C 0 # Y
cOt’ 0x’ 0y 0z E,/Jc B, 0 -B,

E./c —B, B, 0

1 OE

= ( divE,rot B — — E) = uo(cp,j) - (9.32)
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Evaluating the four-divergence of (9.29)) one obtains due to the anti-symmetry (9.21]) a consis-
tency condition, which is the continuity equation for the contravariant current density

8,0, F" = 1198, — 8,5" = 0. (9.33)

Note that (9.33)) represents the manifest Lorentz invariant formulation of (9.6).

9.4 Four-Vector Potential

We now combine both the scalar potential ¢ and the vector potential A to the contravariant

four-vector potential
N (¥
(4) = (£.4) . (9.34)

With this the relations (9.7) and between the electric field strength E and the magnetic
induction B as well as the scalar potential ¢ and the vector potential A are combined into
one single relation between the electromagnetic field strength tensor F** and the four-vector

potential A*:
FH = gAY — gV A" . (9.35)
Here the contravariant nabla four-vector is defined via
10
oMN=-—,-V|. 9.36
@)= (3 5V) (9.36)

For instance, we obtain from (9.34))—(9.36)):
104, 10p 1

FOl — OAl o lAO — - _ _ )
0 ? c Ot c Ox c (9-37)
A A
F12 = 9lA? — 924l = aa—; - % ~ B, (9.38)

We remark that the definitions (9.24]) and (9.35)) have the consequence that the homogeneous
Maxwell equations ((9.28) are automatically fulfilled:

1 1
O F™ = 5 N 9Py = 5 ™ (9,00A — 0,0,43) = 0. (9.39)

Note that we have used here the anti-symmetry of the e tensor and that we have assumed
that the covariant four-vector potential fulfills the theorem of Schwarz, i.e. partial derivatives

commute:
((9“(91, — 81,@) A, =0. (9.40)

Furthermore, due to the definition (9.35) the inhomogeneous Maxwell equations ((9.29) go over
into the manifest Lorentz invariant formulation of the coupled equations of motion and
(19.10):

D" A” — 80, A" = 1y . (9.41)
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And, finally, the manifest Lorentz invariant formulation of the local gauge transformation (9.11]),
(9.12)) reads

A = AP 4 9EA (9.42)

Due to such local gauge transformations (9.42)) the electromagnetic field strength tensor F
defined via (9.35)) does not change

F'* = 0rA" — 9" A" = M AY + OHO" N — OV AF — 0,0,A = OFAY — VAP = F* | (9.43)
provided that the gauge function A also fulfills the theorem of Schwarz:

(0,0, —0,0,) A =10. (9.44)

Furthermore, we conclude from and that then also the dual electromagnetic field

strength tensor *F' is gauge invariant:
I = (9.45)

Thus, finally, we conclude that the local gauge transformation (9.42)) leaves both the homoge-
neous and the inhomogeneous Maxwell equations (9.28]) and (9.29)) invariant.

9.5 Euler-Lagrange Equations

Now we set up a covariant variational principle, whose FEuler-Lagrange equations are equivalent
to the Maxwell equations. According to the electromagnetic field strength tensor is
completely determined from the knowledge of the four-vector potential. Therefore, we take here
the point of view that the primary dynamical degree of freedom is provided by the four-vector
potential. As the homogeneous Maxwell equations are already automatically fulfilled
by defining , the covariant variational principle must only reproduce the inhomogeneous

Maxwell equations ((9.29) or (9.41)).

The action A as a functional of the covariant components A, of the four-vector potential is
defined as an integral of a Lagrange density £ over a volume 2 of the four-dimensional space-

time:

1

A[A,(e)] = - /d4:1:£. (9.46)
¢ Ja

As the inhomogeneous Maxwell equations ((9.29)) or (9.41)) are of second order in the derivatives

of the four-vector potential, the Lagrange density can only contain derivatives up to first order:
L=L (A,, (x)‘) 1 0,A, (:v)‘)) ) (9.47)

The corresponding Hamilton principle states that the functional derivative of the action with

respect to the covariant components of the four-vector potential vanishes:

0A
A 0. (9.48)
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The resulting Euler-Lagrange equations of this classical field theory then read

oL oL
DA, () -0, 2O A, () =0. (9.49)

Thus, it remains to find a Lagrange density, whose Euler-Lagrange equations ({9.49)) coincide

with the inhomogeneous Maxwell equations (9.29) or (9.41). As the Maxwell equations are

Lorentz invariant, the same must also hold for the Lagrange density. To this end we perform

the following covariant ansatz for the Lagrange density of the electrodynamic field:
L= aF* Fy, + Bj* Ay (9.50)

Here a and S denote some constants, which are fixed below. Taking into account (9.35)) the
ansatz (9.50) reduces after some straight-forward algebraic calculations to the expression

L =2ag™g" (0,A, — 0,A,) A, + B Ay . (9.51)

With this we obtain the partial derivative

A (9.52)
and, correspondingly, due to also
% = 4aFH" . (9.53)
Thus, with and the Euler-Lagrange equations turn out to be of the form
0" = ﬂj”. (9.54)
4o

A comparison of (9.54) with the inhomogeneous Maxwell equations (9.29)) allows to fix the

constant 3 according to

B
— = - =4 . 9.55
1o Ho B Qo ( )
Due to (9.55) the Lagrange density (9.50) is then given by
L=aF"F,, +4auj" A, , (9.56)

where the constant « is still not yet determined.

9.6 Hamilton Function

We consider now the free electrodynamic field, where neither electric charges nor currents are

present:

p(x,t) =0, j(x,t)=0. (9.57)
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Furthermore, we restrict ourselves from now on to the Coulomb gauge (9.13) as it represents
the basis of the standard formulation for the second quantization of the Maxwell theory and is

commonly used in quantum optics. From (9.13)), (9.16]), and (9.57)) we then conclude that the

scalar potential vanishes:
o(x,t) =0. (9.58)

Note that and together is also known as the radiation gauge. From , ,
and we then read off that the vector potential obeys the wave equation:

1 92A(x,t)
Thus, in radiation gauge the vector potential A(x,t) is determined from solving the wave
equation by taking into account the Coulomb gauge . Once the vector potential is
known, one obtains from the magnetic induction, whereas the electric field reduces
due to the radiation gauge and to

O0A(x,t)

-
Furthermore, the Lagrange density of the free electrodynamic field reads due to , ,
[50), and

— AA(x,t) =0. (9.59)

E(x,t) = (9.60)

L =2 <B2 — E—z) : (9.61)

c2

Due to and the Lagrange density (9.61) can be expressed in terms of the vector
potential:

L =2a { [V X A(X,t)r E {Mr} . (9.62)

2 ot

With this the momentum field 7, which is canonically conjugated to the vector potential A,

follows as
JA[A(e,0)] oL dav OA(x,1)
m(x, 1) = SOAD | g0AD 2 gp (9.63)
ot ot
A subsequent Legendre transformation
0A(x,t
H = m(x,t) % — L (9.64)
converts then the Lagrange density (9.62)) to the Hamilton density
c? 2
H =~ m(x.1) =20 [V x A(x, t)} , (9.65)
a

which should coincide with the well-known energy density of the free electromagnetic field in
ST units

H=" {wr N 2%0 V<A, t)r. (9.66)
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Here the first term corresponds to the electric field energy density due to , where the
second terms stands for the magnetic field energy density due to (9.7). By taking into account

(19.5) a comparison of (9.65]) and fixes the parameter o according to
1

o=——". 9.67
I (9.67)
Thus, we obtain from (9.5)), (9.63)), and (9.67)) the following result for the momentum field:
OA(x,t
m(x, 1) = 2 % . (9.68)

This corresponds to the classical expression for the momentum p = mx, provided we identify
the coordinate x with the vector potential A and the mass m with the vacuum dielectric
constant y. Furthermore, a spatial integral over the Hamilton density yields the Hamilton

function

o= / P, (9.69)
which follows from to be
1 1 1 2
H = /d3x {—w(x, 1?4+ — [V  A(x, t)} } . (9.70)

€0 Ko

Note that the first (second) term represents the kinetic (potential) energy of the electromagnetic
field. With an additional calculation the Hamilton function (9.70) can be simplified. To this

end we consider
(V X A)? = €41 O Al €jnn OmAn (9.71)
which reduces with the help of to
(V x A)? = 0, A0 Ay — O (A1D1AL) + A1010, A . (9.72)

Inserting (9.72)) into (9.70)), the second term vanishes due to applying the theorem of Gaufl and
the third term is zero in the Coulomb gauge (9.13]), so we end up with

H= 1/d?’:zc [l (X, )T (X, 1) + el OnA(x, )0 Ai(x, 1) | (9.73)
2 €0 Ho

9.7 Canonical Field Quantization

The electrodynamic field is now quantized by exchanging the fields A;(x,t) and 7;(x,t) with
their corresponding field operators A (x,t) and #;(x,t). To this end we perform a bosonic field
quantization and demand equal-time commutation relations. At first, we demand that the field
operators Aj (x,t) and 7;(x,t) commute, as usual, among themselves, respectively:

[Ak(x, 1), Ay(x, t)] — 0, (9.74)

[frk(x, 1), 7 (x, t)] _— (9.75)
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But when it comes to the equal-time commutation relations between the field operators flj(x, t)
and their canonical conjugated momentum field operators 7;(x,t), the situation turns out to
be more intriguing. Let us investigate whether naive equal-time commutation relations of the

form

[Ak@c, ), (X, t)] = ih o (x — X) (9.76)

are possible. On the one hand, a derivative with respect to x; then yields at the left-hand side

of (076) to

O, [Ak(x,t),m(x',t)} :[akAk<x,t),ﬁl(x',t)] —0, (9.77)

as we have to demand the quantized version of the Coulomb gauge ((9.13)):

A

8jAj(X, t) =0. (978)
On the other, a derivative with respect to x; at the right-hand side of (9.76) leads to
ih 5k18k5(x — X/) =1ih 81(5(X — X/) 7§ 0 R (979)

i.e. to an expression, which is non-zero in obvious contradiction to . Therefore, we are
forced to modify the naive equal-time commutation relations in such a way that it
becomes compatible with the quantized version of the Coulomb gauge . To this end we
consider the Fourier transformed of the right-hand side of

&k
(27)?

and substitute this expression by a yet to be determined transversal delta function

ih0d(x — xX') =ik / Oy €KX (9.80)

d’k ik(x—x’

The Fourier transformed of the transversal delta function is then fixed from demanding that
the derivative of (9.81]) with respect to x vanishes, i.e.

ihf,(x —x') = Zﬁ/

Pk st
ih Ol (x — x') = ih / @ iky, 61, (k) e xx) =0 (9.82)

For this to be valid it is sufficient that the transversality condition
ki 03, (k) =0 (9.83)

is fulfilled. By comparing (9.80) and (9.81)) a suitable ansatz for the Fourier transformed of the

transversal delta function reads

31 (K) = Ot + kiky f (k). (9.84)
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The yet unknown function f(k) follows then from inserting (9.84)) into (9.83)):

1

fk) = el (9.85)

Thus, from (9.81)), (9.84)), and (9.85)) we then conclude for the transversal delta function

Pk 1 gy
(S]Z;(X — X,) = 5k’l5(x - X/) + 8,;8{ / W E € k( ) . (986)
The remaining integral is known, for instance, within the realm of electrostatics from deter-
mining the Green function of the Poisson equation and yields the Coulomb potential. Thus,

we obtain for the transversal delta function

/ / 1 / 1

And, finally, we summarize our derivation by stating that the naive equal-time commutation

relations ((9.76) have to be modified by

Ap(x,t), m(x 1) = ihoh(x—x) (9.88)

in order to be compatible with the quantized version of the Coulomb gauge (9.78)).

However, one should be aware that such a derivation of commutation relations has an essential
caveat. As hard as one tries to consistently determine such basic principles, they are always
attached with heuristic elements. Whether commutation relations are at the end correct or
not can only be verified by checking any prediction following from them against experimental
measurements. In this spirit we will show later on that demanding the bosonic equal-time
commutation relations , , and leads, indeed, to a consistent description of
the electromagnetic field with the help of usual annihilation and creation operators for photons,

i.e. the quanta of light.

9.8 Heisenberg Equations

Furthermore, proceeding with the second-quantized formalism, we obtain from the Hamilton
function (9.73) the Hamilton operator

o 1 1 1 . .
H=-= /d3x' [— (X, )T (X', t) + — 8,’€Al(x',t)8,'€Al(x’,t)] . (9.89)
2 €0 Ho
Note that the order of the operators in ((9.89) does not play a role due to the commutation
relations (9.74]) and (9.75)). Let us now evaluate the Heisenberg equation (3.62)) for the field

operator

DA;(x,1)

i
N

- [Aj (x,1), H} (9.90)
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by inserting therein the Hamilton operator (9.89)). After applying (3.10) as well as the equal-
time commutation relations (9.74), (9.75)), and (9.88) we get at first

aAj(Xa ) ih 3.1 ~ /
ih o Eo/d 5 p(x — X)) (X, 1) (9.91)

Taking into account the transversal delta function (9.87)), a partial integration yields

. aAJ (X, t) Z/L N 1 3 7 / 1 / A~ /

With this we reproduce the quantized version of (9.68)), as the last term in (9.92) vanishes due
to the quantized version of the Coulomb gauge (9.78)):

8Aj<X, t) . 1
o = o i), (9.93)

Correspondingly, the Heisenberg equation (3.62)) for the momentum field operator reads

L O0mj(x,1)
zh—at

Using (3.10) as well as the equal-time commutation relations (9.74]), (9.75), and (9.88) we get

at first

= |#ix0, 0] (9.94)

haﬂj(x’ t = —n /d3 '3k5T(X X)al/cAl(X/at)a (9.95)
ot o
so a partial integration yields
it M — ih /d3x' (ST(X x') A'Al(xl,t) ; (9.96)
ot Ho

Due to the explicit form of the transversal delta function ((9.87) and a partial integration we
then get

. 87@(X,t> o Zh 1 3 7 / 1 / AN /
i 0et) _ 1 {akakm 04 [ & (2 o) MAAD| @)

With the quantized version of the Coulomb gauge (9.78|) this reduces finally to

87ATJ' (X, t) 1 ~
———— = —AA(x,t). 9.98
Thus, we conclude from . -, and (9.98) that the field operator A(x,t) obeys like the

classical field A(x,t) in (9.59) the wave equation:

1 9?A(x,1)

s —AA(x,t)=0. (9.99)
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9.9 Decomposition in Plane Waves

The wave equation can be solved with a Fourier decomposition into plane waves:

A(x,t) = /d3k A(k,t) e (9.100)

Inserting ((9.100]) into one obtains for the expansion operators A(k, t) the differential

equation of a harmonic oscillator:

% +wiAkt)=0, (9.101)
where the dispersion relation is given by
wi = clk]|. (9.102)
The general solution of reads
Ak, t) = AW (k) et 1 AB) (k) eiont (9.103)

so that the field operator (9.100|) results in
A(x,t) = / 4’k [A@)(k)ei(kx—w) + AP (k)eiltent) | (9.104)

Performing in the second integral the substitution k — —k and taking into account the sym-
metry of the dispersion relation ((9.102)), i.e.

Wk = W_k , (9.105)
the Fourier decomposition is converted into
A(x,t) = / &k [A(l)(k)ei(k"_‘”k“ +A<2>(—k)e-i<kx-wt>} . (9.106)
Thus, the adjoint field operator reads
Af(x,t) = / &k [A“ﬁ(k)e—“kx—%” +A(2)T(—k)ei(k"_wkt>] . (9.107)

As the vector potential of electrodynamics is real, we demand that the field operator as its

second-quantized counterpart is self-adjoint, i.e.

A(x,t) = Af(x,t), (9.108)
and conclude from ({9.106)) and (9.107)):
Ak)=AWK) |, Af(k)=A®(-k), (9.109)

Inserting the finding (9.109) into the Fourier decomposition ((9.106f), we finally obtain

Alx 1) = / &k [A(k)e“kx—wkﬂ + AT(k)e‘i(kx“”k”] . (9.110)
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9.10 Construction of Polarization Vectors

Before we can continue with working out the second quantization of the Maxwell theory we
have to acquire beforehand a more detailed understanding of the description of plane waves. To
this end we define two linearly polarized plane waves with the wave vector k and the dispersion
(19.102) via

A1 (X, t) = Alelei(kxfwkt) y AQ(X, t) = A2€2€i(kX7wkt) . (9111)

Here A;, A, represent the respective complex-valued amplitudes and €, €5 denote two complex-

valued polarization vectors, which are orthonormal according to
€1€] = €€, =1, €1e;=0. (9.112)
Let us consider now the sum of those two linearly polarized plane waves:
A(x, 1) = Ay(x,t) + Ag(x, 1) = (Ar€g + Agey) eI (9.113)

Provided that both complex amplitudes A; = |A;|e’” and Ay = |Ay|e™® have the same phase ¢,

also their sum (9.113)) is linearly polarized and we get
A(x,t) = Aee'lxt) (9.114)
Here the resulting amplitude A is given by
| A1 ]2 + |Ag|? ¥ (9.115)

and the resulting polarization vector € has the angle

A
Y = arctan % (9.116)

with respect to €1, see Fig.[9.1, However, in the more general case that both complex amplitudes
Ay = |A]e"¥ and Ay = |Ay|e’#? have different phases @1 # @2, the sum represents an
ellipticly polarized plane wave. Let us illustrate this for the simpler situation of a circularly
polarized plane wave, which occurs provided that both complex amplitudes A; and A, have
the same absolute value and their phases differ by 90°:

%, As :i—i%. (9.117)

Inserting ((9.117]) into (9.113)) we obtain for the sum of the two linearly polarized plane waves

Ay =

A(x,t) = (€1 % i€y) !X wt) (9.118)

Ao
V2
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=
2

A

R '4—87.4

Figure 9.1: Adding two linearly polarized plane waves according to (9.113]) with complex am-
plitudes A; and A,, which have the same phase.

In order to be concrete we choose now the coordinate axes in such a way that the plane wave

propagates in z-direction, whereas the two polarization vectors €; and €5, which are orthonormal

according to (9.112)), point in 2- and y-direction:

0 1 0
k=k|0], e=10], e2=11]. (9.119)
1 0 0
With this Eq. (9.118)) reduces to
A 1
A(x,t) = =2 | +i | eilkesx—wre:t) 9.120
(x,1) 7 0 (9.120)

Considering the real part of the vector potential A(x,t) at a fixed space point x, it represents
a vector in the xy-plane with constant absolute value Ay, which rotates on a circle with the

frequency wye.:

Ao Ao
Re A, (x,t) = —=cos (kz — wie. t) ,Re Ay(x,t) = F—=sin (kz — wie,t) , Re A, (x,t) = 0.(9.121
()\/ﬁ(k)y():!:\/ﬁ(k)()()
For the upper (lower) sign the rotation is performed anti-clockwise (clockwise) for an observer
looking in the direction of the oncoming light beam. Such a plane wave is called in optics
left-(right-) circularly polarized light, whereas in elementary particle physics one says that such

a plane wave has positive (negative) helicity, see Fig. (9.2

In view of a more detailed discussion of the helicity we remind us upon its definition in
Eq. . Here the spin vector of the electromagnetic field is given by the repre-
sentation matrices N2 of the Lorentz algebra in the space of the four-vector potential, which
coincide with the representation matrices L*? of the Lorentz algebra in the Minkowskian space-
time according to (6.111)) and (6.116]). Thus, taking into account and restricting us upon

the spatial components, the helicity operator

h(k) = — L (9.122)
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fe B

2, %

Figure 9.2: Adding two linearly polarized plane waves according to (9.113]) with complex am-
plitudes A; and A, with the same absolute value and phases, which differ by 90°.

turns out to be defined by

[0~k K
hk) = % ke 0 —k |- (9.123)
“k, ke O

Now we introduce the polariation vectors €(k, \) for plane waves which propagate with the
wave vector k and the helicity A = +1:

A(x,t) = Ae(k, \)e!lx—exd) (9.124)

Here the polarization vectors €(k, A) represent the eigenvectors of the helicity operator (9.122))

with the eigenvalues \:

A~

h(k)e(k, \) = Ae(k, \). (9.125)

From ((9.120) and (9.124]) we read off the polarization vectors €(ke,, \) for a propagation in

z-direction:

1
1
e(kez,)\):E | (9.126)
0

Indeed, the polarization vectors ((9.126f) fulfill due to (9.123)) the eigenvalue problem

~

h(ke.)e(ke., \) = Xe(ke,, \) . (9.127)

Now we construct the polarization vectors €(k, A) with a general wave vector k by rotating the
polarization vectors €(ke,, ) in the same way as the original wave vector ke,. To this end
we need the rotation matrix R(6, ¢), which rotates the original wave vector ke, to the general

wave vector k, where the latter is described in terms of spherical coordinates k, 6, and ¢:

sin @ cos ¢
k==Fk | sinfsing | . (9.128)

cos ¢
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Here the rotation matrix R(6, ¢) is constructed such that first the rotation R,(¢) around the
y-axis with angle # and then the rotation R,(¢) around the z-axis with angle ¢ is applied:

R(0,¢) = R.(¢) Ry(0) . (9.129)
The individual rotation matrices follow from evaluating matrix exponential functions
cos¢ sing 0
R.(¢) = e =] —sing cos¢p 0 |, (9.130)
0 0 1

cos 0 sind
R,(0) = e 20 = 0 1 0 : (9.131)

—sinf 0 cos@

where the respective generators stem from (6.53)). As a result we obtain for the rotation matrix
(19.129))

cosfcos¢p —sing sinfcoso
R(#,¢) = | cosfsing cos¢p sinfsing | . (9.132)

—sinf 0 cos 0

Indeed, the rotation matrix R(6,¢) maps the original wave vector ke, to the general wave
vector ([9.128]) as follows from the third column of ((9.132)):

R(0, d)ke. = k. (9.133)

Transforming correspondingly also the polarization vectors e(ke,, A) from (9.126)) with the

rotation matrix R(0, ¢), i.e.
ek, \) = R(0,0)e(ke,, \), (9.134)
we obtain the explicit result

cosf cos p — Aisin ¢

1
e(k,\) = — | cosfsing + Nicoso | . (9.135)
V2 —sin6

Indeed, taking into account (9.123) and (9.128) one can show that the polarization vectors
(19.135)) fulfill the eigenvalue problem of the helicity operator (9.125]). Furthermore, as expected,
the polarization vectors ((9.135]) reduce for the special case § = ¢ = 0 to the original polarization

vectors ([9.126]).

9.11 Properties of Polarization Vectors

Due to the second-quantized formulation of the Coulomb gauge (9.78) the Fourier operators
A(k) in the decomposition ((9.110) must obey the transversality condition

kA(k) =0. (9.136)
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This means that the Fourier operators A(k) have two transversal dynamical degrees of freedom.

Performing the ansatz
A(K) =N ) ek, Mg (9.137)
A==%1

with some normalization constants /Ny the transversality condition (9.136)) is fulfilled provided
that the polarization vectors e(k, A) are perpendicular to the propagation direction, which is

defined by the wave vector k:
ke(k,\) =0. (9.138)

Due to ((9.128]) it is straight-forward to show that the polarization vectors determined in (9.135)
obey ((9.138]).

As another property of the polarization vectors ((9.135)) we investigate whether they obey or-

thonormality relations. Showing separately

ek, Vek,\)"=1, (9.139)
ek, Ne(k,—\)" =0, (9.140)

we arrive, indeed, due to A = £1 at the orthonormality relations
E(k,A)G(k,Aq* ::5%A/. “1141)

Another property of the polarization vectors ((9.135)), which will turn out to be quite useful
for later calculations, is their behaviour concerning the inversion k — —k. Obviously, such an
inversion is obtained in spherical coordinates ((9.126)) via

o= ¢+ sing — —sin ¢, Cos¢p — —cos ¢, (9.142)

0—0—m: sinf — sin 6, cosf) — — cosf . (9.143)

With this we then conclude from (9.135

cos f cos ¢ + Aisin ¢

e(—k,\) = 7 cosfsing — Nicoso | . (9.144)

—sind

Thus, from (9.135)) and ((9.144)) we read off
e(—k,\) =€k, —A) =€k, \)". (9.145)

And, inserting the decomposition ((9.137)) into (9.110]) by taking into account ((9.145)), we finally
get

~

Ax,t)= ) / d*k Ny [e(k, Nelleadg o+ e(k, A)*e*“k"*w)au . (9.146)
A==+1
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Note that this plane wave decomposition fulfills, indeed, the Coulomb gauge (9.78) due to the
transversality condition (9.138)). In the following we aim at unravelling the physical interpre-

tation of the Fourier operators ay ) and dli , in the plane wave decomposition (9.146)), which

leads to straight-forward but quite lengthy calculations. Therefore, we relegate the respective
technical details to the exercises and restrict ourselves in the subsequent four sections to present

a concise summary of the corresponding derivations.

9.12 Fourier Operators

We start with noting the plane wave decomposition for the momentum field operator, which

follows from ((9.93) and (9.146)):
wxt) =Y / &k € Ni [—mke(k, Neileadlg 4 oe(k, A)*e-“kx—wkt)ab] (9.147)

A==1

The plane wave decompositions (|9.146|) and d9.147b for both the field operator A(X, t) and the

momentum field operator 7 (x,t) can now be solved for the Fourier operators ay , and dlt A\

1 il . (X, 1)
iy = == | Pre(k,A)e TN A (x 1) +i ——— 14
Ak ) 2(27T)3Nk / x 6( ) ) € (X7 ) +1 oWk ; (9 8)
1 (ox— [ T (x, 1)
iy = o | Prelk, N oD |Ax 1) —i ——| . 14
a’k,)\ 2(27T)3Nk /d Zz 6( ) )\)6 i (Xa t) ? oWk :| (9 9)

This allows us now to determine the commutator relations between the Fourier operators ay »

and al , from the equal-time commutator relations (9.74 , (9.75)), and (9.88)) for the field oper-
k,\ q P

ator A(x,t) and the momentum field operator #(x, t):

G dwn| = 0, (9.150)
Gl al ] =0 (9.151)
_ak,/\v ak’,)\’_ B ) )

: - h

inyal o] = e Sk —K). 9.152
_ak,>\7 ak A |_ 2(27’{')360&}1(]\[13 AN ( ) ( )

Thus, fixing the yet undetermined normalization constant according to

h
Ne =\l 9.153
K 2(277')360(,(]1( ’ ( )
we end up with the bosonic canonical commutation relation
il | = dk - K). (9.154)

This means that the Fourier operators ay , and dL , can be interpreted as the annihilation and
creation operators of bosonic particles, which are characterized by the wave vector k and the
polarization A. In order to determine the respective properties of these particles we investigate
in the subsequent three sections their contribution to the energy, the momentum, and the spin

angular momentum of the electromagnetic field in second quantization.



9.13. ENERGY 145

9.13 Energy

Taking into account the normalization constant (9.153)) in the plane wave decompositions
(9.146) and (9.147) for both the field operator A (x,¢) and the momentum field operator 7 (x, t)

we get

Ax,t) = /d3 ek>\ o) g+ e(k, A)fetomedlagl | (9.155
t) = 3 s o+ €k ) L] (9.159)

hﬁowk
2(2m)3

'ﬁ'(X, t) = d3
,\ ﬂ
Inserting (9 and in the expression for the Hamilton operator (9 and using (9.5)),
(9.102), and we yleld

i(kx— wkt)ak)\ + ZEk(k, )\)*B_i(kx_wkt)&;)\} . (9156)

Z /d3]{7 hwk <ak )\ak,\ + ak /\CLL A) . (9157)

2=
Thus, comparing (3.6) with (9.157) we recognize that the second quantized electromagnetic

field consists of independent harmonic oscillators, where each energy hwy is doubly degenerate

due to the polarization degree of freedome A. Defining the vacuum state as usual

(1 x|0) = 0 = (Oaf, =0, (9.158)
we find that the vacuum energy of the electrodynamic field is given by a sum of the zero-point
energy of all independent harmonic oscillators

(0| H|0) = /d3k hawi (9.159)

which turns out to be divergent due to the linear dispersion (9.102)). Therefore, using the

commutator relation (9.154) we obtain for the renormalized Hamilton operator
H = H — (0|H|0) (9.160)
the normal ordered result

H Z /dgl{? hwk ak )\CLk)\ (9161)

A==%1

Here &L \axx represents the occupation number operator, which counts the number of photons

with wave vector k and polarization A once it is applied to a photon state.

9.14 Momentum

Applying the Noether theorem from Chapter [7] to the Maxwell field yields according to the
exercises the momentum of the electromagnetic field:

P = /d%;M (9.162)

c2
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with the Poynting vector

S(x,t) = iE(x, t) x B(x,t). (9.163)

Taking into account (9.5)), (9.7), and (9.60)), the momentum ([9.163)) is expressed in terms of the

vector potential and the canonically conjugated momentum field via

P / Pz [V x A(x, )] x (%, 1) (9.164)
Thus, in second quantization, the momentum operator of the electromagnetic field reads

. /d3a: (V x A(x, t)) X 7 (x,1). (9.165)

The further evaluation is based on taking into account the plane wave decompositions (|9.155|)
and (9.156) for both the field operator A(x,?) and the momentum field operator 7 (x,t). Fur-
thermore, the symmetry of the dispersion relation ((9.105)), the vector identity

(ax b) x c = (ac)b — (bc)a, (9.166)

the transversality condition (9.138]), the orthonormality relation (9.141)), and ((9.145)) are needed.
Subsequently, performing the substitution k — —k and applying (9.105)), (9.150), (9.151)), we

get the expression

. Hk
P-Y / a5 (dL/\dkA—i—dk,,\dLQ . (9.167)
A==+1

Note that the vacuum state has a vanishing momentum
(0|P]0) = /d3k hk =0 (9.168)

due to the odd symmetry of the integrand. Thus, taking into account the commutator relation
(19.154]) we recognize that (9.167]) coincides with the renormalized momentum operator

A

P =P — (0|P|0), (9.169)

which finally yields the normal ordered result

P=>" / A’k ik al .y - (9.170)
A==+1

9.15 Spin Angular Momentum

According to the Noether theorem from Chapter [7] which is applied to the electromagnetic

field in the exercises, the spin angular momentum of the electromagnetic is given by

S - /d%; A1) X w(x,1). (9.171)
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Thus, the corresponding second quantized spin angular momentum operator reads

§ - / Pr Ax, 1) x 7(x,1). (9.172)

Inserting the plane wave decompositions (9.155) and (9.156) for both the field operator A (x, t)
and the momentum field operator 7 (x,t) and performing the substitution k — —k then yields

the intermediate result
S=>Y > /d3 () % €(k, N aenal, o + €(k, X) x e(k, A)%af x| - (9.173)
A==£1N'=41

Now we evaluate the vector product between two polarization vectors. At first we obtain from
(19.145))

e(k,\) xe(k,—\)"=0, (9.174)
whereas we get from and
ek, \) x ek, \) = —@'A%. (9.175)
Thus, both and can be summarized by
ek, \) x e(k,\)" = —i)\%&\,\/ . (9.176)

With this the intermediate result (9.173) for the spin angular momentum operator of the

electromagnetic field reduces to

S=Y) /d3 /\—— ak/\&k,\+ak,\aLA> : (9.177)
A==1

Thus, the vacuum state has a vanishing spin angular momentum

080} = 7 (Z )\> </ k) ~0 (9.178)

A=+1
due to the odd symmetry in both the summand and the integrand. Using the commutator
relation ((9.154]) we read off that (9.177)) coincides with the renormalized spin angular momentum
operator

S =S —(0S|0) , (9.179)

leading to the normal ordered result
S = Z /d3k; M — ak At - (9.180)

We observe that the decompositions of the second quantized expressions for the energy ,
the momentum , and the spin angular momentum of the electromagnetic field
turn out to be time independent and, thus, represent conserved quantities. Together with the
commutator relations (9.150), (9.151)), and we furthermore conclude that the Fourier

operators ay ) and dL ), represent the annihilation and creation operators of photons with the

energy hwy, the momentum hk, and the spin angular momentum Ahk/k, where the latter
amounts to the helicity Ah.
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9.16 Definition of Maxwell Propagator

In close analogy to the Klein-Gordon propagator (8.122) we now define also the Maxwell prop-
agator as the vacuum expectation value of the time-ordered product of two field operators
Ar(x,t) and A¥(x,t'):

D (x, 1%, 1) = <0 ’T (,Zw(x, #)A(x, t’)) ] 0> . (9.181)

Taking into account the definition of the time ordering operator (8.123)) the Maxwell propagator
reads explicitly

D™ (x, %, 1) = O(t — t')(0| A (x, ) A (x', )|0) + Ot — )(0| A% (x', #') Ak (x,)|0) . (9.182)

Due to the radiation gauge 1} and 1) the zeroth component of the field operator fl“(x, t)
vanishes, so only the spatial components of the Maxwell propagator can be non-zero:

D (x,t;x',t') =0 if either pu=0or v =0. (9.183)

In order to determine the equation of motion for the spatial components of the Maxwell prop-

agator we evaluate initially their first temporal partial derivative. To this end we take into
account (8.124)) as well as ((9.74) and get from ((9.182))

oDk (x, t;x' 1) , A (x,t) +
A A,
+O(t' —t) <0 Ak(x’,t’)w 0> . (9.184)

A subsequent time derivative then yields by applying (8.124)), (9.88]), (9.93), and

0?°Dik(x,t;x',t')  —ih oo )
BT = - ot —1') 05 (x —x')

+2A [@(t — ) (0] A (x, ) A(x', £)|0) + Ot — 1) (0] Ap(x', ) A; (x, t)yo>] . (9.185)

From (19.182)) and ((9.185]) we then obtain the result that the Maxwell propagator represents the
Green function of the wave equation

2
( Lo A) D7*(x,t; %, 1) = —ihpug 67, (x — X8 (t — t') . (9.186)

2ot

We remark that not the delta function but the transversal delta function appears at the right-
hand side of the inhomogeneous wave equation (9.186)) due to the chosen Coulomb gauge.

Therefore, one calls D’*(x,t;x’,t') more specifically to be the transveral Maxwell propagator.
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9.17 Calculation of Maxwell Propagator

In order to further evaluate the spatial components of the Maxwell propagator (9.182), we insert
the plane wave decomposition (9.155|) for the field operator A(X, t) and use the commutation

relation ((9.154)):

j Yy h / x _ilk(x—x")—wy (t—t
D]k(X,t;X,t) = Z /dsk’m [@(t—t)ej(k’ )\)Gk(k, )\) e[k( ) (t—t")]

A==%1

O — Ben(k, Ve (k, A)* e-i[k<x—x’>—w<t—t’>l} . (9.187)

Performing in the second term the substitution A — —\, this reduces due to (9.145) to

. h . . ’ ’
D]k tx ) = dSkI ij k t— ¢ i[k(x—x")—wy (t—t')]
(X7 X ) / 2(27T)3€0wk ( ) [6( )6
FO(F! — et malt=0l ] (9.188)

Here we have introduced the polarization sum

PRK) = ) ek, Ner(k, \)*, (9.189)
A==+1

which is symmetric with respect to the wave vector according to ((9.145))
P7*(—k) = P*(k). (9.190)

The latter symmetry property allows to simplify ((9.188]) further by performing the substitution
k — —k in the second term, yielding

hP7* (k)
2(27)3epwi

D*(x,t:x' 1) = / d*k eiklx=x) [@(t—t’)e—i%(t—” + Ot —t)e<t 1 (9.191)
Now we evaluate the polarization sum ({9.189)) explicitly by taking into account the polar co-
ordinate representations for both the wave vector in (9.128|) and the polarization vectors in
(19.135)). This yields

1—k2/K> —koky /K2 —k, k. /K2
(P*(k)) = | —koky /K> 1—k2/K> —kyk. /K| (9.192)
koo /K2 kyko k21— k2/K?

which is concisely summarized by

ik

PH(K) = 03 = -

(9.193)

With this we read off the transversality property of the polarization sum

ki P (k) =0, (9.194)
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which implies the corresponding transversality property of the Maxwell propagator ((9.191))
0; D (x,t;x', 1) = 0. (9.195)

Due to this transversality property, which originally stems from having chosen the Coulomb
gauge, the transversal Maxwell propagator (9.191)) is not Lorentz invariant. Therefore, we aim
now for decomposing the transversal Maxwell propagator into a Lorentz invariant and a Lorentz

non-invariant contribution.

9.18 Four-Dimensional Fourier Representation

To this end we rewrite at first the three-dimensional Fourier representation of the Maxwell

propagator in (9.191]) in terms of a four-dimensional Fourier representation by using an integral
identity, which is analogous to one obtained in (8.162]) and (8.166|):
© Ju  e—wt—t) i
lim

o | 2m w? —w i 2w

[@(t — et L (¢ — t)ei‘“k(t’t/)] . (9.196)
With this we obtain

Jk o ) — T
D% (x, t;x',t") 17%1 2y (k)

Note that the four-dimensional Fourier representation of the Maxwell propagator (9.197)) solves
evidently the equation of motion (9.186)) by taking into account (9.5), (9.87), and (9.193).

Introducing the contravariant four-wave vector

(9.197)

3k /oo d_w @ ij 6i[k(xfx’)fw(tft’)}

2 2, .
o0 2T €9 w® — wy +1n

() = (k°, k) = (w/c,k) (9.198)

and edging the spatial components of the Maxwell propagator with zeros, we deduce from
(19.197)) by taking into account the dispersion ((9.102))

d*k il emikat =)

DH (2 2™) = i — Pk 9.199
(2%27) 7%1 (2m)* ceg knk* +in (k%) ( )
where the polarization sum does not explicitly depend on k°:
%
1 0
P (kY = —g" + : 9.200
() =g (0 _kjkk/k2> (9:200)

This polarization sum projects due to the transversality property into the two-dimensional
subspace perpendicular to (0,k). But this projection is not covariant as the zeroth component
of the four-vector potential vanishes due to the radiation gauge and . In order to
investigate the non-covariance of the polarization sum and, thus, of the transversal Maxwell

propagator, in more detail we introduce the time-like vector

() = (;) (9.201)
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and a space-like vector perpendicular to it

Sy 0
(k") = (k/|k|> : (9.202)

An explicit calculation then yields the following decomposition:

kA = = (RO : (9.203)
(k§)* — k?

From ((9.200)—(9.203) we then obtain for the polarization sum
€ kPR — (KE(RE + k')
(k62 — 2 (RO = 12

P (kN = —g" — k? : (9.204)

All terms, which contain the time-like vector £, are not covariant. Inserting the polarization
sum ((9.204)) into (9.199)) the transversal Maxwell propagator decomposes into three terms:

D*(x; ") = DY (z;2") — D& (x;2") — DR” (x5 2") . (9.205)

The first term is the covariant Maxwell propagator of Feynman

d*k R g™ » )
DY (z;2') = lim W mik(a—a’)

_ 9.206
no | (2m)* ceg k2 +in ’ ( )

which also follows from the Gupta-Bleuler quantization of the electromagnetic field. Later on,
when we discuss the perturbative calculation of quantum electrodynamic processes, it turns out
that the Maxwell propagator in Feynman diagrams can be identified without loss of generality
with . The other two non-covariant terms in the transversal Maxwell propagator (9.205))

turn out to not contribute to any physical result. The second term reads

d*k iR k2€“fy e—ik(ac—:v’)

DY (x,t;x',t') =i — : 9.207
Note that (9.207) reduces due to (9.6), (9.198), and (9.201)) to
h ot —1t

D (s, 15, 1) = 0 su0go0 O = L) (9.208)

4 |x —x/|

With this we conclude that this contribution of the transversal Maxwell propagator is instan-

taneous and couples exclusively to the zeroth component of the four-current density, i.e. the
charge density. And the third residual term in (9.205)) reads

d*k b kPR — (KE)(kHEY 4 ErEY) e ke

. 2
nlo ) (2m)* ceg (k€)% — k? k2 +in (9:209)

It contains contributions, which are proportional to either k* or k¥. As the electromagnetic
field couples to four-current densities, which fulfill the continuity equation (9.33]), we have in

Fourier space

(k)K" = 0. (9.210)
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Therefore the integral over Dg’(z;2’) contracted with conserved currents j,(})(x) and j” (2')

produces a vanishing result:

/d%/d4x’jl§1>(x)D§”(a;A;a:“)jf)(x’) = /ngyjﬂ(—k)Dﬁ”(k)ju(k) =0. (9.211)

Later on we demonstrate explicitly by discussing the concrete example of a scattering process
that both contributions (9.207)) and (9.209)) of the transversal Maxwell propagator do, indeed,

not contribute to any observable quantity like the cross section.



Chapter 10

Dirac Field

In particle physics, the Dirac equation is a relativistic wave equation, which was derived by
the British physicist Paul Dirac in 1928 by unifying the principles of both the quantum theory
and the theory of special relativity. It describes massive spin-1/2 particles such as electrons
and quarks. Historically, it was validated by accounting for the fine details of the hydrogen
spectrum in a rigorous way. The equation also implies the existence of a new form of matter,
the so-called antimatter, previously unsuspected as well as unobserved. In 1932 the positron as
the antiparticle of the electron was the first antimatter to be detected in the cosmic radiation
by Carl David Anderson.

The wave function in the Dirac theory consists of four complex fields, which are called a spinor
as it transforms differently with respect to Lorentz transformations than a vector. For instance,
one needs a rotation around a fixed axis by 720° in order to recover the original spinor instead
of 360° for a vector. In the non-relativistic limit one obtains the Pauli two-component wave
function, whereas the Schrodinger equation deals only with a wave function of one complex
field. Moreover, in the limit of zero mass, the Dirac equation reduces to the Weyl equation,

which was supposed to describe massless neutrinos for decades.

In the following we derive at first the Dirac theory group theoretically by systematically work-
ing out the spinor representation of the Lorentz group. Although this derivation does not
correspond to the historic one of Paul Dirac and is technically more involved, it has several
advantages. On the one hand it emphasizes the Lorentz invariance as one of the fundamental
building blocks of any quantum field theory and explains as a side effect why a four-component
Dirac spinor is needed to describe a massive spin 1/2 particle. On the other hand it enables
to construct plane wave solutions by boosting trivial plane wave solutions in the rest frame to
a uniformly moving reference frame as an elegant alternative to plainly solving the underlying

Dirac equation.

Then we show the invariance of the Dirac theory with respect to discrete symmetries like
charge conjugation, parity transformation, and time inversion. With this we prove exemplarily

the seminal CPT theorem, which represents a fundamental property of physical laws. It states

153
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Figure 10.1: Set-up of the Stern-Gerlach experiment: a beam of silver or hydrogen atoms is

split into two parts due to an inhomogeneous magnetic field.

that a mirror universe, where also all matter is replaced by antimatter, would evolve under
exactly the same physical laws. As a consequence the masses and life-times of particles and

antiparticles coincide.

Afterwards, we discuss how to quantize the Dirac theory within the realm of the canonical
field quantization. With this we are able to deal with many massive spin 1/2 particles, whose
description naturally also contains their respective antiparticles. And, finally, we determine the
Dirac propagator, which describes the free motion of massive spin 1/2 particles and becomes
important for a perturbative treatment of the light-matter interaction in terms of Feynman

diagrams.

10.1 Pauli Matrices

The Stern-Gerlach experiment from 1922 involves sending a beam of silver or hydrogen atoms
through an inhomogeneous magnetic field and observing their deflection. As each silver or
hydrogen atom is in the ground state, its valence electron is in the 5s! or the 1s! state. Although
the atoms should then not have any angular momentum, the beam is split into two parts, see
Fig. [10.1} The reason for this is the spin angular momentum s = 1/2 of the valence electron,
which leads to a residual magnetic moment of the atom and, thus, to a deflection in the applied
inhomogeneous magnetic field. In order to mathematically describe the multiplicity of 2s4+1 = 2

spin degrees of freedom, Wolfgang Pauli introduced three complex 2 x 2 matrices:

01:<01>, 02:<Q_i>, 03:<1 O). (10.1)
1 0 1 0 0 -1

It is straight-forward to prove that the three Pauli matrices fulfill the following anti-commutators:
[o", al]+ =201, (10.2)

where I denotes the 2 x 2 unit matrix:

1 0
[:<0 1>. (10.3)
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Here (|10.2)) means that the Pauli matrices represent a Clifford algebra with N = 3. Namely, a
Clifford algebra with N generators &1, ..., ¢V is defined by the anti-commutators

(65,6, =20u. (10.4)
But one can also convince oneself that the Pauli matrices additionally obey the commutators
(0%, 0'] = 2iepmo™. (10.5)

Here ((10.5)) means that the Pauli matrices also represent a Lie algebra with N = 3 generators.

Namely, a Lie algebra with N generators ¢!, ..., ¢V is defined by the commutators
[€5,¢] = iCum€™, (10.6)

where Cl,,, denote the structure constants of the Lie algebra. By adding (10.2) and ({10.5]) we

result in the important calculation rule
O'kO'l = 514:[[ + iek‘lm o™ s (107)

which allows to simplify products of Pauli matrices.

10.2 Spinor Representation of Lorentz Algebra

With the help of the Pauli matrices one can construct two different representations of the

Lorentz algebra. At first, we remark that the matrices

1
Lk:—O'k

5 (10.8)

obey the commutator relations (6.57) of the generators of rotations. Furthermore, one can
identify the generators of boosts via

M, = £ % ot (10.9)

where both signs are possible. In fact with the identifications (10.8), (10.9) also both commu-
tator relations (6.58]), (6.59)) are valid. With this we define the following two representations of
the Lorentz algebra:

] .

D1/20) . (Lg, M) = (§0k7—%0k)7 (10.10)
) .

DO (L) = (3ot (10.11)

A general representation of the Lorentz algebra is characterized by D152 where both quantum
numbers sq, s can have all possible half-integer or integer values 0,1/2,1,3/2,2,.... It turns

out that the space corresponding to the representation D(*1°2) contains particles, whose spin
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lies in the interval [|s; — s3], 51+ s2]. In particular, particles with a single fixed spin s therefore

(0,0)

belong to the representation D% or D%  The trivial representation D for a spinless

particle assigns to each generator of the Lorentz algebra the number 1.

According to the Lie theorem of Section the evaluation of the matrix-valued exponential

function
D(A) = e~Lep—iME (10.12)

yields a representation of the Lorentz group, which corresponds to the representation of the

Lorentz algebra. In both cases ((10.10)) and ((10.11]) we obtain from ((10.12]):

' 1
' 1
D(0,1/2)(A) = exp (_% op+ 3 0'6) ) (10.14)

In the following we evaluate the respective matrix-valued exponential functions ((10.13), (10.14)
both for rotations & = 0 and for boosts ¢ = 0.

10.3 Spinor Representation of Rotations

According to (|10.13)) and (10.14)) the spinor representation of rotations is given in both cases
by

D (R(p)) = exp (—% Ucp) . (10.15)
Due to the hermiticity of the Pauli matrices
(o) = o* (10.16)
the representation matrices of the rotations are unitary:
D (R(¢))" = D (R(¢)) " . (10.17)

Considering the Taylor series of the exponential function in ((10.15)) we evaluate separately the
even and the odd terms:
n )2n+1

n=0

Applying the calculational rule ((10.7) we obtain

(0p)” = oo™t = orpr (O T + i€pm o™) = > 1, (10.19)
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so that ([10.18)) leads to

00 _1)» 2n
D (R(g) = [Z o ()

7% (10.20)

=l

n=0

Taking into account the Taylor series of the trigonometric functions, one finally yields the spinor

representation matrices for rotations

D (R(¢)) = I cos (%) —i % sin (%) , (10.21)

which are, indeed, unitary due to . Note that both representations D29 and
DO1/2) yield the same representation matrices for rotations. Furthermore, we observe that
one needs in (10.21)) a rotation of 47 instead of 27 in order to recover the identity. This is a
consequence of the underlying spin 1/2 and represents a characteristic property for a spinor

representation.

10.4 Spinor Representation of Boosts

According to ((10.13]) and (|10.14]) the representation of the boosts reads
1
D (B(&)) =exp ($ 3 0'5) . (10.22)

Due to the hermiticity of the Pauli matrices in ([10.16|) also the representation matrices of the

boosts are hermitian:
D(B(£) = D(B()) . (10.23)

The Taylor series of the matrix exponential function (|10.22)) is evaluated separately for even

and odd terms:

(0.5)271 00 1 (U€)2n+1

D (B(€)) = 2(2%!

n=0

With the help of (10.19)) this changes to

o) 1 £ 2n o] 1 5 2n+1 0_5
D(B(¢)) = [ZW <|2—|> ] IF [Z BT (%) ] e (10.25)

n=0 n=0

Taking into account the Taylor series of hyperbolic functions, one gets from ((10.25)) for the
representation matrices ((10.22) of the boosts

(b€ - v (+hoe) - o (9) = S (5) . oz
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As a reminder we note again that the upper and the lower sign stands for the representation

DU/29) and DO1/2) | respectively. Furthermore, we remark that the representation matrices
(10.26|) are, indeed, hermitian (10.23) due to ((10.16]).

In order to simplify ([10.26) further we consider now a particle of mass M in the rest frame, so

that its contravariant four-momentum vector is given by
(W) = (Mec,0) . (10.27)

Performing an active boost into the inertial frame the contravariant four-momentum vector

(10.27) changes to

P = B",(€)pk (10.28)

where the respective matrix elements of the boost B*,(€) were already determined in Section
in terms of the the rapidity &. Using (6.79) we thus obtain

() = (p",p) = (Mccosh|£|, %Mcsinh\ﬂ) : (10.29)
Combining with the hyperbolic Pythagoras
cosh® @ — sinh*a = 1 (10.30)
and the hyperbolic addition theorems

cosh (o« + ) = coshacosh 8+ sinh (a) sinh 3, (10.31)
sinh (o« + ) = sinh («)cosh 5+ coshasinh 3, (10.32)

the following relations are derived:

| \/cosh\g|+1 \/po-i-Mc
o8 ( 2 oMc (10-33)

o () - T P

sinh (|¢]) = 2sinh (|§|) cosh ('g) V- MA?C(pO + M), (10.35)

Using (10.33)—(10.35)), the representation matrix ( ) of the boost can be expressed by the
components of the contravariant four-momentum vector ((10.29))

0 C —
D) = e (75 96) = 1\ F T e 106)

yielding finally

(p°+ Mc)I Fop
V2Me(p® + Mc)

D (B(§)) = (10.37)
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In the following it turns out to be technically advantageous to extend the three Pauli matrices

o . (10
aI<O 1) (10.38)

to a four-vector of Pauli matrices:

o* by the unit matrix

(o) = (0°,0%). (10.39)

Then ((10.37)) implies that the boost of the representation D(/29 can be concisely written as

1

DO (B(£)) = exp (—— as) po + Me

B V2Me(p® + Mc)’
where the scalar product between the four-vector of Pauli matrices (10.39) and the four-

momentum vector is used:

(10.40)

2

po =p,o =p’e’ — po. (10.41)
Furthermore, we introduce the spatially inverted four-vector

7= (3% 7% = (2°, —2") (10.42)
and, correspondingly, also the spatially inverted four-vector of Pauli matrices

&= (6"6%) = (6% —0). (10.43)
With this we read off from that the boost of the representation D(/2 is given by

(0,1/2) — ox 1 ) _ po + Mc
DO (5(8)) = exp (5 7€ N

(10.44)

2
due to the scalar product
po = p," =p’e’ + po . (10.45)

For various later calculations it turns out to be also useful to express the boost representations
(10.40) and ({10.44) as the square root of the same expression with a doubled rapidity. Indeed,

taking into account (|10.26]) and (10.29|) we obtain

1 0
exp <:F§ 0'£> = \exp (Fo€) = \/cosh €| F % sinh €] = 4/ % F % : (10.46)
Thus, together (10.41)) and (10.45]) we conclude

exp (—% o{) = 4 /;\Z—UC : (10.47)

| .
exp <—|—§a£> - %. (10.48)

Whenever we will use later on the spinor representations for boosts ((10.47)) and ((10.48)) we have
to keep in mind that they present efficient shortcut notations for the more involved concrete

expressions ((10.40) and (({10.44)).
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10.5 Lorentz Invariant Combinations of Weyl Spinors

So far we have constructed with D®/20 and D(©1/2) the smallest non-trivial representations
of the Lorentz group. Now we define the corresponding Weyl spinors ¢, (z) and n®(x) of
type (1/2,0) and (0,1/2) upon which the representation matrices of the Lorentz group act.
The different transformation properties of the Weyl spinors &,(x) and n®(x) under a Lorentz

transformation are expressed by using lower non-dotted and upper dotted indices, respectively:

Calz)  — () =DUPO(AN) (), (10.49)

@) — @)= DOV (). (10.50)
In the following we aim for constructing a Lorentz invariant action on the basis of using these

Weyl spinors. To this end we restrict ourselves to consider quadratic terms in the Weyl spinors

and their first partial derivatives.

At first, we only deal with quadratic terms in the Weyl spinors without any first partial deriva-
tive, which are needed to describe massive particles. In this case there are in total four different

combinations of two Weyl spinors

ge, nin, e, &, (10.51)

which are converted by a Lorentz transformation A into

et DW2ZOA) DO (A e -t DOV (AT DOV (A)y
DOV (A D2 (g ¢l DA ()T DO (A, (10.52)

respectively. In case of a rotation A = R the representation matrices D1/29(R) and D(®Y/2) (R)
coincide according to and . Furthermore, we conclude from the unitarity
of these representation matrices that all four transformed combinations are identical
to the original combinations . But in case of a boost A = B we read off from
and (10.14) that the representation matrices D4/29(B) and D(®/?)(B) are just inverse with

respect to each other:
D20 (By = pOY2 (B)~h | (10.53)

In combination with the hermiticity ((10.23|) of these representation matrices it follows then
that only the last two of the transformed combinations ((10.51)) match with their corresponding
original combinations (10.51)). In summary, we conclude that a Lorentz invariant action without

space-time derivatives is only possible by combining the two Weyl spinors ¢ and 7.

In order to describe a particle, which moves in space-time, the action must also contain first
partial derivatives of the Weyl spinors. To this end we consider at first spatial derivatives and

form all possible combinations of two Weyl spinors

Earo.e, niotorn, niotos, €atoum. (10.54)
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They are converted by a Lorentz transformation A into

gD ok DU2O(N) e, ff DOVD (M) oF DOYA(A) o,
nTD(O’l/Q) (A)T ok D1/2:0) INEAS fTD1/2’O) (A)T oF pD:1/2) (A)oyn. (10.55)

In case of a rotation A = R, the representation matrices D(/2%(R) and D(/2)(R) are identical,

so that due to ([10.55)) only the expression
D(R)' o" D(R) (10.56)

has to be examined in detail. Using ({10.21)) we arrive at first at

e — Lo (181 4 72 o (1] [ (el e (1ol
D(R)"o" D(R) [COS( 5 >+@| | sm( 5 o Jcos | =5 z| | sin { =5
¥ 12
= cos? (‘il) oF +isin (M) cos (M) oL al,ak + sin? (M> pLem alofe™ . (10.57
> > 2 ) gl 17 ) 2 ) TP (1057)

In the last term the product of three Pauli matrices appears, which can be simplified by

successively applying the calculation rule (10.7) and by taking into account the contraction
rule of the three-dimensional Levi-Civita symbol (6.56)):

olofo™ = (6 + i€pno™) 0™ = 0™ + i€pno o™
= 5lk0'm + @'qkn((Snm + ienmpap) = 5lk0'm + ilem - <5ml5kp — 6lp5km>ap . (1058)
With this we end up with the result

aloF o™ = i€y + Op0™ + Opmo — O . (10.59)

Inserting (10.5) and (10.59) in (10.57) and using trigonometric relations then yields

PrOP

D(R)'6*D(R) = 0% cos || + €rm ‘go_l‘ o™ sin || + P (1 —cos|eg]|) . (10.60)
¥ ¥
This result can be concisely summarized as
D(R)'0"D(R) = Ry o', (10.61)

where Ry, coincides with the representation matrix of rotations in three-dimensional space as
already determined in . As the partial derivatives in ((10.55)) also transform like a vector

Ok — 6,’9 = Ry, 81 (10.62)

and the representation matrix R is orthonormal due to (6.72)), all combinations ((10.55)) turn

out to be invariant under rotations:
D(R)' 0" D(R) 0, = Ry 0" Ry O = Ot 0" Opp = " ), . (10.63)

Now the question arises, how the combinations of two Weyl spinors (10.54)) can be extended to

k

relativistic invariant combinations. To this end we remember that the Pauli matrices o can be



162 CHAPTER 10. DIRAC FIELD

extended to four-vectors in two different ways, namely in the form of the four-vector of Pauli
matrices o in ((10.39) and in the form of the spatially inverted four-vector of Pauli matrices 6

n (|10.43)). Therefore we consider now the following eight combinations of two Weyl spinors:
lato.s. nlotom, nlerd.€, atoum,
6o, nietom, niéto.s, €6"0m. (10.64)

Here the additional term 0%9, with the time derivative appears, which is trivially invariant

under rotations
D(R)' ¢ D(R)3) = D(R)'D(R) 0}, = 0y = 00y . (10.65)

Thus it does not destroy the above discussed rotational invariance of the spatial derivative

terms.

With this it remains to investigate, which of the eight combinations (|10.64)) are invariant under

boost transformations. To this end expressions of the form
D(B)' o D(B), D(B)' 6" D(B) (10.66)

appear, where both representations (10.22)) can occur in the left and the right factor, respec-
tively. Let us first consider the case p = 0. In the case that the two representations in the left

and right factor of (10.66|) are different, then ([10.66]) is identical to ¢° due to (10.23)), (10.38)),

and ({10.53)). As this does not correspond to the transformation behavior, which is characteristic
for boosts, we conclude that the 3rd, the 4th, the 7th, and the 8th combination in (10.64) is

not invariant under boosts. In the case that both representations in the left and right factor of
(10.66)) are identical, then we obtain on the one hand for u = 0 together with (10.23]), (10.26]),

and ((10.38)):

‘€€| sinh |€] . (10.67)

On the other hand we get for u = k due to ((10.23)) and (|10.26))

o (£) 8 ()] ¢ o () 555

— cosh? <|€’) 0" F sinh <|§’> cosh (m) g [of ak} + sinh? <|§’> é’f'gl olo®o™ . (10.68)

Inserting (10.2)) and (10.59) in (10.68) and using hyperbolic relations then yields

D(B)'¢°D(B) = D(B)* = cosh [¢| F

D(B)! (") D(B) = o* + & simh J¢| + T (o) ~1). (1069
€] |€| el
The two results (10.67) and (10.69) can be concisely summarized by
DUt g DU/2O(B) = Br, &, (10.70)

DOV (BY gr DOYA(B) = B, o, (10.71)
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where B*, coincides with the representation matrix of boost in the four-dimensional space-
time as already determined in (6.79)). As the partial derivatives in ((10.64]) also transform like

a covariant four-vector
0, — 8, = B," 9, (10.72)

and the representation matrix B fulfills the property , we can prove due to ((10.70) and
(10.71)) that the 2nd and the 5th term in ((10.64) is invariant:

§'60,& — DUO(B)I6DV20(B)0 ¢ = £ B*,6" B, 0, = £16,76 0.6 = £1679,¢, (10.73)
nlotdm — nTD(O’l/Q)(B)Ta“D(O’l/m(B)al’m =n'B*,0" B, 0. =n18,0"0m = n'c"d,n. (10.74)
For the two remaining combinations n'6#d,n and £'o#9,¢, ie. the 1st and the 6th term in

(10.64)), a boost invariance can not be proved, because both ¢# and ¢* transform due to (10.70)
and ((10.71))) as a four-vector under the representations D/29(B) and D®/?)(B), respectively.

10.6 Dirac Action

From the considerations of the previous section follows the most general Lorentz-invariant

action for describing a massive spin 1/2 particle

A= AlE(e),€1(&):n(e), 11 (o) (10.75)

which contains only quadratic terms in the Weyl spinors and their first partial derivatives:

A= [ s £(6(0) 0,600 € @), 0,8 w)inle) (o) w) By (). (10.76)

C

Here the Lagrange density
L = Ai¢'6"0,& + Bin'o*d,n + C&'n + Dn'e, (10.77)

contains constants A, B, C', D, which are not yet defined. Below in Section we show that
the additional demand for an invariance of the Lagrange density under parity transformation

leads to the fact, that both Weyl spinors £ and 7 have to appear on equal footing. This reduces

(10.77) to
L= A(i'6"0,& + in'o"d,m — m&n — mn'e) . (10.78)

The still undetermined parameters A, m define the physical dimension of the action and are
only fixed at a later stage by considering the non-relativistic limit. Due to the non-zero rest
mass M of the particle, the action (({10.78]) necessarily contains both Weyl spinors £ and 7. Only
in the case that the rest mass of the particle vanishes, a Lorentz-invariant action can be formed

with just one of the two Weyl spinors, as is discussed below in Section [10.9
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Due to the action ((10.78)) the Weyl spinors £ and n satisfy the equations of motion

’ - - oL = Aqiot ) —mn(z)y =

5Ef(x)  O¢t(a) 8“8(8#6(95)) _A{ Out () — mn( )} 0, (10.79)
’ S - oL = Aqiot ) —mé(x)y =
snt(x) — Onf(x) 6“6(8H77T(3:)) A{ Aun(z) &( )} 0. (10.80)

In order to combine these two equations of motion one needs the calculation rules
ota” +o"ct = 2¢"1, (10.81)
olo” + 0"t = 2¢"1, (10.82)

which can be explicitly shown by specializing u, v to spatial and temporal indices. To this
end one has to take into account the Clifford algebra property (10.2)), the definitions ((10.38]),

(110.39), and (10.43]), as well as the components of the Minkowski metric in (6.3)):

o950 + 0%° = 9200 =21 = 247 (10.83)
0% 4 oF 50 = —gOF 4 oo — 0 = 247 (10.84)
k5l +o'6" = —ofol —olo" = —20u1 = 2¢"1. (10.85)

Multiplying ((10.79)) with ic”0, and using ([10.80)) or, vice versa, multiplying (10.80|) with "0,
and using ((10.79)), we obtain due to (10.81]) and (10.82)

—0"6"0,0,£(x) — mio”O,n(x) = —g"0,0,&(x) — m*E(z) = 0, (10.86)
—5"0"8,0,m(x) — mic”9,£(x) = —g"9,0,n(z) —m*n(x) = 0. (10.87)
Thus, both Weyl spinors £ and 7 satisfy the Klein-Gordon equation of a particle (8.19)), provided

that the parameter m is identified according to

M
m = Tc : (10.88)

i.e. being inversely proportional to the Compton wave length (8.21]).

Since the description of a massive spin 1/2 particle necessarily involves both Weyl spinors &

and 7, it is suggestive to combine them to a Dirac spinor:

b(z) = < &) ) . (10.89)

In view of that we rewrite the Lagrange density ({10.78))

L:A{(S*,n*)(aou g)@(i)—(&*,m)(ﬂfj "’g) (f})} (10.90)

where we used the 2 X 2 unit matrix (10.3)) and introduced in addition the 2 x 2 zero matrix

0 0
0:(0 0) . (10.91)
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Furthermore, we define the Dirac adjoint of the Dirac spinor (10.89)) according to

— O I

() = (n'(z), £ (2)) = ¥(2) ( Lo ) s Yi(2) = (@), n'(2) = ¥(2) ( O é ) .(10.92)

I

With this the Lagrange density (10.90|) changes into

—( O I ot O —( O I O ml
L=A 0,0 — 10.93
which finally reduces to

L =AY (ir"0, —m) . (10.94)

Here we have introduced the Dirac matrices

O ot
- 10.95
g (M 0 ) : (10.95)

which turn out to obey the property of a Clifford algebra, see Eq. (10.4]), due to the calculational

rules (10.81)) and (|10.82)):

[ W 1/] _ RV 4 AV mh — O o O o 4 O o O ot
L o AN e & o )\s o
BV Vi I
A _ ggm o) (10.96)
O ovot + Vot O I

The action ((10.75]), (10.76) can, thus, be interpreted as a functional of the Dirac spinor ¥ (z)
and the Dirac adjoint Dirac spinor ¢ (z):

Al (e); P(e)] = % / d'z L (V(x), 9,30(x); ¥ (2); 0, 0(x)) . (10.97)
The equation of motion of the Dirac spinor is thus given by
oA oL oL » - -
sp(z)  Ov(z) aﬂa(aﬂm) = A{w LU () mw(x)} =0. (10.98)

This reduces to
(i —m) ¢¥(z) =0 (10.99)
with introducing the Feynman dagger as another widespread shortcut notation

J="0,. (10.100)
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10.7 Spinor Representation of Lorentz Group

By construction the Dirac action (10.94), (10.97)) is invariant under Lorentz transformations.

Nevertheless we now aim for proving this again from a different point of view by studying the
representation of the Lorentz group in the space of the Dirac spinors. To this end we deduce
from the representations of the Lorentz group in the space of the Weyl spinors in ((10.49) and
(110.50))

U(x) = ( ig; > ) = ( 5/(“’% ) = D(A)i() . (10.101)

Here the representation matrices D(A) of the Lorentz group for the Dirac spinor are composed

of the respective representation matrices D(/29(A) and D/2)(A) for the Weyl spinors:

(1/2.0)
D(A) = ( D . (A) D(o,l?m(/\) ) . (10.102)

Furthermore, we note that the relation ((10.92)) between the Dirac adjoint Dirac spinor ) and

the adjoint Dirac spinor ¢! simplifies due to (10.38)) and ((10.95):

Tw) = v’ = i) =T, (10.103)
Due to ((10.101)) and (10.103)) the Lorentz transformation of the Dirac adjoint Dirac spinor reads
§'(@) = (@) = ! (2)D(A) 5 = (x)D(A). (10.104)

Here we have introduced the Dirac adjoint representation matrices of the Lorentz group

D(A) =+"D(A)H°, (10.105)
for which we obtain due to (10.38)), (10.95)), and ([10.102]) the explicit result
_ DOL2)(7)f 0
D(A) = < O puroy |- (10.106)

Thus, taking into account (10.13[), (10.14)), (10.16)), (10.102)), and (10.106|) we conclude

D(A) = D(A)!. (10.107)
Furthermore, we note that we showed in Section [10.5

DU/ (N G DA/2O(A) = AF, 5 (10.108)
DOYA(A) gt DOYA(A) = A#, o (10.109)

for A = R and A = B in (10.63)), (10.65) and (10.70)), (10.71)), respectively. But since every

Lorentz transformation can be understood as a successive execution of a boost and a rotation

A = BR, (10.110)
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the corresponding representation matrices factorize, i.e. we have
DU/ZO(A) = pU/20(B)DI/2O(R) DOYA(A) = DOV (B)DOYA(R) . (10.111)

With this we can show that (10.108]) and ((10.109)) are even valid for any Lorentz transformation.
At first we obtain for the representation D(/%0)

DU (A g1 DA20(A) = pU/2O)(R)T pU/20)( B g1 DU/20)(B) DU/2O)(R)
= B", DU2O(R)I ¥ DU/2O(R) = B, R", 6" = A", 5", (10.112)

and, correspondingly, we get for the representation D(/2)

D(O’I/Q)(A)T ot D0:1/2) (A) = D(O’I/Z)(R)T D(O’I/Q)(B)T ot D(0’1/2)(B) D(O’I/Q)(R)
= B*, DU2(R) 0¥ DOVY2(R) = B, R 0" = A", 0" . (10.113)

Note that we have used ((10.110)) in the last step of both (10.112) and (10.113). The two
transformation laws ((10.108]) and ((10.109)) can now be combined into one for the Dirac matrices

(110.95)). Taking into account (10.102)) and (10.106)) a direct multiplication of the involved 4 x 4
matrices yields

— DOY2)(A) O O ot D/20)(A) O
D uD .
(A)y W‘( O DU/ZO(A)f N, O DO1/2)(A)

( o) D(O’W)(A)TU”D(OJ/Q)(A)) N <o 0"

_AM AV
DU/20)(A)ig1D(/20)(A) 0 5 O) = A",y" (10.114)

After these preparations the invariance of the Dirac action can be shown as follows. At first

we obtain for the Lorentz transformation of the action ((10.94)), (10.97))

A = é/al‘las' () (in"d, —m) ' (2'), (10.115)

C

which reads due to (10.101)), (10.104)), and the property d*a’ = d*z of special Lorentz transfor-

mations:

C

w4 / d'z ¥ (z) [iE(A)wD(A)a; - mE(A)D(A)Wx). (10.116)

Using ((10.107)) and (10.114)) as well as taking into account that the partial derivatives in ([10.116|)

transform like a covariant four vector
Oy — 8/; =A"0,, (10.117)
we get

A = A / d'z () (iN, A,y 0, — m)(z) . (10.118)

c

From ([6.28)) we then conclude that the Lorentz transformed action (10.118]) coincides with the
original action (10.94)), (10.97)).
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Let us further investigate the representation ((10.102)) of the Lorentz group in the space of the
Dirac spinors. To this end we use ((10.13)) as well as (10.14) and bring it to the following form:

ak¥/2 O —ic%/2 O

D(A) = exp | —i —i . 10.119
(A) exp[ Z( O ak/2>(pk Z( O io% /2 S ( )

Comparing this with a covariant formulation of the Lie theorem as in ((6.61])—(6.64))

D(A) = exp (—% wWS“”) = exp (—% erij S o — z‘SO’“gk) : (10.120)

the representation matrices for the generators of the boosts are given by
—ic*/2 O
D(M,,) = S% = , 10.121
(M) < O io"/2 ( )
while the representation matrices for the generators of the rotations follow from
1 y a¥/2 O
D(Ly) = S* = ~¢,;57 = 10.122
and read

. a¥/2 O
S — e ( O/ iy ) . (10.123)

According to (6.164)) we read off that (10.122) just represents the spin vector for spin 1/2
particles. Furthermore, the two results (10.121)) and (10.123]) can be summarized in a covariant
form with the help of the Dirac matrices (10.95)) as follows:

ot
4

Indeed, whereas Eq. (10.121]) follows directly from ({10.124)), the corresponding derivation of
(10.123)) needs to take into account the Lie algebra property of the Pauli matrices ((10.5)).

SHy folale I (10.124)

Now we aim for determining the commutator between two representation matrices S*” of the
Lorentz algebra in the space of the Dirac spinors. To this end we apply the calculation rule
(3.94), the definition ((10.123)) as well as the Clifford algebra property of the Dirac matrices in

(110.96|) and calculate at first the commutator
[S# P =i (g9 — ¢ . (10.125)

Then we use (3.10) and (10.123)—(10.125)) for obtaining

[S#, 8% =i (¢"SV" + gvrSH — ghrSA — g SR (10.126)

Thus, we read off from ((10.126f) that the representation matrices S* satisty, indeed, the usual

commutation relations of the Lorentz algebra, see Eqs. (6.48)) and (6.49)). Furthermore, ({10.125])
and ((10.126)) show that v* and S** represent a tensor operator of rank n = 1 and n = 2 in the

sense of ((6.105)).
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10.8 Parity Transformation

Due to a parity transformation P the four-vector x is mapped to the spatially inverted four-

vector z introduced in (10.42)):
¥ =Pr=1=. (10.127)

Performing a parity transformation P two times in a row, the original four-vector is reproduced.

Thus, the parity transformation P is involutoric:
Pr=1 — Pt=P. (10.128)

The representation matrix for such a parity transformation reads as follows:

1 0 0 0
—1
p|? 00 (10.129)
O 0 -1 0
0 O 0 -1

Furthermore, it can be straight-forwardly shown that the representation matrix of the par-

ity transformation ((10.129) commutates with the matrix representations for the generators of

rotations
P 'LyP =L, — [P, Ly]_ =0 (10.130)
and anti-commutates with the matrix representations for the generators of boosts
P 'M.P = —M, > [P, My, =0. (10.131)

For instance, we have

1 0 0 0 000 O 1 0 0 0
0 -1 0 0 000 O 0 -1 0 0

PP = , =Ly, (10.132)
0 0 -1 0 00 0 —i 0 0 -1 0
0 0 -1 00 i O 0 0 0 -1
1 0 0 0 0 —i 00 1 0 0 0
0 -1 0 0 —i 0 0 0 0 -1 0 0

PIMP = ! = —M,.(10.133)
0 0 -1 0 0 0 00 0 0 -1
0 0 0 -1 0 0 00 00 0 -1

Performing a parity transformation upon a Dirac spinor yields
(@) — () = D(P)YB() (10.134)

where D(P) denotes the corresponding representation matrix of the parity transformation in

the space of Dirac spinors. Thus, D(P) must possess the same properties as P. For instance,

due to (10.128)), D(P) must be involutoric:
D(P)*=1. (10.135)
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Furthermore, D(P) must satisfy both a commutator and an anti-commutator relation with the

representation matrices D(Ly) and D(Mjy) of the rotations and boosts in the space of Dirac

spinors analogous to (10.130) and (|10.131)), respectively:

D(P)'D(Ly)D(P) = D(Ly), (10.136)
D(P)"'D(M)D(P) = —D(M,). (10.137)

We now determine the representation matrix D(P) from the requirement that the Dirac equa-
tion is invariant under a parity transformation. To this end we rewrite at first the Dirac
equation ((10.98) by the applying the substitution x — 7 :

(mﬂéu . m> W(F) = 0. (10.138)

Then we replace 9(Z) in (10.138) with ¢»(x) according to (10.134)) and use the property of the
scalar product that fy“(i = Y0, holds, yielding

[iD(PWD(P)—laM - m] Wo(z) = 0. (10.139)

Thus, Eq. (10.139) reduces to the Dirac equation for the parity transformed mirrored Dirac

spinor ¢ (z), i.e.
(iv" 0, —m) Yp(x) =0, (10.140)
provided that the representation matrix D(P) satisfies the condition
D(P)7*D(P)™! = ~4*. (10.141)
Let us define the representation matrix D(P) according to
D(P) =+". (10.142)

Then the involution property (10.135]) is valid

O I O 1 I O
D(P)? = (402 — = 10.143
w00V (0 0)-(19)
and the condition ((10.141]) is fulfilled due to the Clifford algebra ({10.96)):
3 = () =1, (10.144)
PF* = Ay =AE. (10.145)

Furthermore, taking into account ((10.95)), (10.121)), (10.122)) as well as (10.142)) both the com-
mutators (10.136]) and the anti-commutators (10.137)) can straight-forwardly be shown:

D(P)'D(L,)D(P) = (O ! ) ("W © ) (? é)zD(Lk), (10.146)

I O O /2

D(P)"'D(My)D(P) — (? é) ( —z‘g /2 wgﬂ) (? é) — _D(My) . (10.147)
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Additionally, we read off from the definition of 7 in (10.95) that a parity transformation
(10.134)) has the effect of interchanging the Weyl spinors ¢ and 7 in the Dirac spinor ((10.89)):

N CA N CRAVECA T
v <n<x>>_”bp” (f 0)<n<az>> (5@))‘ S

Thus, in a theory, where both 1 (x) and ) (x) represent physically realized states, one needs
both Weyl spinors £ and 7. And from the Lorentz invariance considerations in Section [10.5
follows then that the corresponding action must necessarily have a mass term. Furthermore,
we conclude from that in a parity transformation invariant theory both Weyl spinors

¢ and n have to appear on equal footing. This result was already applied in Section [10.6] in

order to simplify the Lagrange density (10.77]) according to (10.78]).

10.9 Neutrinos

A neutrino is an elementary particle with spin 1/2, which interacts only via the weak force
and gravity. Historically, the neutrino was postulated first by Wolfgang Pauli in 1930 as an
additional particle being involved in the beta decay of a neutron into a proton and an electron in
order explain the conservation of energy, momentum, and angular momentum. The neutrino is
so named because it is electrically neutral and its rest mass is so small that it was long thought to
be zero, leading to the suffix -ino. Therefore, in accordance with previous experimental results,
neutrinos were considered for decades to be massless spin 1/2-particles, which are described by
a single Weyl spinor £ or 7. According to , their Lagrangian density is then given by
either

L= Ai'6"0,¢ (10.149)
or by
L = AinTa"d,m. (10.150)

Like in the Maxwell theory also the Lagrangians and of the Weyl theory do not
contain a Planck constant but still represent a valid first-quantized theory due to the vanishing
rest mass. In both cases, the Lagrangian density is invariant under Lorentz transformations
according to Section but not invariant under parity transformations due to Section [10.8]
In order to describe neutrinos also with a Dirac spinor ¢, one must project out the upper or

the lower Weyl spinor ¢ or 7. To this end one introduces the matrix
7’ =i’y (10.151)

for which we obtain due to the definition of the Dirac matrices in ({10.95))

O 1 O ot O o2 O o3 olo?o? O
5_ -4 . (10.152
K Z(I O) (—01 [) (—02 O) <—O’3 O) Z( O —010203> ( )
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Here the product of the Pauli matrices (10.1]) turns out to be

010203:<0 1)<0 —Z')(l 0>:<i9>7 (10.153)
1o)\io)lo -1 0 i

so that ((10.152) reduces to
-1 O
5 _ 10.154
g < o0 1 ) ( )

Thus, we read off that also +° is involutoric:
2 ~1
P)'=1 = () =1 (10.155)

Furthermore, with the help of the 4° matrix we can construct projection matrices

Puzé(l—v"’) = (é 8), (10.156)
Pl:%(1+75) = (g ?) (10.157)

which possess the desired effect:

(1 o0 e\ (¢

Py = (00><n)_<0>’ (10.158)
(o0 o0 e [0

Py = (o I)(m)_<n>' (10.159)

Thus, we read off that the Weyl spinors & and 7 represent in form of (1F v°)1/2 eigenstates of
the matrix v° with the eigenvalues F1:

(F7)v=F5 1F7)0. (10.160)

DN | —

75

As the neutrino states can be classified according to the eigenvalues of the matrix ~°, it is of
special importance. One calls 7° the chirality operator and speaks of left (—1) or right (+1)
chirality for the states (1 F ~°)1/2.

We note that the chirality operator 4° from (10.151)) can also be written as

2’ VvV _ K
7= o G 1 (10.161)

Indeed, due to the anti-symmetry (6.144]) of the e-tensor only 4! = 24 non-vanishing terms
contribute to ({10.161]), where each term consists of a product of 4 different Dirac matrices.

Furthermore, all 24 terms agree due to the anti-symmetry y#v" = —y”~4* for u # v following
from the Clifford algebra ((10.96)) and due to the anti-symmetry ((6.144]) of the e-tensor, yielding
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(10.151)). Since the Dirac matrices v* transform according to ({10.114]) like a contravariant four-
vector under Lorentz transformations, Eq. (10.161]) has due to (10.107)) the consequence that

the chirality operator v° is Lorentz invariant:

— ) — — » — o —
D(A)Y*D(A) = 37 €| DIA)Y*D(A)| | D(A)* D) | [ D(A)y D(A)] [D(8)y* D)
i / / / / Z
= ﬂ EMVNAAMM’AVV’ARN’AA)\”YM '.)/V FYH 7)\ 24 €'y n/)\"}’ ’7 7 '7 75 (10162)

Here we used the Weierstrafl expansion of the determinant a 4 x 4-matrix A = (A*))
(Det A)GM/V/H/)\/ = ENVHAA“NIAVV/ARRIAAX s (10163)

where the property Det A = 1 of the special Lorentz transformations implies that the four-

dimensional Levi-Civita tensor has the same components in all inertial systems:

€lmr = Cpm (10.164)

With the help of ((10.156)—(10.159) the two neutrino Lagrangians ({10.149) and ((10.150|) can be

expressed by Dirac spinors:

L= A()0, 5 (15 4°)(a) (10.165)

In fact, taking into account (10.89)), (10.93)), and ([10.95) an explicit calculation yields for the
upper Weyl spinor

£ o= A0, 5 (1= 77) v(e) = el o) (? é) (f ";)aﬂé(l—f) ( g)

Ui

= Ai(¢T,nh) ( ‘Z (3 ) d, ( g ) = Ail510,¢ (10.166)

and, correspondingly, for the lower Weyl spinor

r o A@(x)waué(wrf)lﬂ(f) = Ai(¢"n') ( ? (I) ) ( 50“ CZ > o ;(1+7 | ( f] )

, & O 0 ,
= Ai(etnh ( O o ) N ( ) ) = Ain'a"0,n. (10.167)

The two neutrino Lagrangians (10.165)) are manifestly Lorentz-invariant due to (10.101)), (10.104)),
(10.114)), and ((10.162)). Furthermore, we have due to (10.135]), (10.141)), (10.151]), and ((10.161))

D(P)°D(P) = 55 e [D(P) " D(P) [D(P)WD(P)} [D(P)D(P)]

<[D(P) 1 D(P)] = -5

e,uzzn)\ﬁ)/ ’Y 7 ’Y = euw{)\’y PYV’YK")/)\ ")/5, (10168)

24
so that a parity transformation maps the two neutrino Lagrangians ((10.165)) into each other.
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We remark that the Lagrangians ((10.165)) were proposed for the first time by the mathemati-
cian Hermann Weyl in 1929 to describe massless spin 1/2-particles. But since the neutrino
Lagrangians are not invariant under parity transformations and at that time only in-
teractions like the electromagnetic or the strong one were known, which are invariant under
parity transformations, the Lagrangians were not considered to be physical for a long
time. Only in 1956 it was shown by Chien-Shiung Wu in a 3-decay experiment of $9Co that the
weak interaction is not invariant under parity transformations and, thus, violates parity. Since
this discovery neutrinos were assumed to be described by the Lagrangians for decades.
But in 1987 one managed to resolve the flavour of sun neutrinos in the Kamiokande experiment
and one showed that they oscillate between the electron, the myuon, and the tauon flavour.
From this observation it was concluded that neutrinos must have finite masses although their
precise values have not yet been determined. Therefore, the Lagrangians have been
abandoned for describing neutrinos. But, due to their charge neutrality, until today it has not
yet been finally decided how to describe theoretically neutrinos as massive spin 1/2 particles.
Currently there exist two alternative descriptions, which go back to proposals of Paul Dirac
and Ettore Majorana, respectively. In the first case neutrinos and anti-matter neutrinos are
considered to be different particles, whereas in the second case they are assumed to be one
and the same particle masquerading as two. An experimental decision between both possible

theoretical descriptions is still lacking.

Subsequently, we consider the Weyl equation, that is, i.e. the equation of motion for massless

spin 1/2 particles, which follows from ((10.165)):
A oL oL

DA | =
S(z)  o(x)  "A(8,(x))

In the case of a particle with a fixed four-momentum vector p = (p*)

= Aiy"0, % (1F7°)¢(z)=0. (10.169)

Y(x) = pe " (10.170)
the Weyl equation (|10.169)) changes into
1 1
o (1F) =% (15 ) v (10171)

Multiplying ((10.171]) from the left by v°°, we obtain due to (10.95)) and (10.154))

-1 O O I O oF ok O
5.0,k _ = , 10.172
T (O I)(I O)(—O‘k0> (O (Tk) ( )

thus, taking into account the spin operator (10.122]) the result is

Sp 1 1 1

1z AF7) = gsmt") 7’5 (1F77) (10.173)

Due to the energy-momentum dispersion relation p° = =+|p| the eigenstates (1 F 7°)¥/2 of
the chirality operator v° with the eigenvalues F1, see Eq. , are also eigenstates of the
helicity operator with the eigenvalues Fsgn(p®)/2. Thus, we conclude that chirality and helicity
are identical for massless spin 1/2 particles.
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10.10 Charge conjugation

The Lagrange density ((10.94]) of the Dirac field is also invariant with respect to another discrete
symmetry transformation, where the components of the Dirac spinor ¢ (x) are replaced by the
components of the complex conjugate Dirac spinor ¢*(z). In order to perform such a symmetry

transformation we make the ansatz

vo(z) = CY' (z) = O (2), (10.174)

where the row spinor ¢ (z) from (10.92)) goes over into the corresponding column spinor ET(x)

by transposition and we have used that (7°)T = +° due to (10.95). Furthermore, C' denotes
a complex 4 X 4-matrix which mixes these components and is defined by the fact that the

transformed Dirac spinor ((10.174)) obeys the same Dirac equation
(140, — m) Ye(x) =0 (10.175)

as the original Dirac spinor ¢ (x) in (10.98]). Inserting (10.174)) into (10.175) and multiplying

from the left by C~!, then we obtain at first
c~—1 —T —T
iCTA*CO (x) —my) () =0, (10.176)
which changes due to a subsequent transposition 7" into
i0,0(x) (C'4"C)" —mip(z) = 0. (10.177)

This equation of motion is now compared with the Dirac equation for the Dirac adjoint Dirac
spinor ¢ (z). In order to derive it we start from the Dirac equation (10.98)) and go over to the
adjoint, yielding

—i0, " (2) (") — myT(z) = 0. (10.178)

Taking into account the Clifford algebra ((10.96)) for = v = 0 and ((10.103) changes (|10.178)

into
—i0, ()7 ()1 — mip(x) = 0. (10.179)

Here we note that the Dirac matrices (|10.95)) have due to ((10.16)) the property

e (9 5)(25) (2 )-(2)

so that the Dirac equation for the Dirac-adjoint spinor (10.179)) reduces to

10,0 (x)y" + map(x) = 0. (10.181)
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We remark that this equation of motion for the Dirac adjoint Dirac spinor @(:{;) corresponds to
the Euler-Lagrange equation of the Dirac Lagrange density ((10.93):

0A oL 5 oL B
p(z)  OY(x) *0(0,1(x))
The comparison of (10.177)) and (10.181]) then leads to the following equation for determining

the matrix C:

A [mﬂ(m)y“ + m@(m)} ~0. (10.182)

(CIyC) " = = = CyC=—()". (10.183)

In order to solve ((10.183)) we make the following diagonal ansatz for the matrix C

~1
c—(< %), oo 2 (10.184)
O —c O —c!

With this we obtain from ((10.95]) for the left-hand side of (10.183))

-1 © _ o lp
c @] ~O o c O _ O~ c rotce | (10.185)
O —ct ot O O —c —c tGte O

so we conclude from ((10.183))

ctotc= (6"

7 clote = ()" (10.186)

Splitting both equations (|10.186|) into u = 0 and p = k, they yield the conditions

cloe = (o%)", (10.187)
clofe = (oM. (10.188)

Here the transposed Pauli matrices (10.1]) and (10.38)) are given by
(0°) =0 (") =o', (0% ==0*, (%) =0 (10.189)

Let us now define the matrix ¢ according to

— -1
A Y A Y . (10.190)
1 0 1 0

As it has the properties

d=ctl=c'"=—c=—c", (10.191)

we read off that (10.187)) and ((10.188)) are, indeed, fulfilled due to (10.2)) and ((10.189)—(10.191])

c ol = oo (—io?) = 0%0%?* = (6°)* = 0° = (¢")7, (10.192)
clole = iotot(—io?) = o0%0'o? = —(0%)%0! = —o' = — ("), (10.193)
clo?c = io?o?(—io?) = (0*)0® = 0 = — (o), (10.194)
clotc = iotod(—io?) = 0’c*o? = —(0%)%0% = —0® = — (o) (10.195)
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Thus, in conclusion, taking into account (10.190)) and (10.191)) the matrix C' defined in (10.184))
has the properties

Cl=c*t=C"=-C0=-C" (10.196)

and can be represented as a product of Dirac matrices ((10.95)):

O 1 O o2 —io? O c O
0.2 _ — — =C. 10.197
(SN L) (%) (6 %) e

Moreover, taking into account ((10.95)), (10.184)), (10.191)), and ((10.196)), it follows that also the

discrete symmetry transformation (10.174]) is involutoric:

(w) = U () = 10 () = ( : i) ( 7 ) ( o ) ( 7 )w@c)

O ¢ O ¢ —cc* O
- ( o ) ( o ) V() = ( oY )wx) — (). (10.198)

And, finally, we investigate how the discrete symmetry transformation ((10.174)) affects the four-

vector current density of the Dirac field invariant. Multiplying the equations of motion ({10.98))

and (10.179)) for ¢(z) and ¢ (z) with 1)(z) and (), respectively, we yield

() O (x) — mb(@)b(x) = 0, (10.199)
0, (x)y" () + mip(a)e(z) = 0, (10.200)

so we read off the continuity equation
id, [@(xmw(z)} =0 = 9u"x)=0. (10.201)

Here the four-vector current density j*(z) is fixed except for a constant K:

j4(2) = K Bla)r (o). (10.202)

Thus, the conserved charge reads due to (10.95) and (({10.202])

Q= /d3xj0(x, t) = K/d%w(x, t)(x,t). (10.203)

In order to apply the discrete symmetry transformation (10.174) to the four-vector current
density (10.202)), we need to know how the Dirac adjoint Dirac spinor ((10.103|) is transformed.

Thus, applying (10.95)), (10.184])), (10.191)), and ((10.196) we yield

I O 0O —c

O I . O I O ¢\ 1 —c O\  p
(2 0) == (2 0)(% 5) (5 0) -

To(z) = ¢l = 97 () (1)) C1n® = T (@)7°Cr° = 47 (2) ( o1 ) ( ¢ 0 )
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Transforming the four-vector current density (10.202) with (10.174]) and (10.204]) we then con-
clude at first

j(x) = Koy v (x) = KT (2) OOy v (z). (10.205)

As each individual component of the transformed four-vector current density ((10.205)) coin-
cides with its transposition, i.e. j&(z) = (j (z))T, it follows from (10.95)), (10.103)), (10.183),

(110.196)), and (|10.202) that

jé (@) = Kyl (2) (") (Cy"C) () = Kol ()7 y"(x) = K (x)y"v(x) = j*(x) .(10.206)

Thus, we conclude that the discrete symmetry transformation (10.174)) turns out not to change
the four-vector current density. Note that the physical meaning of the discrete symmetry
transformation ((10.174]) as a charge conjugation becomes clear only after having implemented

the second quantization of the Dirac field, as then the four-vector density operator changes its

sign in contrast to (10.2006]),

10.11 Time Inversion

Performing a time inversion 7', the space-time four-vector x is mapped into the time-inverted

space-time four-vector —z:
v =Tr=—7F. (10.207)

Executing a time inversion T' successively twice, one reproduces the original state, so the time

inversion 7' is also involutoric:
T =1 = T'=T. (10.208)

The representation matrix for such a time inversion reads as follows

1000
0 100

T = (10.209)
0 010
0 00 1

Thus, we conclude that the representation matrix of the time inversion ((10.209) commutates
with the matrix representations for the generators of rotations (6.53))

T'L,T = L, (10.210)
and anti-commutates with the matrix representations for the generators of boosts (|6.54])

T 'MT = —M, . (10.211)
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For instance, we have

100 0 000 0 100 0
0 100 000 0 0 100
T'LT = =L, (10.212)
0 010 00 0 —i 0 010
0 00 1 00 i 0 0 00 1
100 0 0 —i 00 100 0
0 100 —i 0 00 0 100
T'MT = ! = M, .(10.213)
0 010 0 0 00 0 010
0 00 1 0 0 00 0 00 1

As the time inversion is more intriguing to interpret physicallys, we investigate at first its

consequences for the Schrodinger equation

.0 R
(ma + 537 A) Y(x,t) =0. (10.214)

Obviously, the time inverted wave function

Up(x,t) = ¥ (x, —t) (10.215)
also obeys the Schrodinger equation:
'h2+h—2A Ph(x,t) =0 (10.216)
thar + 537 m(x,t) =0. :

In analogy to (10.215) we now perform the time inversion for a Dirac spinor via

() — Yip(x) = DT (=1), (10.217)

where D(T') stands for the representation matrix of the time inversion in the space of Dirac
spinors. Then D(T') must also fulfill the involutoric property ([10.208])

D(T)* =1 (10.218)

and we expect that also the commutator and anti-commutator relations ((10.210f) and (10.211))

are satisfied by the representation matrices D(Ly) and D(My) of rotations and boosts in the

space of Dirac spinors, respectively:

D(T)'D(L,)D(T) = D(L), (10.219)
D(T) 'D(M,)D(T) = —D(M,). (10.220)

In analogy with ({10.216)), we also require that the time inverted Dirac spinor ((10.217)) satisfies
the Dirac equation ((10.98)):

(190, — m) Yip(z) = 0. (10.221)
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Inserting into , we obtain
= [D(T)’W“D(T)} "9 0(—F) — myp(—F) = 0. (10.222)
Comparing with the time-inverted Dirac equation ((10.98)
—iAR9(—F) — map(—F) = 0, (10.223)

where we used 40, = 5”0, the representation matrix D(T') of the time inversion is determined

by the equation
D(T) '4*D(T) = (3")*. (10.224)

On the one hand we calculate the conjugate complex of the Dirac matrices (|10.95)) by taking

into account the Pauli matrices ((10.1)), yielding

o= (80) er=(%0).
()" = (; _(;72)7 (73)*=<_23 i) (10.225)

On the other hand we obtain for the quantities (7*):

T N o —(@H"\ O ot

(7) - _(7) - (Ul)T 10 - ol O ’

T nT o @'\ ([0 -0

(7 ) - (ry ) - (02)T 10 "\ a2 0 )
O L (P I (A PRCE0

Thus, from ((10.225) and (10.226)) we read off the following identity

) =" = (M= (10.227)
Inserting ((10.227)) into ([10.224)) then results in
D(T)'"*D(T) = (v*)*. (10.228)

Now we take into account the property (10.183]), which relates the Dirac matrices v* with the

representation matrix C' of charge conjugation in the space of Dirac spinors. With this the

equation ((10.228)) for determining D(T') leads to

D(T)"'4"D(T) = —C~'ArC = [D(T)c—l] e [D(T)O‘l} — . (10.229)
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A solution of ((10.229)) is given by
D(T)C™! = —in® (10.230)

together with its inverted matrix following from (|10.155])

-1

[D(T)C‘l] =i (10.231)

as is verified by an explicit calculation due to ((10.95) and ((10.154)):

-1 O O ot —I O O ot
5ops _ — _h (10232
T (o I)(&“O)(O 1) (a#o) L )

Note that ((10.230) represents a quite subtle relation, which involves with the matrices °, C,

and D(T') technical ingredients of all three discrete transformation, i.e. the parity, the charge

conjugation, and the time inversion. Thus, taking into account (10.154]) and (10.184)), the
representation matrix D(T") follows from ((10.230))

PO -1 O c O _ O
D(T) = —ir°C = (O ])(O —c>_ <O c)’ (10.233)

which has due to (10.191)) the properties
D(T)=D(T)™' = D(T)' = —-D(T)* = -D(T)". (10.234)

According to (10.234)) the representation matrix D(7") satisfies the involutoric property ((10.218)),
but the time inversion of the Dirac spinor is not involutoric due to ((10.217)) and ((10.234]):

7(x) = D(T)r(—2) = D(T)D(T)"(x) = —v(z). (10.235)

This behavior of Dirac spinors under time inversion corresponds to that under a rotation, where
we read off from and that the original Dirac spinor is only recovered after a
rotation with the angle 47. Furthermore, we obtain for the commutators of D(7) with the
generators of rotation D(Ly,) due to (10.16)), (10.122), (10.188)), and

D(T)"'D(Ly)D(T) = - ( (C) (c) > ( 00/2 01?/2 ) < g f ) - ( _CUOC/2 —caOkc/Z >

(@20 [ ()2 O N .
_< , (Uk)T/2>_< 5 (Uk)*/2>_D(Lk), (10.236)

and, correspondingly, the commutators of D(T) with D(M,,) yield with (10.121]) and (10.233])

oo =5 (5 ) (5 2a) (6 7)=5(% %)

i (o*)T 19) =i (k) 0 - )
== ( S ) = 5 ( 0 (b ) = —D(M,)*. (10.237)

The results (10.236]) and (10.237)) do not match the original expectations (10.219)) and ((10.220)).

Instead, they indicate that the time inversion represents an anti-linear operation as is further

discussed in the exercises in the context of the second quantization of the Dirac field.
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10.12 Dirac Representation

The representation of the Dirac matrices used so far is called the chiral representation
or the Weyl representation, as then the chirality operator 7° is diagonal according to .
From a group-theoretical point of view this representation has the advantage that the repre-
sentation matrices of the Lorentz transformation in the space of the Dirac spinors have a block
diagonal shape according to , i.e. both Weyl spinors are treated on equal footing. An-
other common representation of the Dirac matrices is the so-called Dirac representation or the

standard representation

Yp(r) = SpY(z), (10.238)

where the transformation matrix Sp is given by

1 (1 T
Sp = — 10.239
D <_[ [> ( )

with the inverse

1 (1T I
551:—<] , ):Sﬁ. (10.240)

Thus, the transformation matrix Sp is orthonormal or, more precisely, unitary. For the Dirac
adjoint Dirac spinor ¥(z) one obtains in the Dirac representation from (10.92)), (10.95)), (10.239),

and ((10.240)):

_ o o F o OTO__LO] I 1 O I
VYp(r) = Yp(r)y _¢T(x)SD =Y(2)7"Sp _¢(x)ﬁ<] O>(—f [)(I O)

_ 1 I —I — —1
= ¥(z) 7 ( ;o > = (2)Sy" . (10.241)

In the same way one obtains for the Dirac matrices v* in the Dirac representation

1/ 1 1 O I I —I I O
0 _ g ~0g-1 _— = = 10.242
D = PDY O 2<_[ [)(1 0)(1 1) (0 —1)’ ( )
1/ 1 1 0 ok I —I O ok
7D = PP ED o\ —1 T ok 0 I I ot o ) )

And, correspondingly, the chirality operator (10.154)) in the Dirac representation turns out to

be no longer diagonal:

1( 1 1 I O I —I o I
D = 2D7 Pp 2<_11><o I)([ I) (I O) ( )
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Conversely, the Dirac matrix 7° is not diagonal in the Weyl representation (10.95)), while it is

diagonal in the Dirac representation ((10.242)). Furthermore, the generators of the rotations in
the spinor space (|10.122)) are invariant under the change of representation

1 I I ok O I -1 1 ok O
D(L.)p = SpD(L.)S7 = = = . (10.245
(Li)p = SpD{Li)5p 4(-11)<oak><1 1) 2<Oak>< )

whereas the generators of the boosts in the spinor space ((10.121f) result in the Dirac represen-

<fk _gk ) . (10.246)

tation to be given by

; I T —dk O I -1 7
D(My)p = SpD(M)S:t = & _
o =soounrss =51, 1) (5 2) (0 7) -3

10.13 Non-Relativistic Limit

The Dirac representation has the advantage that the non-relativistic limit is straight-forwardly
carried out. To this end we transform the Dirac equation ((10.98)) according to (10.238)) into the

Dirac representation:
iHOup(x) — mipp(x) =0. (10.247)

In this manifestly covariant formulation of the Dirac equation, we separate now explicitly the

respective temporal and spatial contributions
010 .k
i1~ = ¥p(x 1) + i Okp(x,1) — mup(x,t) = 0. (10.248)
The Dirac equation ((10.248|) can then be rewritten in the form of a Schrodinger equation
.0
Zha’(,b[)(x, t) = HD(X)@DD(X, t) N (10249)
where the Dirac Hamiltonian is given by
Hp(x) = —ichaV + chmf. (10.250)

Here we have introduced the matrices

I o
B = 'y%:(O —1>’ (10.251)

I O O o* O o*
ko= A0k — = 10.252
“ 107D (0—1)(—& 0) <ak0>’ ( )
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where we used ((10.242)) and (10.243)). With this we obtain the anti-commutator relations

8,8, = 2(é _OI> (é _OI>:2I, (10.253)
(", 8], = (fk (Z))(é _O[>+(é _OI)(; (Z)):O, (10.254)
k1 B O oF O o O o O oF
[a,ah B o O o O - a0 o O

— ([akgl}+ [lOk] >:25kll', (10.255)

o', o

where in the latter case we applied the Clifford algebra of the Pauli matrices (10.2]). Further-

more, we introduced as new abbreviations both the 4 x 4 unit matrix

T = ( ro ) (10.256)
O I

o= ( O 0) . (10.257)
0 0

Thus, we read off from (10.253)—(10.255)) that the 4 x 4 matrices 3, o represent a Clifford
algebra with N = 4 generators in the sense of ((10.4]).

and the 4 x 4 zero matrix

In close analogy to the Weyl representation in ((10.89)), we now decompose also in the Dirac

representation the four-component Dirac spinor into two two-component Weyl spinors
X,
Up(x,t) = o1 ) (10.258)
D (X7 t)

Inserting ((10.258]) into ((10.249)) and ((10.250)) as well as taking into account ({10.251]) and (({10.252))

then leads to

. 0 ED(X7 t) _ . O o fD(Xa t) I O fD(th)
zha (UD(X7t)> = —ich (0_ O) v <7ID<X7t)> + chm (O —I) (UD(X,t)> , (10.259)

which reduces to two coupled equations of motion for these Weyl spinors in the Dirac repre-

sentation:
ih%{D(X, t) = —ichoVnp(x,t)+ chmép(x,t), (10.260)
ih%n[)(x, t) = —ichoVip(x,t) + chmnp(x,t). (10.261)

As discussed already in Fig. 8.1 we now take into account that the relativistic and the non-

relativistic energy scales are shifted against each other by the rest energy Mc?, which leads to

x ND X, e—iMCQt/h
Up(x,t) = ( (X, ) _ ( (X, 1) e ) . (10.262)

the ansatz

np(x,t) fip(x,t) e
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Thus the coupled equations of motion ((10.260)), (10.261)) go over into

ih%fND(X, t) = —ichaVip(x,t) + (chm — Mc*) Ep(x,t), (10.263)
ih%%(x, t) = —ichaVép(x,t) + (—chm — Mc?) fip(x,1). (10.264)

As the parameter m was determined according to ((10.88) to be inversely proportional to the
Compton wave length (8.21), the rest energy Mc? turns out to appear only in the second

equation of motion:

ih%éD(x,t) = —ichoVip(x,t), (10.265)
ih%ﬁD(x,t) = —ichoVép(x,t) — 2MPTp(x,t) . (10.266)

Performing now the non-relativistic limes ¢ — oo the kinetic energy of the Weyl spinor 7p is

negligible in comparison with its rest energy, i.e.

0
z’haﬁp(x, t)‘ < |[Mcip(x,t)| (10.267)
so that the Weyl spinor 7p can approximately be expressed by the Weyl spinor £p:
in(%,1) = — 2 oép(x. 1) (10.268)
NID(X, _2]\/[00 pD\X,1). .

Neglecting the temporal derivative in thus leads to an adiabatic elimination of the Weyl
spinor 7p (X, t), i.e. it now longer has an independent dynamics but its temporal evolution follows
quasi-instantaneously the corresponding one of the Weyl spinor gD(x, t). Note that similar
applications of an adiabatic elimination of degrees of freedom are ubiquitous in theoretical

physics:

e One prominent example is provided by the Born-Oppenheimer approximation in molec-
ular physics. It is based on recognizing the large difference between the electron mass
and the masses of atomic nuclei, and correspondingly the respective time scales of their
motion. Given the same amount of kinetic energy, the nuclei move much more slowly
than the electrons. Therefore, it is a valid assumption that the wave functions of atomic
nuclei and electrons in a molecule can be treated separately. This enables a separation of
the Hamiltonian operator into electronic and nuclear terms, where cross-terms between
electrons and nuclei are neglected, so that the two smaller and decoupled systems can be
solved more efficiently. As a result an effective electronic Hamilton operator for the elec-
tronic degrees of freedom is solved, where the positions of the nuclei are fixed quantities.
In the second step of the Born-Oppenheimer approximation the Schrodinger equation for

the nuclear motion is treated.

e Another important example is the semi-classical laser theory, where the electric field de-

scribed by the Maxwell theory couples to the matter degrees of freedom, which are dealt
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with quantum mechanically. For the laser it turns out that the electric field evolves on a
much larger time scale than the matter degrees of freedom. This allows to adiabatically
eliminate the matter degrees of freedom from the dynamics and obtain an effective evolu-
tion equation for the electric field, which describes the spontaneous emergence of coherent
laser light from an originally incoherent lamp light by increasing the pump power. This
adiabatic elimination of fast (stable) degrees of freedom in favour of obtaining a result-
ing order parameter equation for slow (unstable) degrees of freedom was recognized by
Hermann Haken in the realm of synergetics, which is a theory of self-organization. This
fundamental discovery leads to many fascinating applications in natural and, partially,

also in social sciences.

After this excursion we return to working out the non-relativistic limit of the Dirac equation.

Substituting (10.268)) into (10.265)) leads to a Schrodinger equation for the Weyl spinor & (x,1):

2 2 2

.0 = h - h - R
Zhagp(x, t) = —Wakakalﬁlfjg(x, t) = —m |:O'k,0'l}+ alang(X, t) = —WAfD(X, t) (10269)

with applying the Clifford algebra of the Pauli matrices . In the exercises we work out
the non-relativistic limit of the Dirac equation in the presence of a minimal coupling to the
electromagnetic field in a more systematic way by performing the so-called Foldy-Wouthuysen
transformation. This leads then not to the Schrodinger equation but to the Pauli
equation for the Weyl spinor é p(x,t) containing automatically the correct Landé factor g5 = 2
for a point-like massive spin 1/2 particle. Note that both the proton and the neutron are also
massive spin 1/2 particles but measurements show that their respective Landé factors 2.79 and
- 1.91 deviate significantly from 2.0 which indicates that they are not point-like but composite
particles. Indeed, according to the standard model of elementary particle physics, each of these
nucleons consists of three quarks, which are point-like massive spin 1/2 particles according to

the present day knowledge.
Let us consider now the non-relativistic limit of the Dirac action (10.93]), (10.97)) in the Dirac

representation

A= A /d4x () (iv50, — m) vp(z) . (10.270)

C

As a first preparatory step we separate explicitly the respective temporal and spatial contribu-

tions:
A, [= 010 — —
A= z/d x[u/zD(x t)yDEaz/JD(x, t) + i (x, )y pVibp(x,t) — mip(x, t)p(x, t)] .(10.271)

Then we take into account how the Dirac spinor decomposes into the Weyl spinors according

to ([10.262)) and the corresponding expression for the Dirac adjoint Dirac spinor following from

(10.103) and (10.242):

Tpx1) = (. 007 = (£ (x, DM/, —ifh (x, )V (10.272)
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Using in addition (10.88)), (10.242)), and ((10.243|) as well as ((10.262)) and ((10.272]), the Dirac
action (|10.270f) reduces to
bh(x.t) — T Mp(x,t) T]

A fufed!
2Mec +

+i [ég(x,t)UVﬁD(x,t)+ﬁg(x,t)ang(x,t)}+ - ﬁD(x,t)ﬁD(x,t)}.(wQ?S)

8’§D (X, t) ~t 877D (X, t)

If one now expresses the Weyl spinor 7p according to (10.268]) by the Weyl spinor é p and takes
into account the calculation rule ((10.7)), then (10.273)) goes over in the non-relativistic limes

¢ — oo Into

A= A/dt/d3 [ € (x t)agg;,t) 2;’4 € (x, 1) Alp(x, t)] : (10.274)

Fixing the yet undetermined parameter A according to
a=ch, (10.275)

then (10.274) reduces to the Schrodinger action for the Weyl spinor £p:

3 8§D(x t) h2 ~. ~
A= /dt/d [zth )=+ o gg(x,t)AgD(x,t)] : (10.276)

Furthermore, according to (10.88) and ({10.275)), we then conclude that the Dirac Lagrange
density in the Weyl representation ({10.94]) reads

L = (z) (they" 0, — Mc?) (). (10.277)

And finally, inserting ({10.262)) and (10.268)) into the conserved charge ((10.203]), we read off in
the non-relativistic limit ¢ — oo that the yet undetermined parameter K has to be identified

with
K=1, (10.278)

so that we obtain in the Dirac representation the conserved quantity expected for a Schrodinger

theory:
Q= / Pz (%, 1)Ep(x, 1) . (10.279)
Thus, we conclude that the conserved charge (10.203)) of the Dirac theory reads

Q= / dBrt(x, t)(x,t). (10.280)
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10.14 Plane Waves

We now determine the fundamental solutions of the Dirac equation in the Weyl representation

(10.98]), which reads by taking into account ((10.88)):

<z’fy“(9u — %) Y(z) =0. (10.281)
One solution method relies on performing a plane wave ansatz for the Dirac spinor (), which
converts the differential equation ((10.281)) into an algebraic equation for the corresponding
spinor amplitudes. The latter would then have to be solved on the basis of the concrete form of
the Dirac matrices in the Weyl representation. In this section, however, we work out a different
solution method, which is group theoretically inspired. To this end we determine at first the
trivial plane wave solutions in the rest frame of the massive spin 1/2 particle and then we boost

them to a uniformly moving reference frame.

10.14.1 Rest Frame

In the rest frame of the massive spin 1/2 particle, the Dirac spinor can only depend on time ¢:

Ur(z) = (1) (10.282)
Inserting ((10.282)) in (10.281]) leads to
0 Mc?
0 t)=0. 10.2
(wat h)w) 0 (10.283)

Multiplying (10.283)) with the operator (—iy°0/dt — Mc?*/h) and taking into account (7°)? =7
due to ([10.95)) then yields

(—WO% B ]\4;2) (WO% _ ]\/202) Y(t) = [g_; + (MTCZ) 2] P(t) =0. (10.284)

Thus, we obtain the two solutions

Y(t) = et (10.285)
where the spinor amplitude ¢ satisfies due to (10.283]) and (10.285)) the algebraic equation
(£ =T)v=0. (10.286)

Taking into account the explicit form of the Dirac matrix 7° in the Weyl representation ((10.95]),
then (10.286)) reduces to

. [fo 1 I o
oo - [(95)-(59)
. [ o -1 I 0
o0 - (5 5)-(59)

-
¢=<_I _I>¢=0. (10.288)

¢:(_I [>¢=0, (10.287)

-1 -1
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Assuming that x(+1/2) and x(—1/2) are two orthonormal bi-spinors, i.e.

XTOOX(N) = b, (10.289)
the two solutions of are given by
1 _ L x(1/2) @) _ L x(=1/2)
R ( we ) T e ) R

Then we construct bi-spinors x¢(£1/2), which are charge conjugated with respect to x(£1/2),

by defining analogous to (10.174]) and (|10.184)

3 (N Y G (10.291)
X 5 )~ cX 5 ) .
They turn out to be orthonormal as well due to (10.191]), (10.289)), and (({10.291)):
(6] (6] C C * T
XTOXN) = (T Y))” = (X (V) efex* (X))

With this we obtain also the two solutions of ([10.288]) according to

n_ 1 [ x(1/2) n_ 1 [ x(=1/2)
W® = NG ( e ) : W@ = % < CE(1/2) ) , (10.293)

We note that 1® and ® just represent the charge conjugated Dirac spinors of 1! and 1.

T

= x'V)x(\) = . (10.292)

Namely the Dirac adjoint Dirac spinors
P = a0 (10.294)

read explicitly with (10.290))

e E) (7 8) () (1) o

so the charge conjugation yields due to ((10.174)), (10.184)), (10.291)), (10.293) and ((10.295])
— O 1 *(£1/2 1 *(41/2
o T A L EY2) L et (Y2 ) s (40.006)
O —c ) V2 \ x*(£1/2) V2 \ —ex*(£1/2)
The finding ({10.296]) justifies a posteriori to define the charge conjugation of bi-spinors according
to (10.291)).

10.14.2 Boost to Uniformly Moving Reference Frame

Now we boost the fundamental solutions ((10.285]), (10.290)), and (10.293)) of the Dirac equation

in the rest frame to a uniformly moving reference frame:

(1) =it/ — ¢;()1’2) (z) = %)1,2) e~/ (10.297)

PO HMEYR B (7) = B tine/h (10.298)
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where the momentum four-vector is transferred from the rest frame (10.27) to the uniformly
moving reference frame ((10.28]). Despite of such a boost transformation a scalar product remains
invariant, so the time-like component of the boosted momentum four-vector (6.16) is fixed by

its spatial components according to
Pepru=1"'pn — M:=0"Y-p° = E,=pc=p>@+ M2t (10.299)

Note that this represents precisely the relativistic energy-momentum dispersion relation (6.13]).
Furthermore, the corresponding spinor amplitudes wg”’ for v = 1,2, 3,4 in the uniformly moving

reference frame emerge from boosting the spinor amplitudes 1®) in the rest frame:

YW = D(B)yp™) . (10.300)

Here the boost representation in the space of the Dirac spinors from ((10.13)), (10.14]), (10.47)),

(110.48)), and ((10.102f) reads in the Weyl representation:

DU/20)(B) O 082 VEZ O
D(B) = ( 0 DO (B) ) = ( O Lon) ) = ( 0 \/E> . (10.301)

Mc

Note that the spinor representations for boosts ({10.47)) and (10.48)) represent here efficient short-
cut notations for the more involved concrete expressions ((10.40) and (10.44). Thus, applying

(10.301)) to both (10.290) and (T0.293) yields

o j:l)
0 _ prpen L[ Vaex (& , 10.302
s = =G5 (g ) e

1 T XC(+3
P9 = D(B)yE = NG ( B \/AiZXXc( izf) > , (10.303)
2

With the side calculation following from (6.21]) and (({10.81])

~ ~ v 1 ~ v v~ v
(po)(po) = puot'p,c” = §pup,,(a“a +0"6") = pup,g"’l = p?l = (Mc)zl (10.304)

we see then explicitly that we have thus constructed solutions of the Dirac equation ({10.281)).

At first we conclude from (/10.297))

. Mc
(w“aﬂ - 7) D (z) =0 — (Ypp — Mc) - = 0. (10.305)

From ([10.95)), (10.302)), and ({10.304) follows then indeed:

(0 pa)i( %X(i%)>:%<% 2 (+
i 0 ) V3 \/%x&é) V2 VN

Mc

VIV D (Mer 0 ) 1 VEEX(ED) (10.506)
/j;\o;c /zztjfwcpg Xi% O Mcl 2 @/ﬂ—gcx(:lz%)




10.14. PLANE WAVES 191

In a similar way we read off from ({10.298))

M
(W@M - Tc) PG (z) = 0 — (Ypu + Mc)p§® = 0. (10.307)

And from ({10.95)), (10.303)), and ((10.304]) we get then indeed:
O po ) 1 (VX)) Me [/ &) (10308
w0 )i\ ~rveh )TV vEvE e

Mc — ffc\/ p;rwcpg x<( %) (Mc] O )L( %Xc<i%) )
i /pa /Izaﬁz;gx %) O Mcl — %)

We note that sz’) and w#) just represent the charge-conjugate of the Dirac spinors wS’ and

zpﬁf). At first, we determine the Dirac adjoint Dirac spinors

-2 azto_ L[ L po i1 o 0 I
¢p wp v \/5 (X (:l:Q Mc’X j:2 Me I O
1 1 po 1 po
_ oA oy o i (1) [po
7 (X (iQ) e X <j:2) Mc) : (10.309)

In addition, we summarize ((10.187)), ({10.188)) and conclude from ((10.191))

ctote = (6T — c(e") et =6+, c(@) et = ot (10.310)

The latter two relations can be generalized to any function of Pauli matrices f(c*) or f(6"),

which has a Taylor series:

cf(e" et = f(6"), cf(e") et = f(o™). (10.311)

The charge conjugation of the Dirac spinors Q,DS) and %()2) then leads to due to (I10.174I), d10.184|),
(10.289)), ([10.309), and (10.311]):

y? CE(m)T: ( c O >i L2+ (£1) I e L2 eyt (£1)
O —c)V2\ yE v@&)) | V2 o/ e ex(#)
P e(4 ]
_ b et £i21) ey (10.312)
V2 —A/ me X (iﬁ)

The spinor amplitudes (10.302]) and ([10.303)) can now be written as
o (=D
1 V5T X ( 2 )
) — . _
wp = 5 \/E ((_1)1/4,-1) ] V= 172, (10313)
Mc X 2
red c _1\v+1
()
G _1\v+1 )
2 (S

v=34. (10.314)

Sl
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10.14.3 Orthonormality Relations

After having obtained the plane wave solutions, we embark now upon determining their respec-

tive orthonormality relations. To this end we start with mentioning the adjoint of the spinor

amplitudes (10.313)):

L (DTN fpo L (DTN Jpe
7 <X ( 3 e X 5 el V= 1,2, (10.315)
pot = % <Xc+ ((—12)”“) B et ((—12>”+1) ]?\’fc> . v =3,4. (10.316)

Furthermore, we remark that the spinor amplitudes ¢’ for v = 1,2 and w(_yr), for v = 3,4

<

MO
>
1

satisfy the following orthonormality relations:

1. case: v=1,2;1 =1,2:

, 1 u+1 Do u-l—l \/p7 \/_ 1)” +1
W)t — 2
vy Up 2( ( > o X ( > = 1)”1 (10.317)
o (_1)1/+1 pa—i—pa ( 1)u’+1 E u+1 Ep ’
X < 2 Me y ) = aa X = o

2. case: v =3,4; 1V =34

. 1 v+1 pa. 1/+1 po p_ch((_l)V/+1)
Pyt — e XA ) (10.318)
Mec Mec (=1 )
E

pbo c
ﬁcX( 2
-1 v+1 -1 v/ 41 E -1 v+1 -1 V41
(G0 e (D (GO (0 By
2 2Mec 2 T M 2 2 Mc?

3. case: v=1,2 ;1 =3,4

v v ~ po ( 1 U+1
PO 1 (XT ((—1) “) N ((—1) “) PG ) 17 X<
— 9 i 1/+1
2 2 Mec 2 Me /]}\ZCX (L)

- () (R ) (557) o o

4. casev=3,4;0 =1,2:

v s v g (71)V/'*'1
Pt = L[ e (="' [ps e DN o\ [ Ve x5 )
P TP 2 2 Mc’ 2 Me EX((—U”“)

)
1. (—1)u+1 (p&)(po) (po)(po) (_1>y’+1
§XT( ) )(\/ (Mc)2 _\/ (Mc)g )X( 5

3

3

=0. (10.320)

N———
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The orthonormality relations (|10.317D—(|10.320|) can be summarized as follows

P ) = M P S s (10.321)
where have introduced the abbreviation
1; =12
=4 T VTS (10.322)
-1; v=3,4

With this, we can check whether the fundamental solutions
Y (x,t) = e e (Eptmpx) (10.323)

fulfill orthonormality relations. Taking into account (10.299)) and ((10.321]) we obtain from
(110.323)

/ dPr P (x, )l (x, 1) = 0Tl eiCo Bor e Bolt (971352, p — 2,0p) (10.324)
= @) U, eF e Pt ey p) = BT 5 gy (10329
If we now replace (10.323|) with
P (x,t) = orh M) W) e rev(Bpt=px) (10.326)
then the fundamental solutions of the Dirac equation satisfy the orthonormality relations
/ g (x, 068 (3, 1) = b0 6(p — P') (10.327)

10.14.4 Dirac Representation

For the sake of completeness, we finally determine the fundamental solutions ((10.327)) in the
Dirac representation. To this end we have to calculate at first the spinor amplitudes ([10.290))

and ([10.293)) in the rest system in the Dirac representation:
+1
) X)) (10.328)
+3) 0

12 _ ap_ L[ L L)1 X
o s ()5

34 _ Go_ L (T TY L[ x(+3) ) _ 0
D SD@Z) \/§ ( I I ) \/§ ( _Xc(j:%) ) ( _Xc(j:%) ) : (10'329)

By boosting from the rest frame into the uniformly moving reference frame we then get

wl»—t wl»—t

e PO Do 1
S0 _ gt L( I f)i( %x(i%))_; (VB + /) reh
- - p gy | ~
VENST D)V EED )2\ (i vE ) b

po+Mc p&+Mec 1 ERRYE
1 (x/?Mc(p°+Mc>+\/2Mc<p0+Mc>> =)o) S X(£3) 10.330
= — o+Mc g+Mc 1 o O pc X(:l:l) ( . )

. y x(£3) V/2Mc2(Ep+Mc2) 2

n \/2mc(p0+Mc) \/2Mc(p0+Mc)
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and, correspondingly,

g . c po Do c 1
,¢(374) =9 77/1(3’4) o 1 1 I 1 ]@[_CX (i%) . 1 ( Mc Mc) X (iQ)
SR N i A IO R — 9 -

po+Mc . p6+Mc c 1 —O pc c 1
- 1 <\/2Mc(p0+Mc) \/2Mc(p0+Mc)) X (i2) _ \/2M02(Ep+Mc2)X (:|:2)

- ] =
po+Mc o po+Mc > Xc(i%> _ [ EptM Y (:E%)

- 2
\/2Mc(p0+Mc) \/2Mc(p0+Mc) 2M

(10.331)

Note that the results (10.330]) and ((10.331)) are obtained in the exercises in a different way by

invoking a Foldy-Wouthuysen transformation. Furthermore, we recognize in the non-relativistic

limes ¢ — oo that the lower or upper components of the Dirac spinor are small at wr()ll’;) or ¢;()3b4)

in ((10.330) or (10.331]), respectively.

10.15 Helicity Spinors

In the considerations of the previous section, the two orthonormal bi-spinors x(+1/2) and
X(—1/2) have not yet been specified. It is now time to catch up with this deficiency and to
make a particular choice for those orthonormal bi-spinors. In the following we introduce even

two possible choices, which depend on the quantization axis for the spin 1/2.

10.15.1 Rest Frame

At first, we consider spin 1/2 particles in the rest frame, where the spin is quantized with

respect to the z-axis. In this case we define the orthonormal bi-spinors according to

() ()

as they represent the orthonormal eigenvectors of the generator D(L3) = 03/2 for a rotation

Loy (e2) 2oty (4l (10.333)
27 X\F2) T X T2 '

around the z-axis:

From ((10.190)), (10.291)), and ({10.332)) we then get the explicit form of the charge conjugated

bi-spinors:
Xc<+%) _ (?—01><(1)>:((1)> (10.334)
G- (0)(0) e
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Accordingly, the charge conjugated bi-spinors satisfy the eigenvalue problem

Looye (21) 2 52 ye (11 (10.336)
27 X \Fg) Ty X \Fg ) '

A comparison of ((10.333)) with ((10.336]) shows that the eigenvalues of x(£1/2) and x°(£+1/2)

are just exchanged.

The Dirac spinors ((10.290|) and (10.293]) formed with the bi-spinors x(£1/2) and x°(£+1/2) in

the rest system of the particle turn out to represent eigenvectors of the generator D(L3) of the

rotation about the z-axis:

(_1)1/+1

—1)Y
: vy =1,2, D(Ls)y™) _ =1 YWy =3,4.(10.337)

D(La)p" =

Namely, taking into account (10.122)), the following holds:

3000 1 x(£3) ) _ 1 o8 x(x1)\ 11 X(£1)
( 0 %"3) V2 <X<i%)> V2 (%03x(i%)> ~ R ()di%)) o (10338)
%03 0 i X6<j:%) _ i %O_S Xc(i%) _ li Xc(ﬂ:%)
( 0 %Ug)) V2 (‘Xc(ﬂ:%)> 2 <—%03 Xc(i%)) 3 9 <_Xc(i%)> .(10.339)

10.15.2 Helicity Operator

In the following we embark on considering spin 1/2 particles, whose spin is quantized with
respect to the direction of the respective particle momentum p. To this end we construct
the corresponding helicity spinors analogous to Section [9.10] where the polarisation vectors of

circularly polarised plane waves were determined in the realm of electrodynamics.

To this end we determine at first the helicity operator (6.188)) in the space of bi-spinors, where
the spin vector is given by D(L) = o/2 due to ((10.122)):

hp) - 2R 7P

(10.340)
Taking into account the explicit form of the Pauli matrices (10.8)) this yields

1 01 0 —2 1 0 1 D Do — 1Py
hip) = — < p. + + . = 10.341
() Qp{p <1 0) py(z’ 0) P (O —1>} 2p (pxﬂ'py D ( )

Now we define the helicity spinors x;(p, £1/2) as eigenvectors of the helicity operator (10.340))
with the eigenvalues +1/2:

1 1 1
h(p) xn (p,i§) =+5 Xn (p,i§> . (10.342)
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From ((10.332)) and (10.340) follows then that the bi-spinors x(£1/2) are eigenvectors of the
helicity operator h(pe,) to the eigenvalue +1/2:

h(pe.)x <+%) = % ( (1) _01 ) ( (1) ) = %x (%) : (10.343)
wen(3) =35 5 ) (1) --3x(5) (10341

Thus, due to (10.342)), we then conclude

Xh (pez,i%) = (ﬂ:%) : (10.345)

10.15.3 Uniformly Moving Rest Frame

Now we consider a uniformly moving rest frame, where the spin is quantized with respect to the
momentum vector, where p is described with the help of spherical coordinates p, ¢ € [0,27),6 €
[0, 7):

sin 6 cos ¢
p=p| sinfsin¢ ) (10.346)

cos

Then we know that the rotation matrix ((9.129)) determined in (9.132)) yields ({10.346|) analogous
to (9.133)):

R(0,¢)pe. =p. (10.347)

Therefore, we determine the rotation matrix D(R(f, ¢) in the space of bi-spinors, where first
the rotation D(R,(#)) and then the rotation D(R.(¢)) is performed:

D(R(0,¢)) = D(R.(¢)) D(Ry(0)). (10.348)

The individual rotation matrices follow from (10.8)), (10.10)), (10.11)), and (10.21]):

D(R.(¢)) = e PLIS — ¢=30° — cog (%) I —isin (%) o?

— cos (g) ( (1) (1) ) —isin (g) ( é _01 ) = ( 6;¢/2 eigﬁ ) . (10.349)
)

D(R,(0)) = e P2l = e 27%0 = cos (g) I —isin (g
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Thus, the resulting rotation matrix ([10.348)) is given by:

D<R<e,¢>>:<“s<) o —sin(5) e “’”2>. (10.351)

sm(2) i$/2 cos() i$/2

Now we map the bi-spinors y(41/2), which describe a quantization of the spin 1/2 with respect
to the z-axis, with the rotation matrix D(R(6,¢) and obtain the helicity bi-spinors, which

describe a spin quantization with respect to the direction of the momentum p:

Xn (p,:l:%) = D(R(6,9)) x (:|:§> . (10.352)

With the explicit form of the dual spinors (10.332)) and the rotation matrix (10.351)), the helicity

dual spinors are then:

1 cos (4) e7i¢/2 1 —sin (4) e~/
A= | = 2/ 7 , == | = 2 . (10.353
Xh (p 2) < sin (g) €Z¢/2 Xn\ P 9 COS( ) i$/2 ( )
In special case p = pe,, i.e. 8 = ¢ = 0, the result (10.353) reduces to (10.332]) according to
(10.345)). Furthermore, the charge conjugation of the helicity spinors x;(p, £1/2) leads to:

1 1 0 -1 cos (%) €'/2 —sin (&) e~/
¢ ,—i—— = C * ,—|—— — = 2 . R 10354
(o) o) (0 3) () () o
. 1 i 1 0 9) e/ —cos (&) e7/?
Xh (p7 __) = CXpn <p7 __) = 9(2) —ip/2 = . (29) i$/2 (10355)
2 2 1 0 cos (%) e —sin (%) e
In case p =pe.,ie. 0 =¢ =0, (10.354) and ((10.355) reduce to (10.332)):
1 1
X7, (pez, :|:§> =X (j:§> : (10.356)

Furthermore, we remark that the mapping of the charge conjugated bi-spinors ({10.334]) with the
rotation matrix ((10.351)) leads to the charge conjugated helicity spinors ({10.354] m and m

e (p,:l:%) — D(R(0,6))x° <i§> . (10.357)

As a crosscheck we also verify that the constructed helicity spinors y,(p, +1/2) are, indeed,
eigenvectors of the helicity operator h(p) from ((10.341f) with the eigenvalue j:%:

1 cosf sinfe cos (4) emi¢/2
h o) o= = | 2
) (p 2) < sinfe® —cosh ) ( sin (2) /2
Q l¢/2 1 1
cos 2
10.358
< Sln g 1¢/2 ) 2 Xh (p7+2) ) ( )
cosf sinfe — sm e~ i9/2
sinfe® —cosé cos Z¢/ 2

sin ( e i0/2 .
COS z¢/2 - _2X <p7 2) . ( 0359)

DN —

DO | —

=
=)
N~—
=

>
N
i

|
DN | —
N——
I
DN | —

DO | —
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Furthermore, we show that the constructed charge conjugated helicity spinors x§(p,+1/2) are

eigenvectors of the helicity operator h(p) with the eigenvalue F1/2:
h(p)xS < +1> 1 cosf)  sinfe —sin (&) e~/

1 in (2) o—i9/2 1 1
_ sin (§) e ) — oy (p,-i——) : (10.360)

—cos (%) €'/?
h( ) c ( 1> _ 1 cos sin fe ¢ — COS (g) e_i¢/2
Pro\Pma) ~ sinfe’®  —cosf —sin (%) e'?/?

1{ - %) emie/2 1 1
_ cos (3) e >: X8 (p,__). (10.361)

2\ —sin (4) etior?

DO |

N |

Now we come back to the Dirac spinors and in the uniformly moving reference
frame, where x(£1/2) and x°(£1/2) denoted two sets of orthonormal bi-spinors, which are
charge conjugated with respect to each other. Whereas we have discussed in the two previous
subsections the case of choosing the z-axis as the quantization axis, we come now to another
appropriate physical choice to identify x(+1/2) and x¢(£1/2). Namely we assume that the spin
is quantized with respect to the direction of motion p/p, which amounts to identifying x(41/2)
and x°(£1/2) with the helicity spinors x(p, £1/2) and x5 (p, £1/2), respectively, yielding

1 o Xh (p7 :i:l)
1,2) __ Mc 2
pd = 7 ( = , (10.362)

\/% xn (P, £3)

sy 1 ( VITXG (P %3) )
ERNG —\/%xi (p.£3) )

In order to justify this choice we define the helicity operator in the space of Dirac spinors due

to (6.189) and (10.122):

_DL)p 1 (ep O\ _ (hp O
H(p) = == = 2p< 0 op ) = ( o hio) ) . (10.364)

According to ((10.37)), (10.46)), and ((10.340)) as well as the Lie algebra of the Pauli matrices ({10.5]),

the helicity operator h(p) in the space of bi-spinors commutates with the boost representation

(10.363)

in the space of bi-spinors:

{\/L:"C, h(p)} E NL:"C h(p)} 0. (10.365)

Therefore, the Dirac spinors ((10.362)) and ((10.363)) are eigenstates of the helicity operator
Hp)wy =n, p (10.366)

with the eigenvalues

v=34. (10.367)
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In detail, due to ((10.285)), (10.286), (10.341)), (10.364)), and ((10.365)) the following applies for
v=1,2

Hip)y) = hp) O\ 1 (ViExweE))  + 17 Xn(p, £3) _ilyw
b Feoan£3) ) 2v2 \\/ 5 (e, £3 27"

and, correspondingly, we have for v = 3,4

v _ (h(p) 0 )L < \/%xfxp,i%)) ;_1( VI i (p.£2) ) e

H > - a
(P)vs O h(p)) V2 \ /4% xi(p, £ 2V2 \—y/ ffe Xi(p £

Thus, in conclusion, we have determined in a group theoretically inspired approach the plane
wave solutions of the Dirac equation ({10.326f), where the corresponding Dirac spinor amplitudes

are given by (10.362) and (10.363]). This result will turn out to be indispensable for the
subsequent canonical field quantization of the Dirac theory.

10.16 Canonical Field Quantisation

In order to determine the Hamiltonian formulation of classical field theory from the Lagrangian
formulation, one has to find at first the momentum fields, which are canonically conjugated to
the independent field degrees of freedom. In case of the Dirac field, the canonically conjugated
momentum fields are obtained for the Dirac spinor v (x,t) and the Dirac adjoint Dirac spinor

) (x,t), respectively:

m(x,t) = oA 9L = imp(x, 1)y = impT(x,1), (10.368)
5 ( awx,t)) 9 ( aw(x,t))
ot ot
) L —'y (10.369)

Note that the last equality in (10.368) follows from taking into account ([10.103)). Thus, in the
Hamiltonian formulation of the Dirac theory, one can consider ¥ (x,t) and 7(x,t) or, equiva-
lently, ¥(x,t) and 9(x,t) as the independent fields.

And, according to the Noether theorem applied to the Dirac field, any conserved physical
quantity of the Dirac theory turns out to be bilinear in these independent fields. Namely,
due to the sandwich principle, each conserved quantity follows from a spatial integral over
the respective first-quantized operator, which is multiplied with (x,t) from the left and
Y (x,t) from the right. Indeed, the charge of the Dirac field is given by and analogous
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expressions also hold for the energy, the momentum, and the helicity of the Dirac field:

E = / dBryt(x,t) Hp(x)y(x, 1), (10.370)

P = /d3xw(x,t)§v¢(x,t), (10.371)
B 32 it (x /2 O LV /i N

ho— /d Wl ,t)( ! 0/2>|W/Z,|¢( ). (10.372)

Note that the Dirac Hamiltonian Hp(x) was already defined in (10.250) and reduces due to
(110.88]) to

Hp(x) = —icha'V + M. (10.373)

Furthermore, we have used in ((10.372) that the helicity (6.188]) stems from the generators of
the rotations (|10.122) in the space of Dirac spinors.

In a canonical quantization of the Dirac field the independent fields ¢ (x, t) and 7(x, t) or ¥ (x, t)
and 7 (x,t) of the Hamilton field theory become field operators 9(x,t) and #(x, ) or t(x,t)
and LET(X, t). Since a bosonic quantisation of the Dirac field turns out to violate microcausality
and, thus, leads inevitably to contradictions, one has to perform a fermionic quantisation.

Therefore, the following equal-time anti-commutator algebra is required
[Q@a(x, £), Vs (x, t)} — [fa(x, 1), 75(x, 1)], = 0, [i)a(x, t),frg(x',t)] = ih6,50(x — x')(10.374)
+ +

where «, 8 denote the spinorial components. Due to the definition of the momentum field in

(10.368)) the anti-commutator algebra (10.374)) reduces to
[l ), 5 1)|| = (B0 0,050 =0, [dalx, ). BH )| | = 8apdlox - X)(10.375)

Thus, the conserved quantities of the first quantized Dirac theory, i.e. the charge ((10.280)), the
energy (10.370[), the momentum (|10.371)), and the helicity (10.372]), become second quantized

operators due to the canonical field quantisation:

Q = / Prt(x,0))(x,1), (10.376)
H = / Pt (x, 1) Hp(x)(x, 1), (10.377)
P = /d%zﬁ*(x,t) ?Vg@(x,t}, (10.378)
s 5 - o/2 O rV [i -

h = /dwf(x,t)( 5 a/2> i (x,t). (10.379)

In order to determine the Heisenberg equations of motion (3.62)), one needs to take into account
both the first and the second quantized Hamilton operator (10.373) and ((10.378)) as well as to
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apply the calculation rule (3.94). With this the Heisenberg equations of motion of the field
operators Z/A}(X, t) and W(X, t) result in

(9@/)((;; L [@E(X, t), H} = Hp(x)i(x,t) = (—ichaV + Mc*B) i(x, 1), (10.380)
i 21001 éf g [t 0. 1] =~ {Hp(d(x.0)} = (~ichaV — M8) i (x,1) . (10.381)

Thus, the field operators &(x, t) and Q&T(X, t) satisfy the Dirac equation ((10.249)) and the adjoint

Dirac equation, respectively.

10.17 Decomposition Into Plane Waves

The field operator zﬂ(x,t) is now decomposed with respect to the fundamental plane wave
solutions wr(,'/) (x,t) of the Dirac equation defined in (10.326]). The expansion coefficients in this

decomposition are then operators of second quantisation:
U(x,t) = 24: / Epy(x, t)al) . (10.382)
v=1
Correspondingly, one obtains for the adjoint field operator:
Of(x,1) = i / Epy i (x, t)alt . (10.383)
v=1

With the help of the orthonormality relation (10.327)) of the fundamental plane wave solutions,

the expansions ((10.382)) and ((10.383)) can be inverted, yielding:

/d?’xwl(o””(x,t)zﬁ(x, t) = dg’), (10.384)
/ Prt(x, )y (x,t) = alrt. (10.385)

From the equal-time anti-commutator algebra (10.375) of the field operator zﬂ(x, t) and its
adjoint @/A)T(X, t), a corresponding anti-commutator algebra can then be determined for the ex-

: : ~(v) ~ ()1,
pansion coefficients ap’ and ap '

4

/d3 /d3’ 3 e )l (!, )[&a(x,t),qﬁa,(x',t)hzo, (10.386)

a,a’=1
:a”T A‘”’” /d3 /d3 ’ézl VO x, (1) [W (x,1), &L,(x’,t)L — 0, (10.387)
), o) TL /d3 /d3’ i P (x, ), (% 1) [z;a(x,t),@,(x',t)h

a,a’=1

= [ @ 3w ou it = [ v ou) ) = sudp-p). (10.359)
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Note that in (|10.388]) the orthonormality relation (10.327)) is applied. As the operators &g'),

dg’ﬁ fulfill according to (|10.386I)7(I10.388|) the canonical anti-commutator algebra, they are

interpreted for the time being as annihilation and creation operators of fermionic particles.

10.18 Second Quantizied Operators

Inserting ((10.382)) and ((10.383]) into ((10.376)) and taking into account the orthonormality rela-

tion (|10.327)) the charge operator Q in second quantisation can be expressed in terms of the

creation and annihilation operators a" and a\:

o - 22/d3 [#vaprad) [auione

v=11v'=1

= ZZ/d3 /d3 "aal)s,,0(p — p') Z/dspa(l’)T v) . (10.389)

v=11'=1

Since the particle number operator ag, ar é) is positive definite, also the charge operator Q is

positive definite due to (10.389). Thus, it looks like as if the fermionic particles seem to have

only a positive charge.

Accordingly, inserting ((10.382)) and ((10.383)) into ([10.377)) one obtains for the Hamilton operator

H of second quantisation at first

4

H= ZZ/d?’ /d3 /d?’mp(”ﬁ(x 1) Hp(x)yl (x,t) . (10.390)

v=1v'=1

Here we can take into account that the plane waves @Z)gf/)(x, t) from (|10.326|) are eigenfunctions
of the Dirac Hamiltonian operator of the first quantisation ((10.373|) as they were determined

in Section [10.14] to solve the Dirac equation ((10.281)):

Hp(x)yl (x,t) = zhgzb V(x,t) = e Byl (x,1). (10.391)

With the help of the orthonormality relation ((10.327)) the Hamilton operator of second quanti-
sation ({10.390)) then results in

H = ZZ/CP /d?’p’s/E aWta /d%zp ", )yl (x, 1)

v=1v/'=1
4
— Z/dSpEVE altaly / (ZE alTal) = " Bpaltal ) , (10.392)
v=3

where we have used the abbreviation (10.322)) in the last step. Thus, the fermionic particles
with v = 1,2 appear to have positive energies Fp, while those with v = 3,4 seem to have

correspondingly negative energies —Fj,.
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Subsequently, we insert (10.382]) and (|10.383)) into ((10.378)), so the momentum operator P of

second quantisation results at first in

4
» ~(V)T ~ v v h 14

Here we use the fact that the plane waves wgfl)(x, t) from (10.326)) are eigenfunctions of the

momentum operator of first quantisation:
h v !
;V 1/11(), J(x,t) = 5l,/p’1p£,, '(x,1). (10.394)

Thus, with the orthonormality relation (10.327)) the momentum operator of second quantisation

(110.379) reduces to
IR O g Ly R e

v=1v'=1
4

- Z / Fpe,palial / (me o — Zpagyﬁagp). (10.395)

v=3

We conclude that the fermionic particles with v = 1,2 seem to have the momentum p and,

correspondingly, those with v = 3,4 the momentum —p.

In a similar way we also proceed for the helicity operator (10.379)), where we insert ((10.382)

and (10.383)), yielding

3 3, 1 () 3 v a/2 O hV /i ")
ZZ/CZ /dpa ur /dm¢ 1 (x, t)( 5 0_/2> |hv/i|¢p, (x,t).(10.396)

v=1 =1

Applying the eigenvalue problem (10.394]) and the first quantized helicity operator ((10.364)) this
reduces to

4
h= &Cp [ &y alta)e, | dryp@(x 1) Hp' )Wl (x,1). (10.397)
;Z [ev ] e [ dnuix e HEel o

Here we use the fact that the plane waves 1/11()17/)(x, t) from (10.326) are eigenfunctions of the

helicity operator of first quantisation according to ({10.366]):

Hp) o (x, 1) = no o) (x,1). (10.398)

Thus, with this and the orthonormality relation ((10.327)) the helicity operator of second quan-
tisation ((10.397)) reads

h = ZZ/CF’ /d3p'a ay, gy/nyl/di”m/) T, t)el) (x, t) (10.399)

v=1 =1
2

3 3 (=D ~ (-1
:Z/dpsum Tal /d > g alTaly +Z atal) | .

v=1 v=3
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Figure 10.2: Schematic sketch of the Dirac sea, which models the physical vacuum as an infinite

sea of particles with negative energy.

Note that we have used in the last step the abbreviations (10.322) and (10.367)). The result
(110.399)) means that the fermionic particles with v = 1,3 (v = 2,4) have supposedly the helicity
+1/2 (—1/2).

Finally, we conclude this section by summarizing that, indeed, the second quantized operators
for the charge (10.389)), the energy ({10.392)), the momentum ((10.395|), and the helicity ((10.399)
have turned out to not explicitly depend on time. This reflects that these second quantized

operators correspond to conserved quantities.

10.19 Dirac Sea

Within the framework of the canonical field quantisation, the vacuum state |0),, is usually
defined by the fact that it does not contain any particle. This is guaranteed provided that all

annihilation operators %) annul the vacuum state 10),:

al) [0), =0 forallv,p. (10.400)

On the other, in the second quantized Dirac theory we are confronted with the fact that particles
with both positive and negative energies appear, see Eq. . In order to provide a physical
interpretation for the latter observation, Paul Dirac assumed in 1930 that instead of the vacuum
state |0), a physical vacuum state |0) 5 is realised in nature. It is defined by the condition that

all states with negative energies, i.e. those with v = 3,4, are occupied, forming the so-called

Fermi sea, see Fig. [10.2}
0= T] [Ta¥ 10y - (10.401)

v=3,4 p
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Here, a continuous product is formed with respect to all momenta p. Dirac justifies this
transition from the vacuum state |0),, to the physical vacuum state |0), by the argument that
the Dirac sea is always present and can, therefore, not be measured in any experiment, Thus,
the infinitely large energy or charge of the Dirac sea can be renormalised.

An immediate consequence of the definition of the physical vacuum state |0), in (10.401)) is
that it is annulled by the annihilation operators dg/) for v = 1,2 because of (10.400) and by
the creation operators dg’” for v = 3,4 due to the anti-commutator algebra ((10.387)):

dg)”) 0), =0 forallv=1,2and p; dg”” |0)p, =0 forall v=23,4and p.(10.402)

If one takes into account the anti-commutator algebra ([10.386[)—(10.388) and the property

(10.402|) of the physical vacuum |0) 5, a reinterpretation of the annihilation and creation opera-
tors becomes possible. While dg’) and &;V)T for v = 1, 2 continue to be considered as annihilation
and creation operators of particles, &S’) and &S” for v = 3,4 can now be interpreted inversely
as the creation and annihilation operators of particles. For instance, applying dgj) for v =3,4
to the physical vacuum state (10.401]) annihilates a particle in the Dirac sea of Fig.|10.2] which

corresponds to the creation of a hole.

Consequently, by convention we consider in the Dirac hole theory that the indices v = 1,2
(v = 3,4) describe particles (antiparticles), for instance electrons (positrons) with spin up and

(v) )t

down. The double role of the expansion operators ap’ and aﬁ,” as creation and annihilation

operators, respectively, makes the theory at a first glance confusing. Therefore, it is suggestive
to introduce different symbols in order to discriminate already from the notation between the
operators of particles and antiparticles. For the particles we use from now on the following

definition for the creation operators

al)t = ot adt = p@rt (10.403)
and for the annihilation operators

al) =b), o =, (10.404)
Correspondingly, we introduce for the antiparticles the creation operators

al®) = dt, alt) = 4@ (10.405)
and the annihilation operators

a®t = 4 aWt — 4@ (10.406)

For v = 1,2 this redefinition just corresponds to a simple renaming. But for v = 3,4 the

creation and annihilation operators exchange their roles. Note that the anti-commutator algebra

(10.386)—(10.388) remains invariant due to this redefinition, since creation and annihilation
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operators appear there on equal footing:

2wy 2] _ e 500 _ |30 50 N EXO R (C0) B .

[by,bp, |, = [.dy L_ [dy,czp, L_ [by,dp, } —0, (10.407)
NO L X LT R €% S (70 Nl I 1% U (70}l B X0 V- 0} B

T = | = [y = [0 =0, (10.408)
i) gt [ Gent] 5

[bp B = |l L_aw,(S(p p). (10.409)

The physical vacuum state |0), is now determined by the fact that it is annulled by the

annihilation operators ES), cif,”) of both the particles and the antiparticles:

b0y, = 0, (10.410)
dV o), = 0. (10.411)

The Hamilton operator ([10.392) of the second quantisation has both positive and negative en-

ergy values. Due to the redefinition of second quantized operators ((10.403|)—(10.406)) it changes

into

i = Z / d3pE GHE) — d<">d§;ﬁ) . (10.412)

But, taking into account the anti-commutator algebra (10.409)), the expression (10.412)) for the

Hamilton operator is transformed into:

2 2
H= Z/dspEp (ggﬁg](;) n JE)u)TJE)u)) _ Z/d3p E, 5(0). (10.413)
v=1 v=1

The expectation value of this Hamilton operator with respect to the physical vacuum state |0) ,

reads due to (10.410f) and (j10.411])
p (0| H|0), Z/d?’pE 50 (10.414)

First of all we note that the vacuum energy for the fermions of the Dirac theory turns out to be
negative in contrast to the bosonic cases of the Klein-Gordon theory in and the Maxwell
theory in . This is an immediate consequence of having an underlying anti-commutator
algebra instead of a commutator algebra. But also in the fermionic case the vacuum energy
(10.414) is divergent due to two reasons. On the one hand the respective momentum integral
over the relativistic energy-momentum dispersion is divergent and on the other hand
the factor §(0) is divergent as well. The renormalisation of the Hamilton operator is
performed by simply subtracting this infinitely large expectation value , yielding the

normal-ordered Hamilton operator

“H:=H—p(0|H|0), Z/d3pE ) d@)TcZM) : (10.415)
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This physical Hamilton operator is positive definite as both particles and antiparticles have the
same energy Fp > 0.

Quite correspondingly, the charge operator Q, the momentum operator P, and the helicity
operator from ((10.389)), (10.395)), and ((10.399) change due to the redefinition of second quantized
operators ({10.403)—(10.406|) to

2

Q=3 / &p (133’”13;”) +d§,’/>c2§,””) , (10.416)
v=1

A 2 A ~

P — Z / d?’pp(bg”bg d<VdV>T> (10.417)

ho= Z / d'p—g— (B + d9dT) (10.418)

Applying the anti-commutator algebra ((10.409) yields

2 2
Q = Z/d?’p (Bg’”ég") d TCZ(”) +Z/d3p5 (10.419)
v=1
2

2
P = Z/d3pp(6V B+ d Tdf: Z/d3pp5 (10.420)

V—‘rl

2
- Z / ap T (i - )+Z
v=1

The charge operator Q can be renormalised by subtracting its divergency, which amount to

V+1

/ pd(0). (10.421)

going over to the normal ordered charge operator
:Q:=Q—p(0]Q|0), Z / d*p b(” d(;)fdg)) . (10.422)

In contrast to that a renormalisation of the momentum operator P is not necessary, since
the expectation value of with respect to the physical vacuum state |0), vanishes due
to symmetry reasons in the momentum integral. Thus, the momentum operator is
already normal ordered:

2
P —P=— Z/dspp <[)g/)Tj)§Ju) + dg)ng)) ) (10.423)
v=1

We conclude that particles carry the charge +1 and possess the momentum p, while antiparticles
have the negative charge —1 and also possess the momentum p. And, finally, we recognize that
also a renormalization of the helicity operator h is superfluous as the expectation value of
(10.421)) with respect to the physical vacuum state |0), vanishes due to symmetry reasons in
the discrete sum. Thus, the helicity operator is already normal ordered:

1/+1

Z / iy T g;um;g) _ ggﬁczg)) ‘ (10.424)



208 CHAPTER 10. DIRAC FIELD

This means that particles with v = 1 (v = 2) and antiparticles with v = 2 (v = 1) have a

positive (negative) helicity.

10.20 Propagator as Green Function

Analogous to the Klein-Gordon or the Maxwell propagator, also the Dirac propagator is defined
as the expectation value of the time-ordered product of the field operators ﬁa(x, t) and Eﬂ(x’ 1)

with respect to the physical vacuum |0) p:

Sap(x,t;x',t") = p <0

T <@Za(x, £ 5(x, t’)) ‘ 0>P . (10.425)

We emphasize that the definition (8.123)) of two time-dependent operators fl(t) and B (¢') in

the context of bosonic operators is not valid for fermionic operators, but is given instead by

~

T (A(t) é(t')) —O(t—t)A(t) B(t') — O — t) B(') A(t) (10.426)

with the Heaviside function (8.124)). Note the appearance of the minus in (10.426)), which
reflects the anti-commutativity of fermionic operators. Due to (|10.426f) the Dirac propagator
(110.425)) reads explicitly

Sas(x,t: X, ) = Ot — t')p <0 Vo, ) 5(X, 1))

0>P -0 —t)p <0

Ga(x s ) al(x, t)‘ 0>P (10.427)

At first we derive the equation of motion for the Dirac propagator by performing the time

derivative of ({10.427)) and by taking into account (8.127)):

9 . -
iy Sap(X, 1 X, 1) = ih3(t — 1) p <0 ‘ Do, ), 03¢0 +‘ 0>P (10.428)
+O(t —1)p <0 ihwas(x’,t’) o> —O(t' —t)p <0 @B(x’,t')m—a%gf’ ‘) 0> .

P P

With the definition of the Dirac adjoint Dirac spinor ((10.92)), the equal-time anti-commutator

algebra ((10.375)), the Heisenberg equation of the Dirac spinor (10.380)), and ({10.425|) we then
yield

4

ihgtSag(x, t;x',t') = Z (—ihc oy V + Mc*Bay) Syp(x, 1%, 1) + ih’ygﬁé(t —t)6(x — x) .(10.429)

7=1

Thus, the Dirac propagator is just the Green function of the Dirac equation, which follows

from ([10.88)), (10.249)), and (10.250). Multiplying (10.429)) from the left by 7°/c and taking
into account ((10.251)), (10.252)) the equation of motion of the Dirac propagator can also be

rewritten in a manifestly covariant form:

(ihy"0, — Mc) S(x;a’) = ihd(x — 2'). (10.430)
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10.21 Propagator Calculation

In order to derive a Fourier representation for the Dirac propagator, we must first transfer the
Dirac reinterpretation for the creation and annihilation operators dgﬁ and &ﬁ,”’ to the plane
wave expansions ((10.382)) and ((10.383) of the field operator ¢ (x,t) and its adjoint 9f(x,t). To

this end we introduce the following notation for the plane waves of the particles

ug)(x, t) — @bl()l)(X; t) , ug) (X, t) — wg) (X, t) (10.431)
and, correspondingly, for the antiparticles

v t) =P xt), o (x 1) = Ui (x,1). (10.432)

Taking into account ((10.403))—(10.406)) the expansions ((10.382)), (10.383) then merge into

D(x, t) Z/d?’ u” B —1—1}1()”)()(, t)dg”} : (10.433)
D) = Z / Pp [5)(x 0F + 70 (x, 0] (10.434)
v=1

Now we can insert (10.433) and ({10.434) into (10.427)). As the annihilation operators I;I(C,V),

a?g/) annul the ket vacuum state |0) , according to 10.410[), (]10.41 1I) and, correspondingly, the
Pl

creation operators IS(V)T, annul the bra vacuum state p (0], we get

2

Sap(x, ;%' 1) = Ot —1') ZZ/CP /d?’p'upaxt Tl (1) p (0] BT 0) , (10.435)

v=1v'=1
ot —t) ZZ/d3 /dgpli(y,ﬁ Yol (x,t)p (0] 4% dT |0)
v=1 /=1

Due to the anti-commutator algebra (10.409) this reduces to
2
Sap(x.t;x, ) =3 / d*p [@(t — )l (x, )T (x, 1) — Ot — t)ol) (x, )T (X, t’)].(10.436)
v=1

Inserting the plane waves ((10.326]) into ((10.436|) and considering ((10.431)) as well as (|10.432)

one obtains for the Fourier representation of the Dirac propagator
Mc?
Sep(x, ;X ) = | &@®p 10.437
it = [y (10.437)
% {@(t — 1) BB —) PO/ pu (1)) @ — )¢ HIEp(t—t) PO /1 pgﬁ(p)} ,

where the following polarisation sums for both particles and antiparticles are introduced:

Pis(p) = ZUL‘;‘L”) pra s (10.438)

v v) =V v —(v)
Pls(p) = E ) T = E Y b (10.439)
v=1 v=3
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In order to evaluate these polarisation sums we have to perform several auxiliary calculations.
To this end we start with the Dirac adjoint spinor amplitudes resulting from ((10.316)) with the

help of (10.95|) and ((10.103)):

—( 1 -1 v+1 ~ —1 v+1
¢L):¢§;’)T70:_<XT<( ) ) pU7XT<< ) ) pa) for v =1,2,(10.440)

V2 2 Mec 2 Mec

S0 _ i — L (GO e g (GO po N o 0aat
Yy =y Ty \/§<X< 5 o X 5 e | forv=3,4.(10.441)

We also note that the bi-spinors x(£1/2) are complete:

() 2 0@ (e () vomm

v=1

In fact, for the quantisation of the spin 1/2 with respect to the direction of the momentum p

we obtain according to ((10.353))
0, —ig/2
C?S(g)e | /2 (cos <Q> i/ gin (Q) €—i¢/2)
sin(4)e*i¢/ 2 2
—sin(%)e¢/? ( i (9) A 0\ . 10
+ .y —sin (=) et®? cos (= )e?) = =1.(10.443
( cos(g)e“d’ﬂ 9 2 0 1 ( )

Furthermore, from the completeness of the bi-spinors y(£1/2) in (10.442)) we then conclude
the completeness of the charge-conjugated bi-spinors x¢(+1/2):

S (E0) e (0 - Zx (0 (S0

v=1

—e [ix (%) v (%)] TcT =cldh =cct =1T. (10.444)

v=1
After these preparations, the polarisation sum of the particles is calculated as follows. At first,
we insert ((10.315)) and ((10.440)) in (10.438):

P"(p) = % ( \/% ) ix (%) X! (%W) 0/% @) . (10.445)

Mc v=1

(e}

Due to the completeness relation ((10.442)) this reduces to

1 e po po 1 (pz\?o)g~2 e
P(p) = — M JELJPT ) Ve c . 10.44
() =75 ( N ) ( Me' Mc> 2 s 15 po (10.446)

Mc Me (Mc)?

o

And, finally, using the side calculation ((10.304)) we yield with the Dirac matrices (10.95)) and
the shortcut notation with the Feynman dagger (10.100))
1 O ot I O m+ M + Mec
Pu(p):_ p_,u N o + :pﬂf}/+ C:p '
2| Mc\ 6 O O I 2Mc 2Mc

(10.447)
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The polarisation sum of the antiparticles is calculated along similar lines. Inserting (|10.316)
and ((10.441)) in ((10.439) we get

Pv(P)=%<_\/\/_%>ZX( v+1)xc+( v+1><\/p7\/p7) (10.448)

Mec

which reduces according to the completeness relation (|10.444)

Pv(p)zl ]Z‘Z_Uc _ ﬁ p_O' :1 B (p]\(;[]z; % (10449)
2\ -,/ V Mc’\ Mc 2 ]1\’4_5 _ [ pipo ’ '

Mec (Mc)2

With the side calculation ((10.304]), the Dirac matrices (10.95]), and the shortcut notation with
the Feynman dagger ((10.100|) we finally obtain

vy _ Llp, [ O o I O
roslie (2 5) (o)

A comparison of ((10.447)) and ((10.450)) reveals that there is a simple relationship between the
polarisation sums of the particles and the antiparticles:

_pM—Mce _p—Mc

= 10.4
2Me 2Mec (10 50)

PY(p) = —P"(—p). (10.451)

Using (10.451)) in (10.437)), the minus sign between the polarisation sums of the particles and

antiparticles compensates the minus sign, which originally stems from the definition of the
time-ordered product of fermionic operators in ((10.426)), yielding

Mc?
Sy tx' )= | &Pp—ce
IB(X7 ﬂX7 ) / p (27Th)3Ep

% {@(t . t/)efi[Ep(t—t’),p(xfx’)/h]P(;/,/B (p) + @(t/ o t)eJri[Ep(tft’),p(x*x’)/h] Psﬂ(_p)} ) (10452)

It turns out that this form of the Dirac propagator is universally valid for massive particles
with arbitrary spin. The respective spin dependencies are hidden in the polarisation sum of the
particles. For example, the result agrees with the Klein-Gordon propagator (8.138|)
with the plane waves provided that the polarisation sum is identified according to
P, ;Lﬂ (P) = 1.

10.22 Four-Dimensional Fourier Representation

Substituting the explicit form of the polarisation sum of the particles (10.447)) into ((10.452]),

one obtains

Mc? PuYhg + Mcdag
tx .t = By —— + — e ilBp(t—t)—p(x—x)]/h TH Taf
Saﬂ(x7 y X, ) / b (27Th)3Ep {@( ) IMe

I
ro - t)e—i—i[Ep(t—t’)—p(x—x’)]/h p/ﬂag]\—; Medag } ) (10.453)
c
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The four-momentum vector in the polarisation sum of the particles can now be understood as
the effect of applying the four-momentum operator on the plane waves, see :
Mc? ihoYh s + Mcoos , ,
S.a(x tx ) = /dS ot — ¢ K laB efz[Ep(tft )—p(x—x")/R]
5( ) Yy Sy ) p (27T7:L)3Ep ( ) IMc
ih0,vhg + Mcé
2Mc

+O(t' —t)

ap o tilEp (t—t")—p(x—x') /] } ) (10.454)

As now both terms involve the same differential operator it is suggestive to bring it in front
of the momentum integral. Note that this manipulation leads to an additional term due to
applying the time derivative upon the Heavside functions. But one can convince oneself that
this additional term vanishes due to the odd symmetry of the respective momentum integral.
With this we yield

Sap(x,t;x', 1)

ihd"y + Mco, Me2
ulap Sy (10.455)
(

2Mc 2mh)3E,
" {@)(t _ )il —t)pxx)/i] L gy _ t)€+z'[Ep<t—t/>—p(x—x'>/h1} .

The remaining momentum integral just represents the Klein-Gordon propagator as discussed
below Eq. . Thus, the Dirac propagator can be obtained directly from the Klein-Gordon
propagator by applying the following differential rule:
ihdu s + Mcag
2Mc

Since we have already found a covariant formulation for the Klein-Gordon propagator in Sec-
tion also the Dirac propagator can be formulated covariantly according to (10.456)):
tho,v* + Mc
- 2Mc¢
Note that also can be generalized to any massive particles with arbitrary spin according

to the remarks below ({10.452)):
S(x;2") = P*(ihd) G(x; 2'). (10.458)

Sap(x,t;x/,t") = G(x,t;x',1'). (10.456)

S(x; ') = G(x; ). (10.457)

Indeed, inserting the explicit form of the polarisation sum of the particles for the
Dirac theory in yields back . Substituting the four-dimensional Fourier rep-
resentation of the Klein-Gordon propagator (8.168)) into , we obtain a corresponding
four-dimensional Fourier representation of the Dirac propagator:

ihd, " + Mc . d*p 1 , ,
S(x: ) = H hoMe i —ip(xz—a')/h
(z:2) 2Mc ' <o (2mh)* p2 — M2 +in ‘
d*»  p*+ Mc , )
— Bl 1 —ip(z—2') /R )
! r%l (2wh)* p? — M2c® +in ©
With the help of the Clifford algebra ((10.96f) of the Dirac matrices, the denominator of (10.459))

can be transformed as follows:

(10.459)

1
PP M = pupug" — MPE = Spupy (V' + ) — M

= (") (") — (Me)* = (py* — Mc) (py” + Mc) . (10.460)
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In the n | 0 limit, the numerator in ((10.459) can be cancelled by a factor of the denominator in
(110.460). With this the Dirac propagator has the following compact four-dimensional Fourier

representation:

d* h o
S(x;2') = lim P ! e=iPla=a)/h (10.461)

no ) (2mh)* pyt — Mc+in

In this form, the Dirac propagator obviously satisfies the equation of motion ((10.430)):

4
ihy*9, — Mc) S(x;2') = ih d'p e @20/ — in 5(x — ). 10.462
. (27h)4
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Chapter 11

Relativistic Light-Matter Interaction

Quantum electrodynamics is the relativistic quantum field theory of electrodynamics. It de-
scribes how light and matter interact and represents historically the first successful many-body
theory, which unites quantum mechanics and special relativity. It involves all phenomena,
where electrically charged particles interact by means of an exchange of photons. This chapter
focuses on working out the relativistic light-matter interaction consecutively at first on a classi-
cal, then on a first quantized, and, finally, on a second quantized description level. At all three
stages the common guiding principle to introduce an interaction between the free theories of
light and matter consists of a minimal coupling scheme, which is based on a local gauge theory.
As the main result we derive the second quantized Hamilton operator underlying quantum
electrodynamics. Apart from the free Maxwell and the free Dirac theory, which have already
been discussed in the two previous chapters, we also obtain an interaction term, whose physical
consequences have to be studied perturbatively. To this end we concisely review the Dirac
interaction picture, which allows to treat the relativistic light-matter interaction systematically
order by order. As a special case we outline how to analyse a generic scattering problem with
the help of a corresponding perturbative expansion of the scattering operator, whose matrix

elements determine the cross section.

11.1 Relativistic Mechanics

After having summarized concisely the basic principles of relativistic mechanics, we discuss first

a free particle and then we introduce the description of a charged particle.

11.1.1 Basic Principles

The trajectory of a classical relativistic particle is described by specifying both the time coor-

dinate ¢t and the space coordinates x as a function of some parameter o:

(2*(0)) = (ct(0),x(07)). (11.1)
217
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Thus, the velocity with respect to this trajectory parameter o reads

(i(0)) = (%) - <c dz(:), d’;ff)) . (11.2)

The action represents a functional of the trajectory in the four-dimensional space-time

A= A[z*(e)] (11.3)

and is defined as the integral of the Lagrange function with respect to the chosen trajectory

parameter o:
of
A:/ doL (2)(0);iM0)) . (11.4)

Then the Hamilton principle leads to the underlying equations of motion in form of the Euler-

Lagrange equations:

JA 9L d 0L
svi(o)  Oxt(o)  do Oir(o)

=0. (11.5)

Note that the Hamilton principle exhibits a mechanical gauge invariance. Namely, regauging

the Lagrange function according to

D (i) = L(53Y) + o x (@) = (@) + 0 (o) 8 (11.6)

only leads to additional surface terms of the action ((11.3))
A=A+ x (2*oy)) — x (2(03)) (11.7)

and, therefore, does not change the equations of motion. In fact, for the transformed Lagrange
function ([11.6)) one obtains the same Euler-Lagrange equations

oL d U IL
Ort(o)  dodir(o)  Oxr(o)

d OL

+ 0.0, ()i (0) = G mi s

— ,9x(a*(0)) (o), (10.8)

since the gauge function y (:r;”\) is supposed to be twice continuously differentiable and therefore

satisfies the Schwarz theorem:
(8,0, — 9,0,) x (z*) = 0. (11.9)

In addition to this mechanical gauge invariance, relativistic mechanics has even further sym-
metries that take into account the principles of special relativity. Since the laws of physics
are supposed to have the same form in all inertial frames, the action must be invariant under
Lorentz transformations. In addition, however, the description of the trajectory should also be
independent of the choice of the parameter o, so that the action must also be form invariant

under any transformation of the trajectory parameter:

o=o0o(d). (11.10)
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This reparametrisation invariance is guaranteed by the fact that the Lagrange function repre-

sents a homogeneous function of the velocities of first order:
L (2% ai) = aL (2 3) . (11.11)

Then applying (11.10)) and m to the action - 11.4)) yields
O'f d d /
A = / do L (:X(0); i (o)) = /(, do’ 2L ( Mo );j:’\(a')é)

— /Uf do’'L(z* (o');i*(0”)) . (11.12)
Furthermore, differentiating the condition with respect to a and evaluating it then at
the point o = 1 yields the corresponding Euler theorem. It states that the Hamilton function
of relativistic mechanics vanishes:

H:%x“ L=0. (11.13)
This result is at first glance puzzling in view of the question how a relativistic mechanical
systems is supposed to be quantized. The generic operator approach to determine from the
underlying Hamilton function a Hamilton operator seems not to be possible due to . This
can be considered as a motivation of Richard Feynman to work out an alternative formulation
of quantum mechanics, which does not rely on Hamilton mechanics but is based instead on

Lagrange mechanics.

11.1.2 Free Particle

Let us consider at first a free relativistic particle of mass M, whose action is motivated as
follows. With the help of the Minkowski metric g,, one can determine the distance between

two inifinitesimally adjacent space-time points z* and z* + dx* according to

ds = \/ g dxtdx” . (11.14)

Decomposing this Lorentz invariant length element ds into the temporal and spatial contribu-

tions
ds =V Adt? — dx?, (11.15)

its physical meaning becomes apparent. Considering two infinitesimally adjacent space-time
points in the rest frame of the particle, where we have dxrp = 0, then ds becomes the proper
length and, correspondingly, 7 = ds/c denotes the proper time. The length of a trajectory
between two different space-time points follows then from integrating the proper length
with respect to the chosen trajectory parameter o:

/ ds—/ da—:/:fda\/gw,:i:“(a):b”(a). (11.16)
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We remark that the proper length of the trajectory (11.16]) is a Lorentz invariant quantity,
which is also reparametrization invariant as the integrand is homogeneous in the velocities of
first order in the sense of ({11.11)). This suggests that ({11.16) is a viable candidate for an action

in relativistic mechanics. Therefore, we argue now that

Sf of
AQ = —Mc/ ds = —Mc/ do \/g,w i (o)iv (o) (11.17)

represents the action of a free relativistic particle of mass M. We justify our choice by proving

that it has the correct non-relativistic limit. Using the time ¢ as the trajectory parameter o,

(11.17)) namely leads to
tf . t 2
A = —Mc2/ dty/1 — X(Q) : (11.18)
ti c

so that the limes ¢ — oo yields the leading contribution

t.
A© = / dt [% i(t)? —Mcz] o (11.19)
t;

This is the action of a free non-relativistic particle of mass M for which the energy scale is just
shifted by the rest energy Mc2.

11.1.3 Charged Particle

If a non-relativistic particle has a charge g, its interaction with a scalar potential ¢(x,t) reads

t
Al — —q/fdtgo(x(t),t). (11.20)
t

i

Taking into account ((9.34) and ([11.1]), this can also be written as
. af
AW — g / do i () A (2 (o)) . (11.21)

Generalising ([11.21)) in a relativistic covariant way yields the interaction of a relativistic particle
with the entire electromagnetic field, which is described by the four-vector potential A, (x*):

Al — g / %f do i (o)A, (2 (0)) . (11.22)

Thus, one can consider the charge ¢ as a formal coupling constant, which measures the strength
of interaction between the particle four-velocity and the four-vector potential. Note that also
the interaction is reparametrisation invariant as its integrand is homogeneous in the
velocities of first order in the sense of like the free action . Adding the free action

(11.17) and the interaction (11.22)) leads to a resulting action ([11.3]) with the Lagrange function
L (z" ") = —Mc /g 743" — q A, (2™)i" (11.23)
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An electromagnetic gauge transformation
Al (2 = Au(a?) + 9,A(2) (11.24)

see (9.42)), leads according to (11.4) and (11.23) to a mechanical gauge transformation ({11.6]),

where the mechanical gauge function x and the electromagnetic gauge function A turn out to

be proportional to each other:
X (%) = —qA(2%). (11.25)

Let us form the partial derivatives of the Lagrange function (11.23)
oL

dn

L i
OL - ppe— 9w ™ 4@, (11.27)

ot VG

Furthermore, we introduce for the derivative of the proper length s with respect to the trajectory
parameter ¢ according to ([11.14]) the shortcut notation

i(0) = 1/ gu (0)i(0) (11.28)
Then the Euler-Lagrange equations (11.5)) following from ((11.26)) and (11.27)) read as follows

Mt — M z P % e [aﬁA,,(xA) _ 8,,AK(:L’A)} i (11.29)

= —qﬁuAV@j/\);tV’ (11.26)

Due to the reparametrization invariance of relativistic mechanics we are free to make a phys-
ically reasonable choice for the trajectory parameter. To this end we choose the trajectory
parameter o to be the proper time 7 = s/c. On the one hand this corresponds to the time
which passes in the rest frame of the moving particle. On the other hand this simplifies the
equations of motion due to s =cand § = 0:

Mit = q F*, (a*) i" . (11.30)
Here the electrodynamic field strength sensor
F* (2*) = ¢" F,, (2%) (11.31)

was introduced as an abbreviation. Note with ((9.20)) and (11.31]) we recognize at the right-hand
side of (|11.30)) the relativistic generalization of the Lorentz force.

11.1.4 Minimal Coupling

In order to investigate in more detail the description of a charged particle in relativistic me-

chanics we choose the trajectory parameter o to be the time ¢ in the laboratory frame. Then

the action (11.3)), (11.4)) reduces to
ty
A= Alx(e)] = / dt I (x(t): (£): 1) (11.32)
t

i
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and the Lagrange function ([11.23)) specializes due to (9.34)) and (11.1]) to

2
L=—Mcy/1- %—qu(x,t)—i—qkA(x,t). (11.33)

Thus, the canonical momentum reads

OL _ __MX | A1), (11.34)

AN

Here the first term represents the kinetic momentum and the second term the corresponding
contribution of the vector potential, so (|11.34]) corresponds to

P = Pkin + qA(X, 1) . (11.35)

In view of performing a Legendre transformation from the Lagrange function to the Hamilton
function, we have to invert the relation (11.34]) between the momentum p and the velocity x.
A straight-forward algebraic calculation yields

X = ¢ [p _ qA(X7 t)] (11.36)

\/[p — qA(x, t)]2 + M?2c? ‘

Thus, evaluating the Legendre transformation

H=%_2~L (11.37)

by using (11.33]) and (11.36) we obtain for the Hamilton function of a relativistic charged

particle in the electromagnetic field

H = C\/[p — qA(x, )] + M2 + qp(x,t). (11.38)

We remark that this result reduces in the limit ¢ — oo apart from the rest energy Mc? to the

familiar non-relativistic expression

[p - qé?w(x’t)] +qp(x,t) + ... . (11.39)

Furthermore, analogous to ([11.35]), we interpret (11.38)) such that the first term describes the

kinetic energy and the second term the potential energy:

H=MdA+

H = Hyg, + qp(x,t) . (11.40)

Conversely, we read off from (|11.35) and ((11.40) that a free theory with ¢ = 0 can formally
be transferred into the corresponding interacting one with ¢ # 0 by substituting momentum

(energy) via
p — p-—qAXxt), H —  H-—qp(x,1). (11.41)

This so-called minimal coupling of charged particle to the electromagnetic field can now be

covariantly formulated in terms of a covariant momentum four-vector (6.16)) by taking into

account ((9.34)) according to
P = pu—qAL(z)). (11.42)

In the following the minimal coupling rule ((11.42)) is applied to the realm of relativistic quantum
field theory by combining it with the Jordan rule.
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11.2 QED Actions

Quantum electrodynamics describes the interaction between charged massive particles and the
electromagnetic field. One distinguishes, in principle, between scalar quantum electrodynamics

+ and spinor quantum electrodynamics

for charged spin O-particles as, for instance, pions 7
for charged spin 1/2-particles as, for instance, electrons e~ or positrons e™. As a consequence,
the underlying equations of motion for massive particles and for the electromagnetic field are
coupled by additional interaction terms. In the Lagrangian density this leads to an additional
interaction term in addition to the free Lagrangian density, whose strength depends on the
coupling constant of electrodynamics, i.e. the charge ¢. In the following, we examine at first

scalar quantum electrodynamics.

11.2.1 Scalar QED

We start with the relativistic covariant action of the free Klein-Gordon field

A[U(e); T*(0)] = %/d‘lxﬁ(\IJ(a:’\),a,L\IJ(mA);\If*(a:’\),aulll*(x’\)) , (11.43)

where the Lagrange density reads according to Section 8.1

2 M 2
L h_guuaqu*(xk)ayqj(l)\) . 2C

=517 T ()W (). (11.44)

A minimal coupling of the Klein-Gordon field to the electromagnetic field is now implemented
by combining the substitution rule (11.42)) with the Jordan rule, see :

pu — ihd,. (11.45)
This leads to the catchy substitution rule
0,0 (z)  —  D,U(zY), 0,0 (") —  DiU(aY), (11.46)

where D,, denotes the so-called gauge covariant derivative:

D, =0, + %AH(:&) . (11.47)
Applying (11.46|) and ((11.47) to the Lagrangian density (|11.44) we get

Mc?

> T (M) W(2), (11.48)

ho iq . iq
L= 307 gt [@M s Au(x)‘)} U™ () {@ + W A,,(x’\)] (2
which can be rewritten in a form which resembles that of a free Lagrangian density of the

Klein-Gordon field:

h
— gD )\D\Ij)\_
L= g Dy D, ()

U ()W (). (11.49)
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We now examine the consequences of an electrodynamic gauge transformation ((11.24]). As the
fields in quantum mechanics are only uniquely determined up to a phase factor, an electro-
dynamic gauge transformation can only change the phase. Supplementing an electrodynamic

gauge transformation (|11.24)) accordingly with a quantum mechanical gauge transformation

U (2*) = exp {—% A(xk)} (), (11.50)

the gauge covariant derivative (11.47) turns out to transform like the Klein-Gordon field ¥ (z*):
DLV (") = {au + %AH(;&) + % 0, A(ﬁ)} exp {_% A(:CA)] U(2)
— exp {—% A(ﬁ)} D, U(z?). (11.51)

Analogously, one obtains for the adjoint field

U™ (1Y) = exp [% A(xA)] T*(2?), (11.52)
DI () = exp [% A(;UA)] D () (11.53)

Then it follows straight-forwardly from (([11.50)—(11.52) that the Lagrangian density (11.49) is

invariant under an electrodynamic gauge transformation:

h ’ MC2
[ 178 oY T LT . NTUPRA 1% (NN (oA
L o2z Y D™ (z*) D, V' (z7) 5 U ()W (x?)
Mc?
- %g“”D;\II(l"\)DV\IJ(ﬁ‘) ~ SN ) = £ (11.54)

If we consider the four-vector potential A,(x*) not as a given quantity but as a dynamic field,
we must add to the Lagrangian density (11.48) the Lagrangian density of the free Maxwell
field from Subsections [0.5] and [9.6] which is also invariant under the local gauge transformation

(11.24]). Accordingly, scalar quantum electrodynamics has the gauge invariant action

AR () Ao = 1 [ dioc, (11.55)
where the Lagrange density is of the form
L=L(T(),0,¥(x); (), 0, (21); Ay (z), 9,4, (2)) (11.56)

and reads explicitly

n iq iq Mc? 1
_ — HY —_A \Ij* v _Ay \I/_ \II*\IJ__FVFHV’ 1]‘
£=orf (a“ h ”> (8 A ) 2 dpig " .

The Lagrange density thus decomposes according to

L£=L04 o (11.58)
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Here £ includes the free Lagrange densities of the Klein-Gordon field and the Maxwell field

h 5 . Mc? . 1 5
£ = 780N @) = TV @) - o B P (1159)
and the interaction term turns out to have the structure
L0t = (A, (). (11.60)

The four-vector potential thus couples to the four-vector current density, which follows from

applying to the free four-vector current density

) = g [ ()0, 0(2) — ()2, 0 (). (1161
see Section the catchy substitution rule , , yielding
() = ;h—]\j g [\IJ*(:B’\)&,\I/(:E’\) . \If(wA)a,,\IJ*(x’\)} . q—]\; g A (VT (N () . (11.62)
The respective partial derivatives of the Lagrange density read as follows
(‘ify = %g””‘lf <8,4 — %AH) U — ;h—]\jg”” v <8,.i + % AH> v, (11.63)
a(ngu) = —i Fr (11.64)
5\; - —?—j\jg‘“’ A, (ay + %qA,,) v M;Q\IJ, (11.65)
a(gfp*) _ 273\24 e (ay + %QAV> v (11.66)
g—é - ?—Ajgﬂv A, (ay = %Ay) - M;qu*, (11.67)
. gfm _ 2’?; e (ay - %qA,,) v (11.68)

With this we obtain the Euler-Lagrange equations of scalar quantum electrodynamics. For the
Maxwell field the Euler-Lagrange equations

oL oL
i~ A 0 (11.69)

are specified as follows:

wr VK Zh_q * ﬂ . _ ﬂ *
O, F Hog™" o {\If <8,€ + . AK> v — v <8H - AH> 1% ] , (11.70)
and for the Klein-Gordon field we get
oL oL iq iq M?c?
_ _ W ) LA U W =0, (1LT71
50 O R 0 = g (%—I— 5 M) (8 + 5 ) + 72 0 (11.71)
oL oL

. iq iq . MR

The equations of motion (11.70]) represent inhomogeneous Maxwell equations (9.29)) with the

current density (11.62]). Furthermore, the equations of motion (|11.71)) and (11.72) arise from
the free Klein-Gordon equations by applying the catchy substitution rule (11.46)), (11.47)).
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11.2.2 Spinor QED

Now we construct the corresponding Lagrange density of spinor quantum electrodynamics by
applying the principle of local gauge invariance. The starting point is the Lagrange density of
the free Dirac field, see Sections [10.6] and [10.13}

L = (z) (theyd, — Mc?) (). (11.73)

Obviously, this Lagrange density is invariant with respect to a global phase transformation of
the form
!

V() =eNry(z), () =N Y(), (11.74)

where ¢ denotes the charge of the massive spin 1/2-particle. This global U(1) invariance implies
via the Noether theorem the derivation of the continuity equation of charge conservation for
the free Dirac theory. We now try to achieve that one can choose any phase at any space-time
point, so that the above global phase A becomes a space- and time-dependent quantity A(z).

Accordingly, we consider the local U(1) phase transformation
(@) = DMy P () = D () (11.75)

The Lagrange density of the free Dirac field (11.73]) is then no longer invariant under such a
local phase transformation, since an additional term appears due to the partial derivative of

the Dirac spinor:
0,0 (@) = MO 10,4(a) - L M@ (@) (11.76)

and we get
L' =9 (z) (iheyd, — M) ¢/ (z) = L + qeb(x)y" 9, M) (x) . (11.77)

In order to establish a local gauge invariance, additional fields must be introduced and the
Lagrange density must be extended correspondingly. Since the additional term in
depends on the gradient of the phase J,A(z) and, therefore, represents a Lorentz vector,
we introduce a gauge field A,(z), which couples to the spinor with the coupling constant ¢q. To

this end we replace the partial derivative of the spinor by
obla) = Dub(a), (11.78)
where the gauge covariant derivative of the spinor is defined by

D, = 0, + %Au(x) . (11.79)

Then we determine the transformation behaviour of the gauge field by requiring that the gauge

covariant derivative of the spinor transforms like the spinor itself:

D (z) = e NI D (). (11.80)
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Substituting (11.79)) into (11.80) then leads to the condition

0,0/ (x) + L AL (2! () = O | () + L Auwhi(a)| (11.81)

With the help of (11.75) and (11.76|) this reduces, finally, to the gauge transformation

Al () = Ay(x) + 9 (). (11.82)

Since the gauge field A, () transforms just like the four-vector potential of electrodynamics in
(11.24), it is identified with the latter in the following. The substitution rule ((11.80)), (11.81])
then corresponds to the minimal coupling of the Dirac field to the Maxwell field. For the sake of

completeness we note that the substitution rule for the Dirac adjoint spinor is given analogous

to (TLTS) by
Ou(x) —  Diip(x). (11.83)

The gauge-covariant derivative of the Dirac-adjoint spinor transforms then via

e 7 1 ) _ . _
Djy'(x) = |0u— %’Au(a:) — %qa“A(@ MDY () = MM D). (11.84)

Performing the substitution (11.78]) in the Lagrange density of the free Dirac field (11.73]), we

obtain
L =¢(z) (ihey"D, — Mc*) ¥(z). (11.85)

Decomposing the gauge covariant derivative D, according to (11.81)), then in addition to the
original free Lagrangian density of the Dirac field ((11.73)) also an interaction term arises:

L =(x) {ihcv“ {a,l + % Au(x)] — MCQ} U(z). (11.86)

If we also consider the vector potential A,(x) as a dynamic field, we must add to the Lagrangian
density ([11.86|) the Lagrangian density of the free Maxwell field. The resulting Lagrangian
density turns out to be then manifestly local gauge invariant due to (11.75), (11.80]), and

(11.82)). It represents the Lagrangian density of spinor quantum electrodynamics:

_ ' 1
L =1(x) {z’hcw“ {Eh + %Au(m)} — Mc2} Y(x) — EFW(x)F””(x) . (11.87)
0
This Lagrange density decomposes according to
L=LO 4 o (11.88)

where £ representing the free Lagrangian density including both the Dirac field and the
Maxwell field

L E @) P () (11.89)

L£O =(z) (ihey"0, — Mc?) (z) — I
0
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and the interaction term turns out to have the structure
L0 = —ji()A,(x) . (11.90)

The four-vector potential thus couples to the four-current density of the free Dirac field, see

Section [10.10] and [I0. 13k

(@) = qe ()7 () | (11.91)
The respective partial derivatives of the Lagrange density lead to

e T e (11.92)
gi = (they"9y — Mc?) ¢ — qey" U A, a(g—fﬂ) =0, (11.93)
g_i = _MET - geT A, a(g—fzm — i (z)y". (11.94)

The Euler-Lagrange equations of spinor quantum electrodynamics thus result in
5—2 — auﬁ =0 = O F" = pogep "y, (11.95)
g—g—aﬂaé—fm:o = w(aﬁ%m)w—ﬁcwzo, (11.96)
g—i—a#a(g—fw):o = z’(au—%qAvaM%w—O (11.97)

The equations of motion 1’ agree with the inhomogeneous Maxwell equations with
the current density (11.91]). Furthermore, the equations of motion ) and (| emerge
from the free Dirac equations by applying the minimal couplings 1} and (| m, which

involve the gauge-covariant derivative (11.79)) via ((11.78)) and ({11.83]).

11.3 QED Hamilton Function

Starting from the Lagrange density of spinor quantum electrodynamics in (11.87)), we now
calculate the corresponding Hamilton density. At first, we express the contribution of the free
Maxwell field in terms of the electric field strength E and the magnetic field strength B, see
Section [9.6}

L = ¢ (ihey"d, — Mc*) 1+ %OE2 5k B2 — qc M)A, . (11.98)
0

Then we express the electric field strength E and the magnetic field strength B by the scalar
potential ¢ and the vector potential A due to (9.7) and (9.§), yielding

2
£ = P(xt) (ihey ), — Mc?) Y(x,b) + = {%} ) 6A(;<,t>

2
—l—%o [Vo(x, )] — QLMO [V x A(x, 1)) — qe(x,t) v p(x, 1) Au(x, ). (11.99)

Vo(x,t)
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Note that the Coulomb gauge (9.13) yields a scalar potential, which no longer represents a
dynamic field but is determined by the charge density following from (9.16]) and ((10.280)):

<p(x,t)—/d3 FUUCEDIICION (11.100)

dmeg|x — x|

Thus, with the charge density also the scalar potential does not vanish, so the radiation gauge

(19.58]) is no longer valid here. The canonical conjugated momentum fields then follow from

(11.99) to be

m(x,t) = —) = ihp(x, 1) = ihbT(x,1), (11.101)

(11.102)

oL OA(x, 1)

ot

Note that the last term in (11.103)) did not appear in Section , as there we considered
the free Maxwell field in vacuum. A subsequent Legendre transformation leads then to the

corresponding Hamilton density:

H =n(x,t) aw((;;,t) + aw(a); ) T(x

Thus, using ((11.99) and (11.101))—(11.104)) as well as (10.251]) and (10.252]) we obtain:
OA(x,1)]> 1
R S _|_ JE—
815 2“0
€
% [Vl )] g0 e, i, ol 1) — g (x, 1) @ (x, A, 7). (11.105)

Going over to the Hamiltonian function, we yield by partial integration and by taking into

account the Coulomb gauge (9.13)), see Section [9.6}

O0A(x,t)
ot

1)+ mw(x, 1) L. (11.104)

H = ¢i(x,t) (—ihcaV + Mc*B) P(x,t) + %0 [ [V x A(x, 1)

—8kAl (X t)@kAl (X t)

240

H = /d3 {wT(x t) (—ihcaV + Mc*B) ¥(x,t) + = 5 [8A(x t)]

ot

+%0 o(x, ) Ap(x,t) + qz/JT(X, t)(x,t)p(x,t) — chT(x, t)ay(x, t)A(x, t)} . (11.106)

At this stage we use the Poisson equation for a point charge for determining that the Green
function of the Poisson equation is given by the Coulomb potential:
4 Tx—x) = At imsx—x).  (11.107)
Amey [x — X/ €0 |x — x|

Thus, taking into account (11.100) and (11.107]) we yield the auxiliary calculation
f(x 1
—/d%gpxt)Agoxt /d3 /d3x’g0xtq¢( LIS )A

d7reg |x — x/|
f(x
P o(x, 1) T 47?;5( ) yrs(x — x) = 2/d3xg0(x Dot (s, D), 1) (11.108)

_5
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Substituting (11.100) and (11.108]) into (11.106]), the Hamilton function of spinor quantum

electrodynamics decomposes according to
H=HO 4 gt (11.109)
where H® represents the free contributions of both the Dirac field and the Maxwell field:

€0 8Ak(X t) 8Ak(x t)

HO = /d3a7 [M(X,t) (—ihcaV + Mc*B) ¢(x,t) + CRT BT

1
+— 8kAl(x, t)@kAl(x, t) (11110)
2410
The term H ™ represents the interaction between the Dirac and the Maxwell field:
H = —ch X, 1)y ¥ (x,t) ( )
~0 ~0
87reo ]X x/ |

The first term in (11.111]) arises from the free Hamilton function of the Dirac field in ((11.110)
by performing a minimal coupling to the vector potential in accordance with (11.79)):

vV - V—%A( t). (11.112)

The second term in (11.111)) represents an instantaneous Coulomb self-interaction of the Dirac
field. It is non-trivial to prove that such an instantaneous self-interaction does not contradict the
principles of special relativity. Later we show by a concrete example of a scattering process that
the instantaneous Coulomb self-interaction in turns out to compensate an unwanted
contribution ([9.207)) of the Maxwell propagator ((9.205)), which comes from the Coulomb gauge,

thus yielding at the end manifestly covariant physical results.

11.4 Dirac Picture

In quantum field theory the quantisation of free fields is basically trivial, since the Hamilton
function and, thus, the second quantized Hamilton operator is quadratic in the fields and the
field operators, respectively. This has the consequence that the Fourier operators occurring in
plane wave expansions of the field operators represent physically the creation and the annihi-
lation of individual particles with well-defined properties. But the quantisation of interacting
fields is non-trivial as it leads to interesting physical processes due to the involved nonlinearities.
The Hamilton operator contains higher powers of the same field in the case of a self-interaction
or products of different fields as in quantum electrodynamics. The resulting dynamics of the
field operators is, thus, complicated because, at each instant, the Fourier operators correspond

to the creation and annihilation of particles with different properties. For instance, preparing
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an annihilation operator at in initial time ¢y, it may happen that at a later time instant ¢ > ¢,

it evolves into a certain superposition of creation and annihilation operators.

Basically, it is not possible to solve exactly an interacting quantum field theory. However,
provided that the interaction is sufficiently weak, reliable approximations can be obtained with
the help of perturbation theory. Then neither the Schrodinger picture, in which the state
vectors are time-dependent and the operators time-independent, nor the Heisenberg picture,
in which conversely the state vectors are time-independent and the operators time-dependent,
is suitable, see Section [3.4 Instead, in perturbation theory the Dirac or interaction picture
turns out to be more favorable, since the time dependencies are then distributed appropriately

between both the state vectors and the operators.

11.4.1 Derivation

The starting point of perturbation theory is the assumption that the Hamilton operator of the

system under consideration can be split into two parts in the Schrodinger picture:
He=HY + H{™. (11.113)

Here H éo) represents the Hamilton operator of a system of free fields and H gnt) denotes the
interacting part of the Hamilton operator. In the Schrodinger picture the time-dependent
state vector |ig(t)) fulfills the Schrédinger equation (3.53), which has the formal solution
(3.55). Thus, the time dependence of |¢)g(t)) is determined by the mutual influence of both the
unperturbed and the perturbed Hamilton operator H éo) and H Snt). The idea for introducing
the Dirac picture is now to redo the temporal evolution with the free Hamilton operator H fqo)

according to

(1)) = 1577 [y (t)) — s () = e B YR [y (1)) . (11.114)

In order to determine the operator O p(t) in the Dirac picture, we require that the expectation

values do not change during the transition from the Schrodinger picture to the Dirac picture:
(W@p)Op()|¢n(t)) = (¥s(t)|Os|es(t) - (11.115)
Inserting (11.114]) into (11.115)) then actually leads to determine the operator OD(t) in the

Dirac picture

3 7y (0) A —3 7y (0) A
(Wp(t)] s Og e M [yp (8)) = (Y (1)|Op(1)[1p (1))
= Op(t) = ¢S Og e~ HS N (11.116)
For example, for the free Hamilton operator Og=H éo) follows that it does not change its shape

during the transition from the Schrodinger picture to the Dirac picture:

~

HO @) = G t/n Ao o—iHS R aHY . (11.117)
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With ((11.114)) and ((11.116]) we have, thus, defined the Dirac picture both for the state vectors
and the operators. It remains to investigate their respective equations of motion. Based on the
equation of motion of a state vector in the Schrodinger picture (3.53)) together with (11.113))

ih%ll/}s(t» = Hslys(t)) = (Hf;’) - ﬁf;m)> s (t)) (11.118)

and taking into account (11.114)) we then obtain the equation of motion of the corresponding

state vector in the Dirac picture, which is called the Tomonaga-Schwinger equation:

g lon(0) = e [in us(e)) - APws()| = 5 AP lus(o)
a r(int
=il (1)) = Hp™ (1) [¢p(1)) (11.119)

Here the interacting part of the Hamilton operator is transferred from the Schrédinger picture
to the Dirac picture according to (11.116)):

F0 (1) = A 1n ) =i Pun, (11.120)

Furthermore, starting from the equation of motion of an operator in the Schrodinger picture

0 -
h— Og =0 11.121
we use (11.116)) in order to derive the equation of motion of the corresponding operator in the

Dirac picture as follows:

0 - - ~A A N A o
ih=: Op(t) = ISt/ [OSHg]) - Hg%s] il t/n (11.122)

A A~

emg0>t/h O« e_mg%/nﬁém _ ﬁéO)eiH;‘”t/hés e—ng))t/h = [Op(t), Héo)]_ ‘

While in the Dirac picture the dynamics of the state vectors is determined by the interacting
part of the Hamilton operator according to (11.119)), only the free Hamilton operator enters the
dynamics of the operators according to ((11.122)). The latter result has the consequence that
the field operators in the Dirac picture still retain their respective properties of a free theory

to create and annihilate particles.

11.4.2 Example

In order to illustrate the latter point we consider the quantum field-theoretic description of
non-relativistic bosons, see Chapter . In the Schrodinger picture, the field operators ’IZJS(X)

and zﬂg(x) satisfy the canonical commutator relations

~

(050, 0s(x)] = [@h, 96| =0, [ds0, ()] =dx—x). (11.123)
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Thus, ¥g(x) and k(x) describe the annihilation and creation of a bosonic particle at space
point x, respectively. With the help of basis functions up(x), which fulfill the orthonormality

relation
/d3x us (%) up (x) = 6(p — p') (11.124)
and the completeness relation

/ Ppus(x) up(x') = 6(x — x'), (11.125)

the field operators 1hg(x) and $}(x) can be expanded as follows:

is) = [ Epuyxaso), (11.126)

i) = [ dpuyale). (11.127)
Using , the expansions and are then inverted according to

[ #ruise = as), (11.128)

[ #rueite = ). (11.129)

With this the commutator relations ((11.123)) of the expansion operators ag(p) and &L (p) result

[&s(p),&s(p’)] Z[&Ts(p),fﬁs(p’)} =0, [ds(p),fﬁs(p’)] =dép—-p). (11.130)

Accordingly, the operator dg(p) (al(p)) describes the annihilation (creation) of a particle of

momentum p. Let us assume for the sake of simplicity that the free Hamiltonian operator has

already a diagonal form with an energy-momentum dispersion Ej, in the Schrodinger picture:

Y = /dgp Ep al(p)as(p) .- (11.131)

The Heisenberg equation for the evolution of the annihilation operator in the Dirac picture

(11.122)) results then in

a A~ LA
Zha— ap(p,t) = [aD p.t), H ] _ YR [ s(p),quO)] i/
03 /E B t/n [ A At Ot _ E 1132
D e as(p), as(p')a (P) € =Ey,ap(p,t). (11.132)

The solution of this operator-valued first-order differential equation with the initial condition

ap(p,0) = as(p) (11.133)
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is given by

ip(p,t) = e oM G g(p). (11.134)
Correspondingly, the time evolution of the creation operator yields

b (p,t) = /" il (p) (11.135)

Due to (11.116]), (11.131)), (11.134)), and (11.135])) we then prove (11.117)) as expected:

~

Hg)) (t) = ez‘ﬁfqon/h ﬁéo) e—iﬁgt))t/h _ /d?’p E, eiﬁ§0>t/h dg(p) e—mg”t/n emg%/n is(p) e—iﬁg%/n
- /dngp ap (P, )an(p,t) = /d?’pEp al(p)as(p) = HY . (11.136)

From and we read off that the creation and annihilation operators in the Dirac
picture differ only by one additional phase factor from their counterparts in the Schrodinger
picture. This means that the creation and annihilation operators in the Dirac picture do not
change their character as single-particle operators during the time evolution. In particular, it
follows directly from ((11.130)), (11.134)), and that the equal-time commutator relations

in the Dirac picture coincide with those in the Schrédinger picture:

an(p,t),an(P1)] = |ab.1).ab(0)] =0, |ap(p.1).ah(p0)] =P —p).(11.137)
This means that ap(p,t) and &})(p,t) annihilate and create a particle with momentum p at
time ¢. Furthermore, the field operators ((11.126]) and (11.127)) in the Schrédinger picture change

in the Dirac picture into

~

Ip(x,t) = g (x)e S0 = / d*pup(x) ap(p.t) (11.138)

D t) = UM (p)e s = / d*puy(x) iy (p. 1) (11.139)

Thus, according to (11.138]) and ((11.139)), the field operators in the Dirac picture can be ex-
panded with respect to creation and annihilation operators in exactly the same way as in

the Heisenberg picture, see Section Moreover, we obtain for the equal-time commutator

relations of the field operators in the Dirac picture:

Do 0,0 0] = [hee 0,05, 0] =0, [dnx, 1), 6he,1)] = o~ x).(11.140)
Thus, we have in the Dirac picture the same equal-time commutator relations for the field
operators as in the Heisenberg picture for free particles. This means that Q/AJD(X, t) and ﬁ%(x, t)

annihilate and create a particle at space point x at time t.
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11.5 Canonical Field Quantisation

We now perform the canonical field quantisation of spinor quantum electrodynamics in the Dirac
picture. According to the previous section, this means that we demand the same equal-time
commutator or anti-commutator relations for the interacting theory in the Dirac picture as for
the free theory in the Heisenberg picture. As we work from now on only in the Dirac picture we
simplify our notation by omitting the index D, which indicates the Dirac picture. Concerning
the Dirac field, equal-time anti-commutator relations are required for the independent field

operators zﬁa(x, t) and 7g(x,t):
[@a(x, t),zﬂﬁ(x’,t)Lr = [fal(x, ), 75(x, £)], =0, [@a(x, zf),frg(x’,t)]Jr — ih6,50(x — x'). (11.141)

Concerning the Maxwell field, equal-time commutator relations are used for the independent
field operators Ay (x,t) and 7,(x, t):

[Ak(x,t), Al(x',t)L = [Ax(x, 1), (X, 1)), =0, [Ak@c, t),fr,(x',t)L — ihoT(x — x'), (11.142)

where the transveral delta function ensures analogous to Section that the Coulomb
gauge also holds for the field operators Ak(x, t) and m;(x,t). And, due to their independence,
equal-time commutator relations are required between the field operators of the Dirac and the
Maxwell fields:

[0al, ), A )| = [dhalox, ), 7l 1)
_ [ﬁa(x, t),Ak(x',t)L = [fa(x, 1), 7:(x,1)]_ = 0. (11.143)

Applying the field quantization to the momentum fields (11.101f) and (11.103) yields for the

corresponding momentum operators:

d(xt) = ihp(x, )° = ik (x,1), (11.144)
#(x,1) = € [%vLV@(x,t)] , (11.145)

where the scalar field operator follows from ((11.100)):

p(x,t) = /d%’ ARSI (11.146)

dmeg|x — x|

Thus, we can also use instead of the momentum field operators 7, (x, t) and 7;(x, t) the field op-
erators ¥} (x, t) and DA, (x, t)/dt in order to define the underlying equal-time (anti-)commutator
relations of spinor QED. For instance, (11.141]) can be directly rewritten as

[Pl 0.3 )| = [BL0x, 0,35, 0)] =0, [dalx, 0,85 D) | = 8apdlox = x). (11.147)
Accordingly, we obtain from (11.143|) straight-forwardly

a0, (X, 0)] =[x, 0, Ay ] =0 (11.148)
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Furthermore, taking into account (9.86)), (11.142]), (11.145)), and ((11.146) we get at first

- Ap(x/,t - 1 -
[wa(x, t),%] - [%(x, t),—frk(x’,t)] - [wa(x,t),(?;@(x’,t)} (11.149)
q L [,
= gt [ g [t 0]
Applying the operator identity (3.94]) and (11.141]) this reduces to
. DAx(x, 1) q 1 - ¢ (x—x -
t), ——=| = t) = — t). (11.1
[¢a<x7 ), ot . ATeq O x — x| Yal(x,t) drey |x — X Ya(x,1) . ( 50)
Similarly we also yield
. DAL(X 1) q (x—x) -~
Fx ), =22 = F(x,t). 11.151
[¢a(xﬁ )7 8t ] 47T€0 |X _ X/’3 ¢a(x’ ) ( i) )

Note that the non-locality of the commutator relations (11.150f) and (11.151)) is typical for the
Coulomb gauge used here. Finally, we also convert (11.142)) correspondingly. At first we get

[Ak(x, t),/i,(x’,t)] ~0 (11.152)

and then we take into account ((11.142)), (11.145)), and (11.146]) in order to yield

Ap(x, t),%] = {Ak(x, t),%frl(x',t)]_ —~ [Ak(x, t), l’@l(x’,t)]_

L / . B— [Ak(x, £), ol (x", t)zza(x”,t)} (11.153)

€0 dreg|x’ — x| -

Applying (3.43]) and (11.148]) this reduces finally to

. DA (x', t h
Ak(x,t),%] - 1—05,§<x—x’). (11.154)
In the same way we also obtain
DAL(x,t) BA(X,t) 1. o / 3 0 q
== ST R—— 11.1
ot '’ ot - €2 [Wk(x’ t), lx ’t)} _ + 0 [ dw dred|x — x| ( 55)

x |l 1), BL D%, 1)) = 2] / d3$"’+xm| e, 1), B, )0 )|

4red|x’

+3k31' / de// / d3x/// 47T€2| q q [&L(XU’ t)&a (X”, t), &;(X”/, t)zﬁg(x’”, t):|
0

x — x| 4re3|x’ — x|

Thus, finally, after applying (3.43)), (11.142)), (11.147)), and (11.148]) we end up with

(11.156)

ot ot

OAw(x,1) anx',t)] 0
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In the canonical field quantisation in the Dirac picture, the dynamics of the state vectors is
determined according to (11.119) by the interacting part of the Hamilton operator. In spinor

quantum electrodynamics it consists of two parts due to (11.111)):

/\

(I p— / B P D D(x,8) A, 1)

/dg /dg,@xt RRACIT LR KR

[x — x|

87T€0

Here, the normal ordering of the field operators was additionally used.

11.6 Time Evolution Operator

In the Dirac picture the interaction affects the dynamics of the state vectors according to
(11.119). In order to investigate this in more detail we introduce the time evolution operator
Ul(ty, t1), which connects the state vectors |¢p(t1)) and [¢p(t2)) at two consecutive times #;

and to, respectively:
[ (t2)) = Ulta, t1)|on(h)) - (11.158)
With the help of and the formal solution of the Schrodinger equation ((11.118])
[s(t)) = e~ Hst=t Mg (1)) (11.159)

we conclude

Wp(te)) = €50/ g (ty)) = e/ emiflsta=t)/h |y (1))
1S ta it i1 1)) (11.160)

Thus, a comparison with (11.158]) leads to a formal expression for the time evolution operator
U(ty, t1):

[Aj(tz7 t) = eméo)tz/h o~ ifls(ta—t1) /R e*ifféo)tl/h ) (11.161)

Since the Hamilton operators H éo) and Hg generally do not commute with each other, it is
important to take into account the particular operator ordering in (11.161)). With the help of
the formal expression ((11.161f), various properties of the time evolution operator can be proved.

It has the initial condition
Uty 1) =1 (11.162)
and fulfills the group property

Ults, t2)U(tg, 1) = Ults, ty) . (11.163)
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Indeed, we obtain from applying (11.161))

U(tg,tQ)U(tQ, tl) — eiﬁéo)tg/ﬁ e—if{s(tg—tg)/ﬁ e—i}f]éo)tg/h eiﬁgo)tg/ﬁ e—iﬁs(tz—tl)/ﬁ e—iﬁgo)tl/ﬁ
eiﬁéO)tS/h e~ tHs(ta—t1)/R e’iHéO)tl/h = U(te,, ty). (11.164)

Furthermore, we read off from evaluating (11.163) for t3 = ¢; together with (11.162)) the inverse

time evolution operator

Uty ty) = Ulty, Ly) . (11.165)

And we deduce from (11.161]) and (11.165]) that the time evolution operator is unitary:

U (ta, 1) = el18 0/ gmiflstti—ta)/h (=il t2/h _ [ (1) 1,) = UV (ty, 1) . (11.166)

Finally, we determine which differential equation the time evolution operator U (t2, 1) solves.
Differentiating (11.161]) with respect to t5 and taking into account ((11.113)) yields

Zhai UT<t2,t1) — ¢t H( )tg/h H(lnt) 71H(0)t2/h H(O)tg/h 77,HS(t2 t1)/h 71H( )t1/h (11167)
2

Thus, we conclude from (11.120), (11.161)), and (11.167) that U(t,, ;) fulfills the differential

equation

haﬂ Ulta, t1) = HI (t)U (ta,11) | (11.168)
2

The initial value problem ((11.162)) and (11.168]) can be formally rewritten in form of an integral

equation:

C ety

Ulty,t1) =1— %/ dt) A () Ut 1) . (11.169)
t1

Successively reinserting the left-hand side of ((11.169) into the right-hand side, one obtains the

von Neumann series

U(tQ,tl)_l—%/ e, Hi (¢, < > / dtl/ dty, B () B (1) + .
(_Z) / dtl/ dt, ... / dt H @) B @) - B @) + L (11.170)

It is noticeable in the nth summand of the von Neumann series that the time arguments of
the multiple integrals are ordered in decreasing order: ¢t} > t, > ... > t/. According to an
idea of Freeman Dyson, all n integrals can be rewritten such that they are all performed over
the same interval [t1,t5] by using the time-ordered product of operators. Although the time
ordering of operators has already been introduced previously for calculating the propagators of
the Klein-Gordon field, the Maxwell field, and the Dirac field in the Chapters its original
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Figure 11.1: The hatched triangle can be integrated in two ways, which allows to rearrange the

integral (11.171]).

motivation becomes apparent only now. To this end we consider exemplarily the second term
in the von Neumann series (11.170) and reorganize it as follows:

/ dt, / dty, B () B (1) = / dt) / dty B () B (). (11.171)

Here we use the fact that the hatched triangle in Fig. [11.1]| can be integrated in two ways.
Either we first integrate over ¢, and then over t| or, conversely, first over ¢] and then over t,.
Exchanging both integration variables at the right-hand side of (11.171]) we conclude

to th o . ta ) .
2 / dt, / dty, B () HO™ (¢) = / dt, / dty, B (¢)) HO™ (1)) (11.172)
/ dt, / dty, B (1)) HO™ (¢ / dt, / dt, Ot — i) A @) AU (1)
/ dt, / dt) Oty — ;) AW () A / dt, / dt, T (HM (¢ )H(lnt)(t2)>.

In the last step we assumed that the interacting Hamilton operator in the Dirac picture H (mt)( t)
is bosonic, so the time ordering was used for two bosonic operators whose time order is not yet
fixed:

(A5 @)HE ) = 6t — t) AE™ (1) HEY(#) + Ot — ) HE () HE™ (1) - (11.173)
Analogous to ((11.172)), also all other terms in the von Neumann series (11.170]) can be rewritten

as multiple integrals over the entire interval [t1,¢;] with the help of the time-ordered product

of operators. In the case of the nth-order term, one has to take into account in total n!



240 CHAPTER 11. RELATIVISTIC LIGHT-MATTER INTERACTION

permutations of the time arguments. Therefore the generalisation of (11.172) reads

ta t B »
! / at, / th - / at, AE (1) A0 (8 - AED(E)
/ dt! / dtl - - / dt! T(H(‘m)( ) HIM (1) - Hg“”(t;)). (11.174)

This result can be proven by complete induction. With the help of (11.174)) the von Neumann
series ([11.170)) for the time evolution operator is finally given by

oo

U(t%tl):Z%(%i)n/ttzdt’l---/t dt! T(H(mt)( e B )). (11.175)

n=»

We can explicitly verify that the von Neumann series ((11.175]) solves the differential equation
(11.168). Differentiating (11.175)) with respect to t; we obtain due to the symmetry of the

integrand with respect to the integration variables t|, ), ..., ¢/

9 00 ih — n to , to , to ,
ha—Q U(tg, t1) = nzzl H (7) n/ dtl / dt2 Ce / dtn—l
T (H“m) () HE () - F0 @) Fri (tz)) . (11.176)

Due to the fact that the time ¢, is larger than all remaining integration variables t|, t,, ...,
t/_, and using the definition (11.173) of the time-ordered product of operators, one can pull
the operator ﬁgm) (t2) out of the time ordering and obtain together with (11.175))

o0

vh ﬁ(Dim) : E ! AN A dt} : dt: ’ dt!
_2 U(tg, tl) (t2) 2 m — tl ty - 1
XT <H(1nt) (t )I:I(int) (tl) . Fl(int) (t/ )> 1nt tz 1 —1 / ” / y / +
1 D 2 D n—1 E : n! d 1 d 2 d n

T (HEO AT (W) - HEO(E,)) = AV )U(tz,m. (11.177)

Formally, the von Neumann series ({11.175) can be summed up to a time-ordered exponential

function:

_q t2 ~ 7t
Ulta, ty) = T exp{#/ dtHgn“(t)} . (11.178)
t1

By taking into account that the time evolution operator (11.178)) is defined by the von Neumann
series ((11.175)) one can calculate perturbatively the cross sections of scattering processes.

11.7 Scattering Operator

We now consider a generic scenario for a scattering problem in the realm of relativistic quantum
field theory. To this end we denote with |i(t)) a time-dependent state vector, which evolves

starting from an initial state |¢;) in the limit ¢ — —o0:

|p(—00)) = [i) . (11.179)
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The time evolution of the state vector |1(¢)) under the influence of the interaction is determined
in the Dirac picture by the time evolution operator U (t, —o0) according to (|11.158)):

(1)) = U(t, —00)|¢s) - (11.180)

The scattering matrix Sy; denotes then the projection of the state vector |¢(¢)) in the limit
t — +o0o onto the final state |1)¢):

Spi= lim (t(0)) - (11.181)

t—4o00

From the knowledge of the scattering matrix (11.181]) all observable quantities such as the
scattering cross sections and decay rates can be calculated from the square of its absolute
values and some kinetic considerations. According to (11.180) and (11.181)), the probability

amplitude Sy; for the transition from |1);) to 1)) can also be calculated as the matrix element

Spi = (ws|Se3) (11.182)

of the scattering operator

A~

S = U(400, —00) . (11.183)
According to (|11.178)) the scattering operator is explicitly given by

b —i [T i)

S =T exp - dt Hy 7 (t) » . (11.184)

In spinor quantum electrodynamics, the scattering operator reads according to (11.157) and
(11.184):

§ = Texp {g [Tt s Aw)

/ i O¢(X t)@b(x’,t)’yozﬁ(xl,t) :
swhgo/dt/dg /d3 D— } . (11.185)

Expanding the scattering operator up to the second order in the charge ¢, we obtain:

S’ = 1+ %/d‘lx : @(1})77&(%’) : A(I‘) (11'186)
/dt/d3 /d3 (%, 07 P (x, t)@/)(xl7t)70¢(x’,t):

[x — x|

87Th60

> (Eq) [t [t { [0 Aw] [ S AW} +

We summarize that (11.182) and ((11.186)) represent the starting point for determining the cross

sections of scattering processes in the realm of spinor quantum electrodynamics.






Chapter 12

Mgller Scattering

In the last chapter we apply our previous findings in order to calculate the cross section for the

concrete example of an elastic scattering of two electrons:
e e —e e . (12.1)

This represents a paradigmatic scattering process in quantum field theory, which is named after
the Danish physicist Christian Mgller. The interaction between two electrons, that is idealized
in the Mgller scattering, forms the theoretical basis of many familiar physical phenomena such
as, for instance, the repulsion between the two electrons of the helium atom. Furthermore,
Moller scattering is a fundamental, purely pointlike process in quantum electrodynamics, which
provides an important means to test the standard model of elementary particle physics. In
addition, it is the dominant physical process in low-energy (< 100 MeV) electron scattering
experiments. Thus, it is an important constraint in the design of electron scattering experiments

that search for new physics beyond the standard model.

First we apply the perturbative technique worked out in Chapter |11 and determine the scat-
tering matrix in the leading non-vanishing order, which turns out to be the quadratic one. Due
to an intriguing cancellation of non-covariant terms the result is finally manifestly covariant
and consists of two expressions. Taking into account the Feyman rules these two analytic ex-
pressions can be graphically represented in terms of Feynman diagrams. Secondly, we assume
that the polarization is unknown for both the initial and the final electrons. This allows to
average the square of the scattering matrix with respect to the polarizations of the involved
electrons. The corresponding evaluation is quite technical and relies basically on the Clifford
algebra of the Dirac matrices. Thirdly we analyze in detail the kinematics of such a two-particle
scattering process by introducing the Lorentz-invariant Mandelstam variables. In particular,
we specialize the relativistic scattering problem for two particles to the center of mass reference
frame. This allows to express the Mandelstam variables just in terms of the scattering energy
and the scattering angle. And, finally, we determine the scattering cross section for the Mgller
scattering and discuss both the ultra-relativistic and the non-relativistic limit. In the latter

case we find that the Rutherford scattering formula is recovered for the forward peak.
243
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12.1 Scattering Matrix

In the case of Mgller scattering, one investigates a scattering process, where two electrons in

the initial state

i) = [Pi, Sivi Pias Sia) (12.2)

change into two electrons in the final state

|¢f> = |pf173f1;pf273f2> . (12'3)

In the following we determine the matrix element of the scattering operator (11.186)) up to the
second order in the charge ¢ = —e with respect to the initial state (12.2) and the final state
(12.3) according to ((11.182)). We observe that the zeroth order vanishes, since both states are
orthogonal to each other for different momenta p, , p;, # Py, Py,:

<pf1>sf1;pf27szypi1>si1;pi278i2> =0. (124)

Furthermore, also the first order disappears, since both the initial and the final state and
do not contain any photon and the first-order term in the scattering operator
involves the operator of the vector potential, whose plane wave decomposition contains
the annihilation and the creation of a photon. Therefore, the lowest non-vanishing perturbative

order is the quadratic one, which turns out to consist of two contributions:
S(Q) S (2,inst) + S (2,rad) (125)

The first contribution stems from the instantaneous Coulomb self-interaction of the Dirac field

(2,nst) 5 5y (sl 3006 00K 1) < [
Sy 87rh6002/dt/d /d |x—x’| ’ (12.6)

while the second contribution represents an interaction between the Dirac and the Maxwell
field:

(2rad) _ ¢? 4 4.1 Py Ck A c SN A (A A
S =~ /d x/d o (| T{ : 55 (2) Agl) 51 @) A)  F ) - (127)

Note that in ((12.6) the time-like and in (12.7]) the space-like components of the four-vector
current density operator ([11.91)) occur, respectively:

(@) = cp(a)y" () (12.8)

Here we take into account the plane wave decompositions of the spinor field operators ((10.433|)
and ((10.434]), which we rewrite according to

- Mc?
Y(z) = /d?’pQZ (W—{ewzx/h u(py, 2)b1, , + e 7" (p2a82)dp2,82} , (12.9)
ED) 2

~ M 2 ) ~ ) A~
w(x) B /d3p1 Z 7T— {e_wlff/h U(pb 51>bp1,81 + e/ U(ph Sl)d;r)l,sl} ) (1210)
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where s = +1/2 denotes the helicity. With this one obtains for the four-vector current density
operator (|12.8)) the decomposition

Mc? Mc? ~ ~
/d3p1/d p2\/ 21h)3E,, 27Th)3E {6 el u(p2, SQMHU(pl’Sl)bi)zﬁszlm

+ez(p2+p1)1’/h (p2 SZ)f}/HU(p17 Sl)bp%sgdLI s (p1+p2)x/h (pz’ 52)7'“’1,[,(1)17 SI)CZpg,Szi)pl,Sl
e/ R, 82)7“v(p17sl)dpz,sﬂfohsl} , (12.11)

Evaluating the matrix element of the normal ordered operator : 7°(x,)j%(x’, t) : with the states

<pf173f1;pf273f2| <0|bpf273f2 Pf1sSfy 0 (1212)
bl s Db, . 10) (12.13)

|pi17 S’il 7 piz) 822> - bpil 732-1 pi27512

then only the first summand in ((12.11]) leads to a non-vanishing contribution. For the instan-
taneous self-interaction of the Dirac field (12.6)) this results in

-2
(2nst) _ € 3 3, 3 3 3 3

S1 S22 S3 S84

y M2 M? M¢? ME® i(Bpy—Ep, )t/h ~i(pa—pi)x/h
(2mh)?Ep, \| (27h)*Ep, \| (2mh)?Ep, || (270)*Ep,

) ei(EIM —EPS)t/he—i(p4—p3)x//h ﬂ(

XTU(p2, 52)7°u(p1, s1 Pa, 54)7 u(ps, s3)
xC(p1, P2, P3, P4} 51, S2, 53, 54) - (12.14)

Here we have introduced a vacuum expectation value of creation and annihilation operators as

an abbreviation:

. _ 7 7 N 7 pt 7 Lt nt
O(p17 P2, P3,P4; S1, S2, 83, S4> - <0|bpf2,8f2 bpfl ’Sfl . bp2’52bp1,81bp4,s4bp3,83 . bpi17sil bpi2,8i2 0>
it A A rt
<O|bpf27sf2 pf1 75f1 bp2,82 bp4,54bpl Slbp3 S3 bpz1 ’87'1 p127512 |O> (1215)

where the evaluation of the normal ordering led to a minus sign due to the anti-commutator
algebra of the fermionic operators . Afterwards, we evaluate the interaction ((12.7)
between the Dirac and the Maxwell fields. Here we use the bosonic definition of the time-
ordering operator and note that the operators j*(z) and Ag(z) interchange with each
other. Furthermore, taking into account the initial and the final state defined according to

(12.2)), (12.3)), (|12.12|), and yields
st = - [t [ {0 — o) g ) 0 DA

2h202
+O(" — 2°) (y] : J' (&) Ay(') : 1 jF (@) () - I@Dz = 2h2 ;[ d'x /d4 ’
X {@(IO - "LJO) <O|Au( ) ( )|O> <pf17 Sty Pfas 3f2| ju(m) - ) |pz1a Si13 Pias Sz2>

~

—|-@(£L'/0 _':EO) <0‘A,,(l'/)A,u(l')|0> <pf173f1;pf2,3f2| :jy(x/) : 3#(1») : |pi173i1;pi27‘9i2>} : (1216)



246 CHAPTER 12. MOLLER SCATTERING

In the last step, we replaced the summations over the spatial indices k, [ by summations over
the spatio-temporal indices u, v, since we have /lo(x) = 0 in the radiation gauge. The normal
ordering of the four-current density operator (12.11f) leads to

Mc? Mc?
= d? d 12.17
C/ pl/ pQ\/ ) 3Ep1\/27rh)3E (12.17)

X{ ie2=pr)e/h g (Pz 82)7 U(p1751)bp2 826 51 +€( prtpi)z/hg (pz 52)7 U(prl)bI,z,sQCZpl,sl

+€_i(p1+p2)x/ﬁ 6(p2a 32)7Mu<p17 Sl)dpz,w l;pl,Sl —e ie2—p)a/h (p27 SQ)VMU(pb Sl)dl)1,s1dp2,s2} '

Note that the normal ordering affected only the last term by changing its sign. Evaluating the

matrix element for the product of two normally ordered four-vector current density operators

: j#(x) :: j¥(z) : with the states (12.12) and (12.13), then only the first summand in (12.17)

leads in both cases to a non-vanishing contribution:
<pf17 Sf15 Pfas Sf2| : .}H('x> Sl 5V(x,) : |pi1a Siy s Pigs Sig) = 62/d3p1 /d3p2/d3p3/d3p4
Mc? M c? M c? M c? :
i(p2—p1)z/h
SIS (2nhPE, \/ (2nh)E,, \/ (2nh)E,, \/ (2nhPE,,

S1 52 S3 S4
' [h—

XT(Pa, $2)7"u(pr1, 1) € PP MG (py, s4) v u(ps, s3) C(P1, P2, Ps, Pa; 51, 59, 53, 84) - (12.18)

The vacuum expectation value introduced here reads
. ' SR TR ot -
C(pla P2, P3, P4; 51, 52, 53, 34) <0|bpf2 Sfo pf175f1 bp2752bp1,81 bp4 54bps783bpZl 18iq bpm,s12 |0>
ptopt 3 bt pt
<0|bpf275f2 Pri:Sf b P2,S2 bp4754bp1751 bI)3783bpzl »Siq bpm,sl2 ’O>

+5(p1 - p4)651754 <0|bpf2’sf2 bph S f1 bLmSz bp3753 bl.)il,sil bLiQ,SiQ

0) , (12.19)

where we have applied the anti-commutator algebra of the fermionic operators (10.407). In
the second term disappears due to the different momenta of the initial and the final
state (12.12), and (12.13). Indeed, as contains two creation (annihilation) operators
for the initial (final) states but only one annihilation (creation) operator for an intermediate
state, there always remains one creation (annihilation) operator, which finally annihilates the
bra (ket) vacuum. Thus, a comparison with yields:

C~'(P1, P2, P3, P4, S1, 52, S3, 84) = C(pbpm P3, P4; 51, S2, 53, 84) . (1220)

We conclude from ([12.14)), (12.16]), (12.18]), and (12.20]) that both contributions of the scattering
matrix (12.5)) depend on the same vacuum expectation value ((12.15). We now evaluate the latter
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by iteratively applying the underlying anti-commutator relations (10.407)):

C(pla P2, P3, P4; S1, 52, 53, 34) <0|bpf2,5f2 Pfi:Sf1 pr2782pr4784 <bp1751b};i1 ,5i1> (bp3753 p127512> |0>
—5(1)3 - pil)(ssg,sz'l <O’bpf275f2 bpflysh bI)Z,SQbI)4 84 (bplzsl p12,812> ’0> <O’ bpf2=5f2 Pf1:5f bLz,Ssz4,S4
X [_W—i_ 5(p1 - pzl sl,slli| |: m+ 6 P1 — pl1 S1,Szli| |0> ( pi1)553,8i1

x (0] bpfg Sf, Pf175f1 p2,82 p4,84 [M"‘ d(P1 — Piy)0s, 512:| 0) = { (p1 pi1)65175i1
X(S(p3 - pi2)65375i2 - §(p1 - pi2)551,8i25(p3 - pi1)58378i1} <O|b bT ‘O> (1221)

Pf2,5fo pf175f1 P2,52 P4 S4

Here the crossed out terms do not contribute as the creation operator of an initial state an-

nihilates the bra vacuum due to p;,,p;, # Py, Ps,- The remaining vacuum expectation value
(12.21)) results in

(ofb
x (0

Py 2bpf1 S f1 bT2 S2 p4 S4|O> <O|bpf275f2 p2782bpf1’5f1 P4, 84|0> + 5(132 pf1)55275f1 (1222)
bpj275f2 p4,34|0> (pQ - pf1)55275f16<p4 - pf2)55473f2 - 5(p2 - pf2)53275f25(p4 - pf1)55415f1 .

Inserting ([12.22)) into (12.21)) yields in total four terms:

C(P1, P2, P3, P4; 51, 2, 83, 54) = 0(Pg, — P2)0s;, 5,0(Pp — Pa)dsy, 5,0 (Piy — P1)0s,, 1

X0(Piy — P3)0s,y .55 T 0(Pp — Pa)ds; 540(Pra — P2)0sy, 5:0(Piv — P3)0s;, 550 (Pio — P1)0s,, 51
—5(Pf1 - p2)5sf1,525(Pf2 - p4)5sf2,545(pz‘1 - P3)5sil,535(Pz’2 - p1)5si2,sl

—0(Py; — P4)0s;, 540(P sy — P1)0sy, 5,0 (Piy — P1)0s;, .610(Pi — P3)0s;, s - (12.23)

We recognize that the vacuum expectation value ((12.23)) turns out to have the symmetry
C(P1, P2, P3, P4; 51, S2, 83, 54) = C(P3, P4, P1, P2; 83, 54, 51, 52) (12.24)

where both the initial and the final momenta as well as the helicities are exchanged with respect
to each other. Therefore, the substitutions py, s1 <+ p3, s3 and p,, s2 <> py, 54 in (12.18) lead
with (12.20]) to a corresponding symmetry of the matrix element

<pf175f1;pf273f2| :ju(w): ] (I) |pz1a3napzzv‘912>

~

= <pf178f1;pf278f2’ :jy(x/) 1 ( ) |pi175i1;pi273i2> . (12‘25)

Using ([12.25) in ((12.16)), the latter reduces to

2
2,rad € ) o .
S(i Y= _2h202 /d4x/d4x,<pf1’sf17pf27Sf2| .j‘“(l‘) .
X :ju(x/) : |pi1a 5i1;pi27 5i2> DM,,(iL‘,I‘,) ) (1226)

where we have introduced as an abbreviation the Maxwell propagator

Dy (z,2") = 0(z° — 2°) (0] A, (2) A, (2)|0) + O (" — 2°) (0| A, (z') A, (2)[0) . (12.27)
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Substituting ((12.18)) and ((12.20)) into ((12.26)), we obtain for the interaction between the Dirac
and the Maxwell field:

Sﬁ’md) = —26—7; d4a:/d4x'/d3p1/d3p2/d3p3/d3p4zzzz

S1 52 3 54

Me? Mc? Mc? Mc? ,
D,, N\ ,i(p2—p1)z/h
x\/(QWFL)?’EIM\/(27r7i)3E \/(27rh)3E \/(27rh)3E w2 @) €

Xﬂ(anSQ)’YHU(pLSI)e(m pa)a'/h g (P47S4)7 U(P3,33) C(P1>P2,P3ap4;81,82753,34)- (12-28)

Based on the previous results we now establish an intriguing connection between both contri-
butions (12.14)) and (12.28]) of the scattering matrix (12.5)). To this end we first use the Fourier
expansion of the Coulomb potential in ((12.14])

1 d3]€ 47 ik ’
_ ik(x—x') 12.29
x— ¥ / P ke’ ! (12.29)
so that the scattering matrix contribution from the instantaneous Coulomb self-interaction of

the Dirac field ((12.14]) reduces to

S(stt) - /dgp /d3p /dgp /d3p ZZZZ Mc? Mc?
fi 87rheo ! ? K ! — \| (270)°Ey, \| (270)°Ey,

S1 52 S3

Mc? Mc> 0 — 0
X (2nh)*E (2nh)°E u(p2, 52)7 u(P1, $1) U(P4, 54)7 u(P3, $3) C(P1, P2, P3, Pa; 51, 52, 83, 84)
P3 P4

X/d3k2 ikQ /dt@i(Ep2+Ep4_Epl_Ep3)t/h/dg.re (hk—p2+p1 X/h/d3 hk—p4+p3)x//h7 (1230)
™

where the evaluation of the respective spatial and temporal integrals yields

/ dt ¢ FeatBorEor =Eea/l - = 2mhe §(py + p — P — 15) . (12.31)
/ B ! MeP2tPX/h - —(971)3 §(hk — py + p1) (12.32)
/ APy PkPaEPaX/h (9 p3 §(hk — py + p3) - (12.33)

Substituting (12.31))—(12.33]) into (12.30) and evaluating the k-integral finally leads to

S(g,inst _ /d3p /d3p /dgp /d3p ZZZZ M2 Mc?
fi 2600 ! ? K ! — \| (2n)Ey, \| (277)3Ep,

S1 52 S3

M2 M2 1
27h)46 e N 0
X\/(Qwh)3Ep3 \/(27rh)3Ep4 (27h)*6(p2 + pa — p1 — p3) (P2 —p1)? u(p2, s2)7y u(p1, $1)

XU(Pa, 54)7 u(P3, S3) C(P1, P2, P3, Pa; 51, 592, 53, S4) - (12.34)

On the other hand, with the help of the four-dimensional Fourier representation of the Maxwell

propagator ((9.199))

ih [ d%k 1
D, (z,2") = a/ ) ﬁek( ) P, (k) (12.35)
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the scattering matrix contribution (12.28)) stemming from the interaction between the Dirac
and the Maxwell field yields

2 M2
(g,rad) — d3 d3 d3 Me
Spi 27rhceo / p1/ p2/ p3/ Pa Z Z Z SZ (2mh)3Ey, \| (2mh)3Ey,

S1 52 S3

M2 M2 d'k 1
— " — v - P
X\/(27rh)3Ep3 \/(271’71)3Ep4 u(p2; 52)7"u(p1, $1)U(Pas $4)7" u(Ps, 53)/ (27)% k2 (k)

XC(P1,P2>P3,P4;81,82783,84)/d%e (hk-+p2=p1 x/h/d‘l 'l (Tktpa=pa)' /R (12.36)

The evaluation of the two spatio-temporal integrals results in
/d4a7 e!ktpa=pi)a/h - —  (9r ) §(hk + po — p1)
/ dig ! CTkFPamp)T R (r ) §(—hk + py — ps3) | (12.37)

so that the k-integral in ((12.36]) can be evaluated as follows:

(2rad) _ 1€ *h e /d3 /d3 /d3 Mc? Mec?
S5 " 2ec / h b2 bs b Z Z Z Z (2rh)3EL, \| (27h)3E,,

s1  S2  S3 S84

M2 M2 P.(p2 — 1)
T AR . AT
X\/(27rh)3Ep3\/(27rh)3Ep4 (2mh) 0 (P2 1 = p1 = ps) (p2 — p1)?

XU(P2, s2)7"u(P1, 51) U(s, 54)7 u(P3, 53) C(P1, P2, P3, Pa; S1, S2, 53, S4) - (12.38)

Inserting the polarization sum from ((9.204])
§ubv _ kuk, + (k&) (k.6 + k&)
k) -7 ()= I

into (12.38)), it turns out that its last term does not contribute. Namely, due to the algebraic
equations ([10.305) and (10.307) determining the Dirac spinor u(p, s) and the Dirac adjoint

Dirac spinor u(p, s), we conclude

P (k) = —gu — k2< (12.39)

H(I)Q,Sz)v“U(pb 81)(192# —pm) = { p2,52 Y pQ#} (p1751 —u p2752){7”p1pu(p1751)}
= —Mcu(pa, s2)u(p1, $1) + Mcu(pa, s2)u(py, $1) = (12.40)

and, analogously, we also obtain

§(p2 + pa — p1 — p3) (P4, $4)7" u(Ps, $3) (P2 — P11)
= 0(p2 + ps — p1 — p3) UW(Pa, S4)7V u(P3, $3)(Par — p3,) = 0. (12.41)

Note that the identities (12.40)) and (12.41]) are a consequence of the charge conservation at

a vertex and can be studied in more detail in the framework of the so-called Ward-Takahashi



250 CHAPTER 12. MOLLER SCATTERING

identities. From ([12.38))—(12.41)) we then conclude

(2rad) _ ihe? 3 3 3 3 Mec?
S5 " 2epc /dpl/dpz/dp‘”’/dp“zzzg 27rh 3E \/(27rh)3Ep2

S1 52 S3

X\/ M2 \/ Mc2  (2nh)*6(py + ps — p1 — p3) { o (P2 — P1)*Eués }
) I ’

(27Th>3Ep3 (27771)3Ep4 (p2 —p1)? b2 — pl)f]Q - (p2 - p1)
XTU(P2, 52)7"'u(P1, 51) UW(P4, 54)7 u(Ps3, 53) C(P1, P2, P3, P4; 51, S2, 53, 54) - (12.42)

Adding now both contributions ((12.34)) and ([12.42)) to the scattering matrix element (12.5) and
taking into account the explicit form of the time-like vector ¢ according to ([9.201)) yields a

manifestly covariant result:

(2) 1he P /d3 /d3 /d3 M2 M2
fi 2600/ h P2 bs P Z Z Z ; (2rh)3Ep, \| (27h)3E,,

S1 52 S3

Mc? Me? g
21h)4s —py —ps) — I
X\/(27Th)3Ep3\/(27rh)3Ep4 (2mh) 0z +p1 = p1 = ps) (p2 — p1)?

XH(I)Q, 52)7““(131; 81) ﬂ(p4, 84)7”“(1’37 53) C<p17 P2, P3, P4; S1, 52, S3, 54) . (12-43)

Substituting the vacuum expectation value ([12.23)) into ((12.43)), the first two and the last two
terms yield the same contribution, respectively, due to the obvious identity

U(p2, s2) Y u(p1, 51) U(pa, $4)7 u(ps, s3) = W(P4, 54)7 u(Ps, S3) UW(P2, s2) 7V u(p1, 51) (12.44)

and the symmetry of the integrand with respect to the substitutions py, s1 <> ps, s3 and p,, s2 <>
P4, S4. This results in a factor of 2, which just compensates for the factor 1/2 stemming from

the second order in the Taylor expansion of the exponential function:

he? M2 M 2 M 2 M 2
S = % (2rm)ts i — Pi
5= e B0 b =P =P\ oy, | @rh By, \| ek By, \| @7k B,

Juv _ B V
X { W (P, S£)V U P Siy ) WPy 55,)7 U(Piys Siz)
1

_pi1)

—(g_% WP, S5 )V U(Piys Si) WPy 1) WPy sil)} : (12.45)
Dp Piy)

This perturbative result for the scattering matrix element of the Mgller scattering can be
represented in the form of two Feynman diagrams, which are depicted in Fig. [12.1] Note
that no momentum integrals occur in ((12.45)), which would correspond to internal loops in the
Feynman diagrams. Therefore, one calls the graphs in Fig. to be tree-level graphs. The
corresponding manifestly covariant Feynman rules for converting the scattering matrix element
into the Feynman diagrams of Fig. and vice versa read in momentum space as

follows:
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734, %54 792,582 F32,59, P4, S84
1
=Y 8- Pia=Th
—?‘q, Ot '

3= Te2

Figure 12.1: Direct (left) and exchange (right) Feynman diagram for the Mgller scattering of

two electrons.

(F1) The prefactor (27h)*d(pys, + ps, — Piy — Di,) guarantees the conservation of energy and

momentum in the scattering process.

Mc?

(F2) An incoming electron corresponds to the factor (27%—)3% u(p;, Si)-
Mc?

F3) A tgoing electron leads to the fact —u .
(F3) An outgoing electron leads to the factor (27rh)3Epf u(py, sy)

(F4) A vertex yields the factor ey*.

(F5) The Maxwell propagator corresponds to the covariant factor fig,,/(€cq®), where ¢ de-

notes the momentum transfer, see Fig. [12.1

(F6) The phase of the scattering matrix element is calculated according to the following rule:
(—q)numberof vertices (__jynumberofinnerlines  Here the minus sign for the number of vertices
comes from the negative charge of the electron, while the minus sign for the inner line

stems from the Maxwell propagator.

The phase rule (F6) leads directly to the correct phase of the direct graph: (—i)*(—i)! = +i.
Due to the indistinguishability of the two incoming and outgoing electrons, apart from the
direct graph also the exchange graph contributes, where in the latter the two outgoing electrons
are swapped. Due to the Fermi-Dirac statistics of the electrons, the exchange graph has an
additional minus sign. Consequently, the entire scattering matrix is anti-symmetric with respect
to the exchange of the two incoming or outgoing electrons. If we had calculated the scattering
of identical bosons, the exchange graph would have the same sign as the direct graph and
the total scattering amplitude would be symmetrical with respect to the exchange of the two
incoming and outgoing bosons. Note that the Feynman diagrams in quantum electrodynamics
always have the multiplicities £1 in contrast to other field theories such as the ¢*-theory of
critical phenomena, where the multiplicities are highly non-trivial as they follow from involved

combinatorial reasons.
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12.2 Polarization Averaging

The second perturbative order of the Mgller scattering matrix element in ((12.45)) factorises

according to
he? M2 Mc?
i Pl CUDRIC At Sl ) (27h)° By, \| (270 Ey,,

« | M e (12.46)
2nh) By, \| @rh)E,, ~

where we introduced the matrix element

2 Guv — — v
M = m U(Pgs S5 )V u(Pirs 8i) WP, $5)7 u(Piss Sis)
g v — - v
- 3 2 u<pf1> Sfl)’yuu(pizv Siz) u(pf27 Sf2)7 u<pi17 Sil) . (12'47)
(pf1 - pi2)

Provided that the polarizations of both the incoming and the outgoing electrons are not detected
during the scattering process, we have to calculate the scattering cross section from averaging

the squared matrix element over all these polarisations:

PHHHALTIE 1249

Siy  Sig Sf1 Sfo

Substituting (12.47)) into (12.48]) leads in total to four terms:

‘M(?)‘Q - _ZZZZ{ pf1 Dis [ (pfwsfl)ry u<pl17821)]*[ﬂ(pf27SfQ)’Vuu(iwsiz)r

Siy  Sig Sf1 Sfa

Xu(pfn Sf1)7 u(pin Si1) ﬂ(pfza 3f2)7uu(pi27 Siz)
1

(pfl - pil)Q(pr — Piy

)2 [ﬂ(pfﬂ Sfl)f}/#u<pi17 Si1>:| " [ﬂ(pfw sz)fyuu(piza 57?2)] '

Xﬂ(pr, sz)f)/yu(pilv Siy )ﬂ(pf17 Sf )f}/vu<p127 Siz) + (pfl e pfz) } . (12'49)

Calculating the expression [u(py, $1)7"u(ps, s2)]", we note that u(py, s1)7*u(py, s2) coincides

with its transpose as it is a scalar:
[@(p1, 51)7" u(p2, 52)]" = [@(P1, s1)7"u(p2, 52)]'
= ul (P, 52) (V") 4" (p1, 51) = (P2, 52)7° (V)7 u(py, 1) - (12.50)

From the chiral representation of the Dirac matrices (10.95) follows due to the hermiticity of

the four Pauli matrices o*:

T
i [0 o\ [0 &~ ()t =170
()t = < o ) — < o > — () = : (12.51)
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With this we conclude by taking into account the Clifford algebra ((10.96]):

P (V)0 =000 =10
Y1) 190 = —409190 = 4iq 090 = 4

Substituting (12.52)) into (12.50)) then leads to the result

[@(p1, s1)7*u(pa2, s2)]" = u(pa, $2)7" u(p1, $1) - (12.53)
Using ((12.53) in ((12.49) yields

‘MJ(”ZQ')Q - _ZZZZ{ f — i, (p217511)7 u<pf175f1) (piz75i2)7uu<pf27sf2)

Siy  Sig Sf1 Sfa

xu(pflv 3f1)’7 u(piu 31'1) ﬂ(pr, SfQ)’qu(piza Sig)
1

(pfl - pi1)2(pf2 - pil)

2 ﬂ(pilv 5i1)7uu(pf17 5f1> U(piza Siz)’y#u(pfw sz)

Xﬂ(pfw sz)’yyu(piu 3i1) ﬂ(pfl: Sfl)ﬁ)/l/u(piw Si2) + (pfl e pf2)} . (12'54)

As the factors @(p1, s1)y*u(p2, s2) are scalars, their order can be changed:

2 _
‘M( | M2 = ZZ{ pf (pf175f1)7 Zu(pilvsh)u(piush) ’Ypu(pflvsfl)
1 Diq

Sf1 Sf2 Siq

Xﬂ(pr, 5f2)7v Z u(pi27 Siz)ﬂ<pi27 5i2) ’Vuu(pfw SfQ)
87;2

1
(pfl - pi1)2(pf2 — Pi

)2 ﬂ(pf2> 5f2)7y Z u<pi1a 3i1>ﬂ(pi17 5i1) Vuu(pﬁ? Sfl)

Sil

pf17 Sfl Zu Pi Siy)U(Pis Sis) ’Vuu(pfzv sz) + (pfl = pfz)} . (12.55)

Sig
The polarisation sums occurring here with respect to s;,, s;, were already calculated according
to ((10.438)) and ((10.447). We implement now this result by introducing for the sake of clarity

spinorial indices and by using for notational brevity the Einstein summation convention that

implies summation over identical spinorial indices:

i, + Mc
MA? = DS ) (pl_) P us(pr s
‘ 4 ‘ ZZ pf1 pzl ( f1 fl) B IM . ~6 ( f1 f1)

Sf1 Sfa
_ pi2 + MC
Xua’(pf27 8f2)71/a’ﬁ’ W Vs Us (pf27 SfQ)
,8/ !
1
(pfl - pi1)2(pf2 — Pi

_ » pl —l—MC
)2 ua(pf278f2)/7a,8 (127 5 755 u5<pf178f1>
Y

_ Pir + Mc
XTo/ (D1 Sf,) Vvarp oMo Yoy Us' (Pfyy S) + (P <> Ppy) ¢ - (12.56)
ﬁ/.y/
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Paying attention to the respective spinorial indices, the individual terms can be rearranged as

follows

e 1 1 pz + Mc
yor_ L) ot . . o
M5/ 4| (py, — piy)* Tas \ oM 5 Ve Szf;ua(lofl S )Ua (P> S5)

Pi, + Mc _
XYva! B! (QQTC Yun's Z Ug! (pfm sz)uoe’(pfzv 3f2)
/BI,Y/

Sf2

1 pil—i-MC) M
- Yeas \ —57— | 7 us(Pris $p)ue (Pros Sp)
(pfl_pil)Q(pr_ph)Q /B( 2Me B " szfl: fooh i

iy + Mec _
X Yvar g (%) Vi | D s (Pra55)8a(Prs5,) | + (P Py,) } - (12.57)
B’y Sfo

Here we take into account that also the polarisation sums with respect to sy,, sy, were already

calculated according to (10.438|) and (|10.447)), yielding:

MO = 1 L (% + MC) - (7’/‘1 + MC> - (?f% + Mc)
: 4) (pr —pi)* P\ 2Me ), P\ 2Mce )5, oMc )40
?fz"‘MC 1 y pil—i-MC L pfl—i—MC
T’ M T o =i on —pi)? @\ anr REANYY]
2Mc e (pfl pll) (pf2 pu) & By c So
pig + MC pfé + MC
110/ ! —_— 157 R 1 H 2 . 12-58
XP)/ g ( 2MC B+ PY/W(S 2MC 5 + (pf pf) ( )

The sums with respect to the spinorial indices can be interpreted as traces:

1 1 iw +Mec .+ Mc i + Mec , +Mec
\M<§>\2:_{—)4 Tr {y’jp bt ] T {%p P ] (12.59)

4\ (ps, — piy 2Mc 2Mec oMc P 2Me
1 P +Mc  pp +Mc P, + Mc  pp, + Mc
— 5 5 1T |7 Y vw %;7? vfj + (ppy, <> 0s,)
(P = pi)*(Pg, — Pir) 2Mc 2Mc 2Mc 2Mc

The first contribution in ((12.59) is called the direct term

\MTV  Te [ (i + M)y (pr, + Me)] Tr [y, (i, + Me)yu(py, + Mc)]
pld 64M4cA(py, — piy ) '

(12.60)

It consists of the product of two traces of the same design type, which reads due to the shortcut
notation with the Feynman dagger ([10.100]) as follows:

Tr [ (pi, + M)y (P + Me)] = Tr [v"puy P + Mery"puy” + Mey"y gy, + MPc*yy"]
= Pi D Ir [7“7“7”7)‘} + Mecpi, o Tr [Y*9"~"] + Mcp;, T [7“7”7’\] + M?ATr [y#47] . (12.61)
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12.3 Traces of Product of Dirac Matrices

Thus, according to ((12.61]), we have now to calculate traces over different products of y-matrices.
Due to the explicit form of the Dirac matrices ((10.95)), the trace over each individual y-matrix

disappears:
Tr[y*] =0. (12.62)

The trace over the product of two ~-matrices can be calculated by using their property of
representing a Clifford algebra ((10.96)):

1
Tt [,y,ul,}/M] — 5 Tr [,y,ul,yufz + ,7/!27111] — g‘“’”Tr[l] — 4gV1M2 . (12.63)

We show now that the trace vanishes over a product of any odd number of y-matrices. To this
end we consider the y*-matrix defined in that has the explicit form and, thus,
the property to be involutoric according to (10.155)) as well as anti-commuting with any Dirac
matrix according to . With this follows then for the trace of a product of y-matrices:

Tr [7#17#2 .. ,Yﬂn] = Tr [,yul,yﬂz ... ,y#n75,75j| =Ty [757#17% .. 7“”’75}
= (=1 Tr [y"y2 - Ay = (1) T [y g2 ey (12.64)
so we obtain for n being odd:

Tr[yHigk2 .. 2] = 0, (12.65)

Thus, only the traces over a product of an even number of v-matrices can be non-vanishing.

Let us consider now the trace over a product of four y-matrices. Successively applying the
Clifford algebra property (10.96|) together with ((12.63)) yields 4!! = 3 terms:

Tr [,yﬂl ,YMQ,YM&YIM] = —Tr huz,yul,yug,ym] + 29N1M2Tr [,VMZS,YIM] = Tr [,ylm,y/i:i,yﬂl 7#4] + Sgﬂllmguislm
_29#1#3Tr [’YM’YM] — _Trhuz,y#&ymx,yul] + 29“1“4Tr[7“27“3] + 89#1M29u3#4 _ 89”1“39”2“4

_— Trhmfym,yus,yml] =4 <gH1NQgH3M4 _ gu1usgu2u4 + gmu4gu2u3) ] (12.66)
With the help of the auxiliary calculations (|12.62))—(12.66)) we obtain for (12.61]) the result
Tely" (i, + M)y (P + Me)] = dpiwappin(9"9™ — ¢ g™ + ¢"g™) + AM> g
= ALY, — pupng™ + PPy + MPEg™) . (12.67)

Using (12.67)) the direct term ((12.60|) yields

o Py i+ (MPE = pipn) 9 PisuPrav + PP oy + (M2 — piypr,) g
Jild AMAct (py, — piy ) ’

which finally reduces to

‘M(Q)l pllpiz)(pflpfz) + (pflpi2>(pi1pf2) - MQCzpilpfl _ M262pi2pf2 + 2M*ct (12 68)
d 2M4C4<pf1 - pi1)4 . '
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The exchange term in ((12.59)) is formally obtained from the direct term (12.60)) by interchanging

the final momenta py, and py,:

W Tr [’Y”(pz‘l + Me)y"(py, + Mc)] Tr [%(;z)il + Me)v(pr, + Mc)} | (12.69)

fi ex - 64M4C4(pf2 _pll>4

Therefore, we obtain the result for evaluating the traces in (12.69) from (|12.68|) by interchanging
the final momenta py, and py,:

‘M(z,) ‘2 _ (pi1pi2)(pf1pf2) + (pfzpi2)<pi1pf1> — M202pilpf2 — M202pi2pf1 + 2M*ct (12 70)
JE lex 2M4C4(pf2 _pi1)4
Thus, it only remains to consider the interference term between the direct and the exchange

scattering in ((12.59)):

T2 @202 _{Trh/u(ph + MC)WV(Pfl + Mc)%(pig + Mc)%f(%h + MC)] + (pf1 = pfz)}
|M ' |i B 64M4C4(pf1 _pi1)2(pf2 _pil)2 ' (12‘71)

Let us restrict us for the time being to the evaluation of the first term in ((12.71f). The corre-

sponding trace can be simplified due to ([12.65]) such that only the trace over products of an

even number of y-matrices occurs:

Tr[...] = Te[(Y'pi, Y Pr. + My pr, + My piy” + M2yt~ (12.72)
X (Vi b, + Mcyuvpr, + Meyupi, v + M2Eym)] = e gy Prvubis Wi
+MPEN P A PV + MEEVA P Vg, + MEEVA B A Pis

FMPEV YA VP g + MPEV P ViV + MEEV A i by + MY 0] -

These traces over products of an even number of y-matrices should actually be calculated
analogously to (12.63)) and ((12.66)). However, the trace over a product of six (eight) y-matrices,

which appear here for the first time, leads in total to 6!! = 15 (8!! = 105) terms. Thus
evaluating with the previous calculational technique would be too involved. Instead
we use the observation, that the contractions of y-matrices occur in ((12.72)) within the trace,
to our advantage. Namely it turns out that this circumstance drastically simplifies the trace
calculation. With the help of the Clifford algebra the contracted product of two -
matrices can be calculated as follows:

v 1 12 v %
VU = g™ = 5 9w () = g™ =0, =4 (12.73)

In case of one y-matrix between the two contracted y-matrices we get by applying the Clifford
algebra (10.96)

VY Y = (Y v 4 29" )7 = =V e+ 298 v = 29" (12.74)
This result can be used to deal with two y-matrices lying in between

I

VY'Y v = (=Y + 26" )Y v = = (VY ) + 29" v = 2007, 7" = 4977 . (12.75)
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And, correspondingly, we yield for three y-matrices:

LV KA

VA A Y = (= A+ 20" )Y VMY = = (VYY) + 207 M
= g™ 20y ) = =4y g+ 2(—M 20 ) = =2 (12.76)

These contraction rules for y-matrices can now be iteratively applied to the respective terms

in the trace (12.72)) of the interference term (|12.71}):

DY v = =297y, = =8, (12.77)
2V PV Prvute = PiusPin (P YV Y )W = PianPra (27N (VY ) = 4piwp sy, (12.78)
VPV Vuin Vo = PiriPior (VY Y %)V = ADikDiond™ V0 = 4Diepinn ™ (12.79)
DVA P iV = PinsPior (VY 1) 0 = ADisPin (12.80)
BV PV Vo te = PissP (VY Y V)0 = 4Diinlpn g™ 1Y = APis kP pr¥™ (12.81)
6V Y Vi V2 = PiawPiA (VY 1)V 0 = =2PiwPpan (VA 0V = Pigrppny™ Y (12.82)
VY Brvu Vs = PasPaa(V Y Y )07 = 4P asppay™ (12.83)
8V PV Pr Vb o br = D fiaPizeP i (VY )7 0T (12.84)
= —2Di kP APino P sV (VY Y NIV = —8PisnPfiaPinoPsar g VYT = —8(DiuPin )PaAP RV

Using the auxiliary calculations (12.77)—(12.84]) and taking into account (12.63)) we obtain for
(12.72]) the following result

Trl..] = =8(piypia )P AP o TrV Y] 4 AMPE {3k s a T (VY] + Dy epinn Tr[r ] (12.85)
D1 Pin TV} + {Pispn TE Y] + Dl n TV + Disrp pia Tr[y" 7} — 8M e T 1]
= —32(pi,pin ) (P Pps) — 32M et + 16M>C* (piypr, + pinPis + PpPis + Pis Py + P1Pss + PisPry) -

Substituting (12.85]) into (12.71]) leads to the final expression for the interference term between

the direct and the exchange scattering:

T = ,
fili 4M4C4(pf1 - pi1)2<pf2 — Piy
—M?(pi,pp, + DirDis + PAPis + PisDss + PriDps + Disbp) + (P, > 1)) -

)2 [2(pi1pi2)<pf1pf2) + M4C4 (1286)

We conclude that the direct term , the exchange term , and the interference term
have the common property of having a manifestly covariant form as they only depend
on the scalar product of momenta. Thus, it only remains to relate these scalar product of
momenta to observable properties of the scattering process. This is achieved by introducing

the Lorentz invariant Mandelstam variables.

12.4 Mandelstam Variables

Let us investigate now the kinematics of a general two-body scattering process

A+ B — C+D, (12.87)
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which is described by the four-vector momenta p,, py, p., and pg with a total of 16 components.
The equivalence principle of special relativity requires that observable quantities, such as the

scattering cross section, can be expressed by Lorentz invariants.

12.4.1 General Case

With the four-vector momenta p; with i = a, b, ¢, d, one can form ten different scalar products

pip; with @ < j, four of which are fixed by the relativistic energy-momentum dispersion relations

pi = MPc*. (12.88)

7

The remaining six degrees of freedom are still interdependent, as each scattering process must

satisfy the energy-momentum conservation law:

Pa+ Py = Pe+Pd- (12.89)

These four additional conditions lead to the fact that, ultimately, two kinematic variables are
sufficient to describe the two-body scattering process , provided that one can perform an
average over the polarisations of both the initial and the final particles. For historical reasons,
one describes the two-body scattering process by the following three Lorentz-invariant

Mandelstam variables

s = (patp)?® = (pe+pa), (12.90)
t = (pc - pa)2 = (pd - pb>2 ) (1291)
u = (pc - pb)2 = (pd - pa)Q . (1292)

Due to (12.88) and (12.90)-(12.91) each of the six scalar products p;p; with i < j can be

expressed by the three Mandelstam variables:

1 1

Paby = (s — M2c® — MZc?) | PePa = 5 (s — M2c* — M3c?) (12.93)
1 1

Pape = —3 (t = M2> — MZc?) | PP = =5 (t — Mjc* — Mzc®),  (12.94)
1 1

ppe = —3 (u— MZc* — M2c?) PaPa = —5 (u— M2 — Mzc®) . (12.95)

Furthermore, it is possible to derive a restriction for the three Mandelstam variables. At first

we obtain from (12.90)—(12.92)
s+t+u=(patpn)’+ (Pa—pe)’ + (pa — pa)* = 3p% + Py + D2 + D5+ 2Pa(Po — Pe — pa)(12.96)
which reduces then with and ((12.89)) to

s+t+u=p>+pi+pl+pi=(MZ+M;+ M2+ M3, (12.97)

Obviously, one of the three Mandelstam variables s, ¢, u can be eliminated with the help of
(112.97). Nevertheless, all the three Mandelstam variables are often used, as the results for

scattering cross sections turn out to acquire then a symmetrical form.
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12.4.2 Equal Masses

Various simplifications occur for two-body scattering processes (|12.87]), where the involved

particles have an equal mass:
M,=M,=M.=Myz=M. (12.98)
With the help of the identifications
Pa=Dis Db=Dips De=Dp, DPi=Dp (12.99)
the relativistic energy-momentum dispersion relations go over to
p; =p; = pffl = pi = M3, (12.100)

Additionally the corresponding scalar products (12.93)—(12.95)) read then as follows:

1

Pubiz = Ppbp =75 (s —2M°) (12.101)
1

Pabs = Pubp =5 (t=2M°¢), (12.102)
1

PP = DiuPp = 5( u—2M*c?) . (12.103)

And the definitions of the Mandelstam variables m ) take now the form

s = (i +u)* = (0 +0p)?, (12.104)
t = (pp—1pu)*=Pp—p) (12.105)
u = (pp = pw)’ = (0 — i), (12.106)

whereby the restriction (|12.97)) coverts into

s+t+u=4M>c*. (12.107)

12.4.3 Matrix Element

Now we return to the polarisation averaged matrix element of the Mgller scattering and ex-
press the individual contributions with the help of (12.101)-(12.107)) by the three Mandelstam

variables s, t, u. For the direct term ((12.68)) we obtain

| (s —2M3c?)? + (u — 2M?>c*)? + AM>c*t
d SMAcA2 :
The exchange term follows from the direct term by exchanging the final momenta
pf, and py,. At the level of the Mandelstam variables (12.101))(12.107) this corresponds to an

exchange of t and u, so we get

|M(2 (12.108)

(s = 2M2c*)2 + (t — 2M?c?)? + AM?Pu

‘M(? ‘Zx - SMAche2

(12.109)
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The Feynman diagrams in Fig. [12.1| whose absolute square and a subsequent polarization aver-
age leads to the terms ([12.108)) and (12.109)), are also called after the Mandelstam variable in the

denominator to graphically represent the ¢- and the u-channel, respectively. Correspondingly,

the interference term ([12.85)) yields

2))2 1 1

—M?¢ [(s = 2M>c?) — (t — 2MP>C?) — (u — 2M>c*)] + 2M*c* + (u t)} .
Both contributions in ([12.110]) are apparently identical, we obtain

@2 1 1 2 212 2 2

Taking into account the restriction ((12.107)) this reduces to

Tz (s—2M?c?)(s — 6M>3c?)

M| 12.112
‘ ¢ ‘1 AMA My ( )

12.5 Center-of-Mass System

Now we specialize the kinematic analysis to the center of mass reference frame for two particles

of equal mass.

12.5.1 Kinematics

Here the four-momentum vectors

E; /c E; /c E:/c E: /c
pi, = 1/ . pi, = 2/ . pp = f1/ . pp, = f2/ (12'113)
Piy Pi. P Pf.

simplify even further. Namely, the center of mass system is distinguished from other inertial

systems by the fact that the total momentum of the two incoming particles disappears:

Py +Pi, =0 — Pi =P, Pi,=—P. (12.114)
From their respective energy-momentum dispersion relations (12.100))

Ei, =[P} 2+ M3ct, Ei, = \/PL,c2+ M3 (12.115)
then follows that the energies of the two incoming particles coincide:

E, =E,=E. (12.116)
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From the momentum conservation ((12.89)) in the center of mass reference frame follows with
(12.99) and (|12.114]) for the momenta of the two outgoing particles

P + Py, =0 = Pn =P, Pp=-P. (12.117)
Thus, the corresponding energy-momentum dispersion relations ((12.100))
Ef, = \/p}, 2+ M3t B, = \/p},c2 + M3t (12.118)
imply that also the energies of the two outgoing particles are equal:
E; =E; =F'. (12.119)
And from the energy conservation (12.89)) in the center of mass reference frame

E,+E,=E.+ Ey, (12.120)

then follows with (12.99)), (12.116]), and (12.119)) that the energy of the incoming and the
outgoing particles F and E’ coincide:

E;, + E;, = E;, + Ey, = E=F. (12.121)

We conclude from (12.114]), (12.116)), (12.117)), (12.119)), and ((12.121]) that the four-momentum
vectors (12.113)) are given in the center of mass reference frame as follows:

P = ( E/C) y Dip = ( E/C) , Ph= ( E/,C) , Dy = ( E/f) . (12.122)
p P p P

For the Mandelstam variables ((12.104)—(12.106]) this has due to (12.115)), (12.118)), (12.121]),
and ((12.122)) the consequence

2
s = (py+pi) = ( 22/6 > = 4C—E2;2, (12.123)
2
t = (pp—pu) = ( o (i b ) = —(p' — p)* = —2p*(1 — cosh), (12.124)
2
u = (pp—pi) = ( D 3_ b ) = —(p' +p)* = —2p*(1 + cos¥h). (12.125)

Here 6 denotes the angle between the incoming and the outgoing electrons, which coincides with
the angle between the momenta p and p’ as illustrated in Fig.[12.2] Obviously, the Mandelstam
variables s, t, u in the center of mass reference frame ((12.123))—(12.125)) satisfy the restriction
due to the relativistic energy-momentum dispersion relation ((12.114)—(12.116]):

2

4F 4
s+t4+u= e Rl 2p*(1 — cosf) — 2p*(1 + cos ) = = (E* — p*c®) = 4M?c*. (12.126)
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VA NS
" }’\L"f/l/\/'l (/«3 g(f{“,(’l(;/\r(CQ’ZA

Figure 12.2: Geometry of the elastic Mgller scattering in the center of mass reference frame

with two incoming (outgoing) electrons of momenta +p (£p’).

Furthermore, we read off from ((12.114)-(12.116]) that the two Mandelstam variables ([12.124))
and ((12.125)) can be rewritten as
E2 - M2c4

b= 25— (1= cosh), (12.127)
E? — M3

Thus, for a scattering process of two particles with equal masses the Mandelstam variables
(12.123), (12.127), and (12.128)) in the center of mass reference frame depend on both the
scattering energy E and the scattering angle 6.

12.5.2 Matrix Element

With the help of (12.123]), (12.127)), and (12.128)) the individual contributions to the polarisation-

averaged squared matrix element for the Mgller scattering can be expressed as follows. The

direct term ([12.108)) goes over into
T2 1

|M(?)"21 - SMAA(E? — M?c*)?(1 — cos 0)?
X {(QE2 — M*c¢*)* + [(E* — M?c*)(1 4 cos ) + 2M204]2 — 2M?cH(E? — M?c*)(1 — cos 9)} :
the exchange term reads

2 1

ex ~ SMAA(E? — M2cA)2(1 + cos )2
X {(ZE2 — M?c¢*)’ + [(E* — M*c*)(1 — cos ) + M204}2 — 2M?c*(E? — M?c*)(1 + cos 6)} ,

(12.129)

(12.130)

M|

and the interference term ([12.112)) results in
T2 (2E? — M?c*)(2E? — 3M32cY)

MP )P = . 12.131
M AMAA(E? — M?c*)%(1 — cos0)(1 + cos 6) ( )
These three contributions are now to added:
0)
MPP = |MP)P + | MP|? +|MPP = /( (12.132
‘ i ‘ ‘ fi ‘d+| i {ex+’ ili T SMAA(E? — M2A)2(1 — cos 0)2(1 + cos 0)? ( )
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Due to straight-forward but lengthy manipulations the angle-dependent numerator results in

f(0) = (142cosf+cos®0) [(2E* — M?c*)? + E* + 2E*(E* — M*c*) cos 6 (12.133)
+(E* — M?c*) cos® § — 2M>c*(E* — M*c*)(1 — cos )] + (1 — 2 cos § + cos” )
x [(2E® — M?*¢*)* + E* — 2E*(E* — M?c*) cos 0 + (E* — M?c*) cos® 0
—2MP?cH(E® — M?c*)(1 + cos0)] + 2(1 — cos® ) (2E* — M*c*)(2E® — 3M*c*).

It turns out to be useful to take into account the trigonometric Pythagoras
sin? 6 + cos® 0 = 1 (12.134)

in order to further simplify the expression ((12.133)), yielding after some further algebraic ma-

nipulations the concise result:
f(0) =2[42E* — M*c¢*)? — (8E* — AMP*E? — M*®)sin® 0 + (E* — M?c*)?sin* 0] . (12.135)

Inserting ((12.135)) into ([12.132)) leads together with (12.134]) the following angular dependence

of the polarisation-averaged squared matrix element of the Mgller scattering in the center of

mass reference frame:

‘2 _A(2E? — M*¢")? — (8E" — AMP'E* — M*®)sin® 0 + (E? — M?*c*)?sin’ 0
B AMAA(E? — M2c4)2sin* 0

|MP . (12.136)

12.6 Transition Rate Per Volume

Now we return to the perturbative result for the scattering matrix of the Mgller scattering

(12.46|) and evaluate its absolute square:

(2)]2 n’e! 8
‘S i = €202 (27Th> (5(0)5(}?]01 +pf2 — Py _pi2>
0
Mc? Mc? Mc? Mc? (2)12
X M, (12.137)
(27r7’z)3Epi1 (27Th)3Epi2 (27rh)3Epf1 (27rh)3Epf2 | ’

The transition probability (12.137)) is formally infinite due to the appearance of the singular
factor §(0). In order to deal with this singularity we reconsider the decomposition of the field
operator 1&(1’) into plane waves according to (12.10)). However, instead we now assume, as is

usual in solid-state physics, that an electron is located in a finite box with volume V. Then we
have instead of (12.10]) the following plane wave decomposition:

D)= >

While the orthonormality relation of the plane waves in the continuum reads

Mc? {e_ipm/h u(p, s) by.s + P u(p, s)d } (12.138)
VE, o Lol '

/ d*z PPN — (9rR)A 5 (p — '), (12.139)
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it reads in a finite box V within a finite observation time T’

Te/2
/d3 /T/deoe PPV~ VTC6,, . (12.140)

Note that the delta function in ((12.139)) is substituted by the Kronecker symbol in ([12.140)).
Therefore, comparing ((12.139)) and ((12.140)) yields on formal grounds the following substitution

rule
(2rh)*§(0) = VTe, (12.141)

which suggests an appropriate regularisation for the singular term §(0). We now follow the
calculation strategy that both the initial and the final states of the scattering process are
still considered to be continuous, while the intermediate states are treated as discrete ones
as in (|12.138]). Thus, we would then have to repeat the whole perturbative calculation for
the Mgller scattering and calculate how the scattering matrix element and its absolute
square ({12.137]) change from this modified point of view. This would yield the result
with a regularization by the formal substitution rule together with the identification
(27h)? — V. With this we obtain for the transition rate per volume from (12.137)) and ([12.141]):

|S(2')‘ h2 4 (M02)4

fi (2)

— VA S(ps, + pry — P — s MP[P. (12,142
Vi EO ( ) (pfl br. Pi P 2) 4 Pi; —Piy —Pf Epf2 ‘ } ( )

This transition rate per volume is then to be integrated or summed up over all final states:
s [ o s @33 (12,143
(2 h)3 ' (2m h :
Sfl SJ‘Z

and it is to be averaged over the polarizations of the initial states:

1

T >N (12.144)

81'1 Si2

This yields the averaged transition rate per volume:

|55

v 3
ZZZZ (@rh)? / P (27Th>3/d P (12.145)

Siy  Siy Sf; Sf

Inserting ((12.142)) into ((12.145)) as well as taking into account ((12.48)) then leads to

4M2 4 5 . M204 W

EOC Piy —Pig Pf —Pfy

where the polarisation average of the squared matrix element ((12.48|) was already calculated in

(12.136)). The two integrals over the outgoing momenta are of the following form:

I= [ SR Syt by = i = i) S (B P (12.147)
2Epf1 2Epf2 1 2 1 2 1 2
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In order to evaluate ((12.147]) we perform at first the following auxiliary calculation
/ dp’s(p* — M*c?) = / dp’s((p°)* — p* — M*¢?)
0 0

O

Note that we used here the distributional rule

OIEDY ﬁ Sa—z),  glw)=0 (12.149)

E? E E E E
g@°) = ") - 3% = ( - 7") <p°+ 7") . g (po = i—p> = +2-2 . (12.150)
Inserting ((12.148)) into ((12.147) leads to
I = d S " M2c)5
- Py P, (pf2 ) (pfl + P — Pip — plz)f(pfnpr)

d 1
= / pf /d4pfz (pf2)5(pf2 M?*c)S(ps, + gy — iy — Pin)f(Pp>Pp) - (12.151)

Now the four-dimensional py,-integral can formally be evaluated and we obtain the intermediate
result:

d’py,
1= /2E oW +p2 — p)0((piy + piz — 1) — M) f(Pgi, Pis +Pin — Pp) - (12.152)

In view of evaluating also the py,-integral we specialise for the center of mass reference frame,
so that we can apply the considerations from the previous section. However, in contrast to
(12.122)), we cannot use the conservation of energy, as this is only established due the delta
function in ((12.152). Therefore, based on (12.114) and , we have to generalise the

four-momentum vectors ((12.122)) accordingly:

piy = (Ep/ C) . P = (Ep/ C) . P = (Ep/,/ C) . P = (Ep'/,c> . (12153)
p —p P —p

From this we read off

2F, — By
P+ 0y, — 1y, = % (12.154)
Py +Pi, — P, = —P, (12.155)
as well as
(Pir + Din —21)* = (i + Pin)® = 2(piy + Pix)Ps, + P, (12.156)

+ 2 —p? = —P2(E, — Ey) + M*¢,

c c c? c

_<2Ep)2 5 2Ep By EX  ,, AE
C
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where in the last step the relativistic energy-momentum dispersion

B2 =p”c? + M3 (12.157)
was used. With this reads using in the center of mass reference frame

d3 / 2
[=- /2E O(2E, — E, )4‘;7 8(Ep — Ex)f (0, —p). (12.158)

In view of a further evaluation of the p’-integral, we introduce spherical coordinates for which

we get

d*p’ = |p'|* d|p’|dS2, dQ) = sin 6dfd¢ . (12.159)

Furthermore, due to a comparison of ((12.136]), (12.146)), and (12.147)), we identify f(p’, —p’)
with F(|p’],0):

C

/|12
I= —/ dlp'| - [ /dQ O(2E, — Ey)8(E, — Ey)F(p'],6). (12.160)
SE, E,

Due to the relativistic energy-momentum dispersion (12.157]) we obtain the following substitu-

tion:

Ey
2F, dEy = 2|p’| d|p'|c = dlp'| = ‘ ,"’ dE,y (12.161)
so that (12.160)) goes over into
I i/de , Lo 'p/|2/dn@(2E B )0(E, — Eo)F(Ip],0) (12.162)
8By Jo P PP By P e e T B R '

1 o]
= SE, /dQ/O dEy\[E2 — M2c* ©(2E, — Ey)d(Ey — Ey)F (\/Ef)'/02 _ M262,9> _

Now the Ey integral can be performed due to the delta function, yielding, finally, the conser-

vation of energy Ey = Epy:

E2 _ M2C4
S N 2 /.2 _ N2.2
a5 /dQF <\/Ep/c M2c ,9) . (12.163)

Based on the result ((12.163]) for the two integrals ([12.147)) in the center of mass reference frame,

we now obtain for the averaged transition rate per volume ((12.146) with identifying £ = Ej:

et Mt \/W/CMM
m2edc V2E? 2E :

(12.164)

Checking the physical units of (12.164)) by taking into account ((12.136|) yields, indeed, as
expected: [W] =1/(sm?).
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12.7 Cross Section

In order to calculate the cross section we still need the number of incoming electrons per time
unit and area. For this purpose, we consider again the normal order of the four current density
operator ([12.17)), but this time for electrons being confined in a finite volume V. To this end

we apply ([12.138)) and its Dirac adjoint, yielding instead of ((12.17)):

—CZZZZ Mc2 Mc2 (12.165)

P1 P2 S1 82 p

{ei(m_lpl)x/h ﬂ(p% 32)’7/““(1317 Sl)g;r)z,sgéplysl + ei(p2+p1)Z/h ﬂ(p% 82)7”0(1)17 Sl)bl& 826P1,S1
+e ipatp)e/hy (an SQ)VMU(pla Sl)dpz,wl;phsl —e ip2tpr)z/hy (p27 32)7%0(1317 Sl)d:)_g,sgdApl,ﬁ} :
Evaluating the matrix element of ({12.165]) with respect to the initial state (12.13]) leads to

e ) = EEEE A [

P1 P2 s1  S2

w etP2—p1)z/h 7 (p27 82)’}/ U p1,81 O(pl,pQ; 31732), (12.166)

where we have introduced as an abbreviation the vaccum expectation value
C(p1,ois1,5) = (0]bpy, s, (bpil ,Sz.lb;@) (bpl,slb;il 1) o, . l0).  (12.167)

Applying the anti-commutator algebra (10.407)) we obtain from ((12.167])
= <O’ bpi273i2 ( bLQ,Sprllﬂs’Ll + 6pi1 7P255i1732) <_b1)21 »Siq bp1,81 + (51)7.‘171)1632‘1,51) bI)i2,S¢2 ‘O> (12168)
<O’ (bp12,512 bpz,sz) Piq»Siq bI)Ll »Siq (bphSl p12,$L2) ‘0> pzl »p253i1 »S2 <0| bpi275i2 bI)zl »Siq bpl,Slb;r;)i27si2 0>

_5pi1,p15511,51 <O‘ bng’ bT ZA) BT 0> .

Sig " P2,52 " Pi115i1 " Pig,Sig

b pt
> + 5pi1,P15pz‘17P2 651'1,52 581'1782 <O’ bpiQ,Sig bpiQ,siQ

Since it is assumed that the initial momenta p,, ,p;, differ from each other, the respective

fermionic operators b L Sip bL s and b iy b; s
11771 19772

the second and the thlrd matrix element in 112.168: disappear, so we obtain

anticommute, respectively. Therefore,

O(plv p2; 51, 82) <O|< P2, sszm, + 51%2,1)2581’2,82) bpi175i1 bLilvsil <_b;r)i2,si2 bphsl + 5131'2,1)15812,81) ‘O>

O> = 5p1»P2651»52 (5P17Pi1 551732‘1 + 5P17Pi2 5317S¢2> (12169)

o ~
+5p1‘1 P1 5[%'2 P2 53i1 »S1 582‘1 »52 <O’ 1— bzg Sig bp@ »Sig

Inserting the vaccum expectation value (12.169)) into (12.166)) leads to the matrix element

N b 507"l 1) + € o
U\Piy 5 Siy U\Piy » Siy c
VEpil P 7 P VEPiQ

(il = () < i) = ¢ W(pi,s 50, )7 u(Piys 53,) - (12.170)

Afterwards, we average this current density with respect to the polarizations of both incoming

electrons:

ZZ W : ) (12.171)

811 322



268 CHAPTER 12. MOLLER SCATTERING

Substituting (12.170)) into (12.171)) we obtain

Mc?

T =wE > o (pir,s i )Vhgts(Pir s 5iy) +

Piy si

Mc? B
oVE Z Uo(Pis» Sis ) VagUs (Piss 8iy) - (12.172)

Pigy Siy

The polarisation sums with respect to s;,, s;, were already calculated according to ({10.438)) and

(110.447), yielding

JH = (12.173)

Mc? ’Y“ pi1l/’7y + Mc Mc? ’Y'u pizl/’yy + Mc
2VE,, '*° 2Mc 5 2VE, P 2Mc 5
1 « 12 «

The sums with respect to the spinorial indices can be interpreted as traces:

C2

JH = {pi L, Te[y#~"] + McTr[y”’]} +
WVE, P

2

C
AVE,,

{pm Tr[y*+"] + Mc Trh“]} . (12.174)

Due to the trace rules (|12.62) and (|12.63)) the polarization averaged current density (|12.174))

reduces to
w2 o2
p’ilc + pizc

JH = .
VEy,,  VEp,

(12.175)

In the center of mass reference frame ((12.122)) applies, so that the polarization averaged current
density ((12.175)) vanishes:

JH=0. (12.176)
The relative current density, however, turns out to be

_ 2lp|e?

AJ
VE,

(12.177)

and has, indeed, the correct physics unit [AJ] = 1/(sm?). The cross section follows now from
the quotient of the averaged transition rate per volume W and the averaged relative current

density AJ per volume:

w
- 12.178
N7 ( )
Substituting (12.164) and (12.177)) into (12.178]) yields the total cross section in the form of
do
= d$) — 12.179
7= [afd. (12.179)
so that the differential cross section is definied by
do et M*ct @2
- = 12.180
dQ  16m2eE2 |7 ( )
Inserting the polarisation-averaged matrix element (12.136]) therein then yields
d 2h22 E4_4M24E2_M48 1 42E2_M242 1
o o’hc 8 c c ( c*) (12.181)

9~ AE? B (E? — M?c*)? sin? 0 * (E? — M?2c*)? sin'f
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Here we have introduced the Sommerfeld fine-structure constant

62

(12.182)

- Areghc’
which quantifies the strength of the electromagnetic interaction between elementary charged
particles. It is a dimensionless quantity related to the elementary charge e, which denotes the
strength of the coupling of an elementary charged particle with the electromagnetic field. As a

dimensionless quantity, its numerical value is approximately given by

!
=137

The result (12.181]) predicts the differential cross section for the elastic scattering of two un-

polarized electrons on the basis of quantum electrodynamics. It was first calculated in the

(12.183)

ultra-relativistic regime by Christian Mgller in 1932 based on some guesses and consistency
requirements, not using quantunm electrodynamics. The full quantum electrodynamical calcu-
lation was provided only a few years later by Bethe and Fermi. Note that the indistinguishability
of the two electrons involved in the scattering is represented by the forward-backward symme-
try, i.e. the differential cross section is invariant with respect to the substitution § — 7 — 6.
Within a classic experiment at the Laboratory of Nuclear Studies (Cornell University, Ithaca,
New York) the Mgller scattering formula (12.181)) was checked in detail [Phys. Rev. 94, 357
(1954)]. To this end the absolute differential electron-electron scattering cross section was mea-
sured for the incident electron energy in the laboratory frame varying in the interval from 0.6
to 1.2 Mev, which has to be compared with the rest energy of the electron of 0.513 MeV. The
technique of measurement combined good resolution with large energy transfers between the
particles, so this experiment allowed a sensitive test of the Mgller scattering formula in
the relativistic regime. The results verified the theoretical predictions within a 7% experimental

error.

In the ultra-relativistic limit £ > M¢? the differential cross section (12.181]) reduces to:

a?h?c? 8 16
= 1— — . 12.184
w 4E? ( 0?6 st 0) ( )

do
d)

With the help of the trigonometric formulae

sin (§> cos (§> =3 sinf, sin (2) =35 (1 —cosf), cos (2) =3 (14 cosf) (12.185)

follows the trigonometric side calculation

1+ cos* () 2 1+sin (3) ) (1 8 16

sin? (Q) * sin? (9) cos? (g) * cost (g)

— 4+ — . 12.186
5 5 sin? 6 sin49> ( )

Inserting ((12.186]) into ((12.184)) leads to

a?h?c? |1+ cos? (g) 2 1 — sin? (g)]

ar 8F2

do
s

(12.187)

sin? (g) + sin? (g) cos? (g) * cost (g)
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In the opposite non-relativistic limit £ = Mc? + € we obtain with € < Mc? from ((12.181))

2+2 2 4
_ahe ( 5 > (12.188)

nr 162 \sin*@ sin?6

do
dQ)

With the trigonometric formulae ((12.185)) follows the trigonometric side calculation

1 1 1 16 {1

— - 2 1 . 2
ST ey vy 3 gy e AL S

—i(l—cosG)(l—i—cos@)}: 10 (1_2511129):4( A i) (12.189)

sin* 0 sin*f  sin?#

With this (12.188]) goes over into

do a?h*c? 1 1 1
| _ + _ . 12.190
dQ Inr 64¢2 [sin4 (4)  cos* (%) sin® (%) cos? (g)] ( )
With the non-relativistic dispersion relation € = p*/(2M) it follows finally
d WPAM? |1 1 1
L S ~— —57 ~| (12.191)
dQ Inr 16p sin® () cost (4)  sin® (%) cos? (%)

The first term in (12.191)) just corresponds to the cross section of the Rutherford scattering

d R2EM2Z? 1
ac| _anc - (12.192)
dQY IR 4p? sin (5)

with the nuclear charge number Z = 1 and the mass M being substituted by the reduced mass
M /2. This means that the forward peak of the non-relativistic Mgller scattering at § ~ 0 agrees
with the prediction of Rutherford prediction. Beyond that, however, there is another significant
backward peak at § = 7 that stems from interferences. Note that the latter must occur due
to above mentioned forward-backward symmetry following from the indistinguishability of the

electrons.

While formerly many particle colliders were designed specifically for electron-electron collisions,
recently electron-positron colliders have become more common. Here one uses the so-called
crossing symmetry, one of the useful tricks often used in quantum field theory to evaluate
Feynman diagrams. Namely, from the Feynman rules follows directly that the unpolarized
scattering matrix for any process involving a particle with momentum p in the initial state can
be converted into the unpolarized scattering matrix for an otherwise identical process but with
an antiparticle of momentum —p in the final state. This implies that the Mgller scattering
between two electrons goes over into the corresponding unpolarized cross section of the

Bhabha scattering, i.e. the electron-positron scattering:

e et —e et (12.193)
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Applying this crossing symmetry to the unpolarized Mgller cross section turns out to have the

consequence that the unpolarized Bhabha cross section follows by interchaging the Mandelstam

parameter s and w in ((12.108)), (12.109)), and (12.112]):

s = u. (12.194)

We refrain here from discussing the respective energy and angle dependence of the Bhabha
differential cross section. Instead we refer to the above mentioned classic experiment at the
Laboratory of Nuclear Studies, where the absolute differential positron-electron scattering cross
section was checked in the energy interval from 0.6 to 1.0 Mev, which verified the Bhabha for-
mula within the 10% experimental error. Furthermore, the ratio of the Mgller and the Bhabha
cross sections was also measured with somewhat increased accuracy, yielding a verification

within about 8% experimental error.

In the last three decades Bhabha scattering has been used as a luminosity monitor in a number
of e~e™ collider physics experiments. The accurate measurement of luminosity is necessary for
accurate measurements of cross sections. Small-angle Bhabha scattering was used to measure
the luminosity of the 1993 run of the Stanford Large Detector (SLD), with a relative uncertainty
of less than 0.5%. Electron-positron colliders operating in the region of the low-lying hadronic
resonances (about 1 GeV to 10 GeV), such as the Beijing Electron Synchrotron (BES) and the
Belle and BaBar ”B-factory” experiments, use large-angle Bhabha scattering as a luminosity
monitor. To achieve the desired precision at the 0.1% level, the experimental measurements
must be compared to a theoretical calculation including next-to-leading-order radiative correc-
tions. The high-precision measurement of the total hadronic cross section at these low energies
is, for instance, a crucial input into the theoretical calculation of the anomalous magnetic dipole

moment of the muon, which is used to constrain supersymmetry and other models of physics
beyond the Standard Model.
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