Chapter 1

Introduction

Visible light is a ubiquitous phenomenon, the true nature of which has always been studied by
mankind. From a physical point of view it represents a small fraction of the electromagnetic
spectrum that can be perceived by the human eye. Visible light is usually defined as having
wavelengths between the ultraviolet with 400 nm wavelength and the infrared with 700 nm
wavelength, which corresponds to a frequency range of about 430-750 THz, see Fig. 1.1. In
physics, the term ’light’ sometimes refers more generally to electromagnetic radiation of any
wavelength, whether it is visible or not. In this sense, also X-rays and gamma rays at shorter

wavelengths as well as microwaves and radio waves at longer wavelengths are called light.

Like all types of electromagnetic radiation, visible light propagates as waves, which are char-
acterized by certain primary properties. Apart from being characterized by a frequency or a
wavelength they have an amplitude, a polarization, an intensity, and a direction of propagation.
Furthermore, they propagate in vacuum with a speed of 299 792 458 m/s, which is one of the
fundamental constants of nature. The seminal Michelson-Morley experiment even showed that

this light speed turns out to be identical in all inertial systems.

However, the energy imparted by the waves is absorbed at single locations the way particles are
absorbed. The absorbed energy of electromagnetic waves is called a 'photon’ and represents
the quantum of light. When a wave of light is absorbed as a photon, its energy instantly
collapses to a single location, what is called the wave function collapse. This dual wave-like

and particle-like nature of light is known as the wave-particle duality.

Quantum optics studies the nature and effects of light as quantized photons and represents
an important research area in modern physics. The first major development leading to that
understanding was the correct modeling of the black-body radiation spectrum by Max Planck in
1900 under the hypothesis of light being emitted in discrete units of energy. Further evidence
for the corpuscular nature of light was revealed by Albert Einstein and his explanation in
1905 of the photoelectric effect, which deals with electromagnetic radiation hitting a material
and, as a consequence, electrons being emitted. And then in 1913 Niels Bohr showed that

the hypothesis of optical radiation being quantized corresponded to his theory of the quantized
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Figure 1.1: The electromagnetic spectrum with the visible light being highlighted.

energy levels of atoms. The understanding of the interaction between light and matter following
these developments was crucial for the development of quantum mechanics as a whole. However,
the subfields of quantum mechanics dealing with matter-light interaction were regarded for

decades as a research of matter rather than of light and one spoke, hence, of atomic physics.

This only changed in 1960 when the first laser was built by Theodore Maiman at Hughes
Research Laboratories based on theoretical work by Charles Townes and Arthur Schawlow.
This represents a device that emits light through a process of light amplification based on the
stimulated emission of electromagnetic radiation. Since then laser science, i.e. the research
into the principles, the design and the application of these devices, became an important field.
For instance, over the decades one managed to develop different laser types like gas lasers,
solid-state lasers, fiber lasers, photonic crystal lasers, semiconductor lasers, dye lasers, and
free-electron lasers, which operate at different wavelengths, see Fig. 1.2a). Furthermore, the
quantum mechanics underlying the laser principles was studied now with more emphasis on the

properties of light, and the name quantum optics became more and more customary.

The development of laser science was accompanied and triggered by the exploration of the the-
oretical foundations of quantum optics. This followed the basic work of Paul Dirac on quantum
field theory in 1927 and the birth of quantum electrodynamics around the Second World War as
the relativistic treatment of the light and matter interaction by Freeman Dyson, Richard Feyn-
man, Julian Schwinger, and Shinichiro Tomonaga. Namely, the quantum theory was applied
to the electromagnetic field in the 1950s and 1960s by Roy Glauber, John Klauder, Leonard
Mandel, George Sudarshan, and many others in order to gain a more detailed understanding
of the statistics of light, which quantifies its degree of coherence. In particular, this led to the

introduction and the manipulation of different states of light, such as thermal states, coherent
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Figure 1.2: Different light sources: a) Red (660 and 635nm), green (532 and 520nm), and
blue-violet (445 and 405nm) laser light; b) Orange (585 nm) light of a photon Bose-Einstein

condensate in the center and thermal wings in green according to Ref. [18].

states or the more exotic squeezed states. As a consequence it became clear that light cannot
be fully described by just referring to the electromagnetic waves in the classical picture as also

its quantum or thermal fluctuations have to be taken into account as well.

On the application side many intriguing phenomena were discovered, some of which we mention
here. One of them was the development of mode-locked oscillators, which generate ultrashort
laser pulses with a time duration of the order of a picosecond. They have a broadband optical
spectrum and are characterized by a high peak intensity, that usually leads to nonlinear inter-
actions in various materials including air and are, thus, studied in the field of nonlinear optics.
Another line of research deals with applications in the realm of molecular or solid-state physics.
For instance, Raman spectroscopy is used to determine vibrational modes of molecules, which
provide a structural fingerprint by which molecules can be identified. Further remarkable results
were obtained by demonstrating quantum entanglement and quantum teleportation, quantum
cryptography as well as by realizing quantum logic gates. This led to the emergence of quan-
tum information technology, which represents a subfield of quantum optics and is devoted, for

instance, to build a quantum computer.

Another breakthrough was to apply the mechanical forces of light on matter in order to levitate
and to position an atomic cloud in a magneto-optical trap. Combined with the laser cooling
and the evaporative cooling this led, finally, to the experimental realization of a Bose-Einstein
condensate, which is a macroscopic quantum phenomenon predicted by Albert Einstein in 1925
on the basis of a work of Satyendranath Bose. Namely, in 1995 Wolfgang Ketterle, Eric Cornell,
and Carl Wieman managed to realize a macroscopic occupation of the ground state for a sample
of alkali atoms, which has the diluteness of a millionth of the density of air at temperatures in
the nanoKelvin regime. This discovery led to a new sub-field of quantum optics, which analyzes

these days the properties of ultracold atomic or molecular quantum gases.

The generic black-body radiation, i.e. an electromagnetic radiation in thermal equilibrium with

the cavity walls, does not show the phenomenon of Bose-Einstein condensation. In such systems
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photons have a vanishing chemical potential, meaning that their number is not conserved when
the temperature of the photon gas is varied. Thus, at low temperatures, photons disappear
in the cavity walls instead of occupying the cavity ground state. Nevertheless, the group
of Martin Weitz at the University of Bonn achieved in 2010 a Bose-Einstein condensate of
photons in this system. The cavity mirrors provide both a confining potential and a non-
vanishing effective photon mass, making the system formally equivalent to a two-dimensional
gas of trapped, bosons with a mass, which is about 10 orders of magnitude lower than the
mass of a single rubidium atom. Due to multiple scattering processes with dye molecules the
photons thermalize at the temperature of the dye solution, which is room temperature. Upon
increasing the photon density, the photon energies have a Bose-Einstein distribution with a
massively populated ground-state mode as the Bose-Einstein condensate, which corresponds to
the bright spot in the center, on top of a broad thermal wing, see Fig. 1.2b). Thus, in conclusion,
Bose-Einstein condensation, which demonstrates the wave nature of material particles, now
offers further illumination of wave-particle duality: it has been observed in light itself [19]. The
intriguing properties of photon Bose-Einstein condensates are investigated experimentally in
Bonn, London, Twente, Utrecht and, quite soon, also in Kaiserslautern, where a new set-up is

currently being built up.

This lecture provides an introduction into the intriguing field of quantum optics from a theo-
retical point of view, although partially also experimental set-ups and results are discussed. In
Chapter 2 we start with performing the formal quantization of the Maxwell field by applying
the canonical field quantization method. Furthermore, as concrete applications, we calculate
several quantum fluctuation effects like the electric field vacuum correlations, the Casimir effect,
and the Lamb shift. Afterwards, in Chapter 3 we discuss for a single electromagnetic mode the
properties of different quantum states of the radiation field together with both their density
matrices and their quasi-probability distributions in phase space as well as possible experimen-
tal realizations. Subsequently Chapter 4 is devoted to explore the emission and absorption of
light by matter, where the latter is treated non-relativistically. A perturbative treatment leads
to the three elementary Einstein processes. Restricting ourselves approximately to two atomic
states we can treat their interaction with the electromagnetic field exactly. In the case of a
classical or a quantum mechanical description of light this leads to the Rabi or the Jaynes-
Cummings model, respectively. A full quantum mechanical treatment of light field and atoms
is worked out in Chapter 5 both without and with a coupling to an environment, which provides
losses or pumping. As a prime example we deal here with the semiclassical and the quantum
mechanical laser theory. And, finally, Chapter 6 works out a theory of photon Bose-Einstein
condensation on the basis of a paraxial approximation in the microcavity. In particular, we
discuss consequences of the two sources of an effective photon-photon interaction, which is the
local and instantaneous Kerr interaction and the thermo-optic interaction being non-local in
both space and time. Thus, in summary, apart from a general overview about quantum optics,
this lecture strives for comparing specifically the properties of the two light sources shown in

Fig. 1.2, namely a laser and a photon Bose-Einstein condensate.



Chapter 2

Quantization of Maxwell Field

All electrodynamic processes are described by the Maxwell equations. Surprisingly they repre-
sent the equations of motion of a first-quantized theory, although the Planck constant A does
not appear explicitly. This apparent contradiction is resolved by the following consideration.
If the quanta of the Maxwell field, i.e. the photons, had a finite rest mass M, then it would
appear due to dimensional reasons together with spatio-temporal derivatives as a mass term
in the equations of motion in form of the inverse Compton wavelength. This length scale
1/A¢ = Mec/2mh emerges from combining the Heisenberg uncertainty principle of quantum
mechanics with the principle of special relativity that the largest possible velocity is provided
by the light velocity. Thus, performing the limit of a vanishing rest mass, i.e. M — 0, also the

Planck constant A vanishes automatically from the respective equations of motion.

In this chapter we start with reviewing this first-quantized Maxwell theory. Afterwards, we
provide its field-theoretical formulation in the sense of Lagrange and Hamilton. On the basis
of this we then invoke the canonical field quantization formalism and work out systematically
the second quantization of the Maxwell theory. In particular, we have to deal with the intricate
consequences of the underlying local gauge symmetry, which is due to the vanishing rest mass
of the quanta of the Maxwell field. In this way we derive from first principles step by step the

respective properties of a single photon as, for instance, its energy.

Furthermore, we present three examples of quantum fluctuation effects of the second-quantized
Maxwell theory. At first we determine the vacuum correlation function of the electric field,
which cannot be measured directly with an intensity detector and was only recently proven
experimentally. Therefore, historically, it was important to provide an indirect evidence for
the existence of vacuum fluctuations of the electromagnetic field. To this end we calculate
the Casimir effect, that two plane-parallel metal plates with a vacuum in between turn out to
attract each other due to vacuum energy fluctuations. And, finally, we discuss the Lamb shift
that the degeneracy of the two hydrogen energy levels 22s; /2 and 2?p, /2, which is an immediate
consequence of the Dirac equation, is lifted due to interaction of the vacuum energy fluctuations

with the hydrogen electron. Thus, we conclude that in physics the vacuum is not nothing [20].
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2.1 Maxwell Equations

Forces of an electromagnetic field upon electric charges, which are at rest or move, are mediated
by both the electric field strength E and the magnetic induction B. Physically both vector
fields are generated by the charge density p and the current density j. Mathematically they
are determined by partial differential equations, which were first formulated by James Clerk
Maxwell. The general structure of the Maxwell equations is prescribed by the Helmholtz
vector decomposition theorem, which states that any vector field is uniquely determined by its
respective divergence and rotation in combination with appropriate boundary conditions. With
this the electric field strength E follows from

diveE = 2 (2.1)
rot B = —— (2.2)
whereas the magnetic induction B is defined by

divB = 0, (2.3)
1 OE
2 ot

Here the vacuum dielectric constant €y, the vacuum permeability 1o, and the vacuum light

rotB = M0j+

velocity ¢ are related via
1
vV EoHo '

We remark that (2.1), (2.4) and (2.2), (2.3) are denoted as the inhomogeneous and homogeneous

(2.5)

CcC =

Maxwell equations, respectively. Furthermore, we read off from the inhomogeneous Maxwell
equations (2.1) and (2.4) the consistency equation that charge density p and current density j

are not independent from each other but must fulfill the continuity equation

dp .
- = 2.
T +divj=0, (2.6)

which implies the charge conservation. Namely, considering the time derivative of the charge

Q= /de p(x,t), (2.7)

we obtain from (2.6) and applying the theorem of Gaufl

%_Cf = —j{df j(x,t). (28)

Here the surface integral at infinity vanishes as the current density j(x, ) is assumed to vanish
fast enough at infinity, yielding

0Q _

o =0. (2.9)
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Note that we formulate the Maxwell equations (2.1)—(2.4) according to the International System
of Units, which is abbreviated by SI from the French Systeme international d’unités. Instead,
in quantum field theory quite often the rational Lorentz-Heaviside unit system is used, where
one assumes €y = g = ¢ = 1 in order to simplify the notation. But we stick consistently to
the SI unit system, although this might be considered to be more cumbersome, as this has
the advantage that at each stage of the calculation one obtains results, which are, at least in

principle, directly accessible in an experiment.

2.2 Local Gauge Symmetry

From the homogeneous Maxwell equations (2.2) and (2.3) we conclude straight-forwardly that
both the electric field strength E and the magnetic induction B follow from differentiation of

a scalar potential ¢ and a vector potential A:

B = rotA, (2.10)
0A
E = —gradp— —. 2.11
gradyp — — (2.11)
From the inhomogeneous Maxwell equations (2.1) and (2.4) as well as from (2.10) and (2.11) we
then determine coupled partial differential equations for the scalar potential ¢ and the vector

potential A:

5
Ao gdiva = £ (2.12)

1 A 1oy . .

5 5 — AA + grad (ga—fmwA) = oj (2.13)

The equations (2.10)—(2.13) turn out to be invariant with respect to a local gauge transformation

with an arbitrary gauge function A:

oA
"= — 2.14
¢ o (2.14)
A" = A —gradA. (2.15)

Thus, a local gauge transformation does not have any physical consequences, but it changes
the mathematical description of the electromagnetic field. For instance, choosing a particular
gauge allows to decouple the coupled equations of motion (2.12) and (2.13). In the following

we briefly discuss the two most prominent gauges.

The Coulomb gauge assumes that the longitudinal part of the vector potential A vanishes, i.e.

divA =0. (2.16)
With this (2.12) and (2.13) reduce to
Ap = -2 (2.17)
€0
1 0°A . 0
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As the scalar potential ¢(x,t) obeys the Poisson equation (2.17), it is determined instantly at
each time t by the corresponding value of the charge density p(x,t) according to
/

o(x,t) = /dsx’%. (2.19)
Due to (2.16) and (2.19) we conclude that from the original four fields ¢ and A only two
of them represent dynamical degrees of freedom. As a consequence, the quantization of the
electromagnetic field thus yields later on two types of photons. The advantage of the Coulomb
gauge is that the remaining two dynamical degrees of freedom of the electromagnetic field can
be physically identified with the two transversal degrees of freedom of the vector potential A.
The disadvantage of the Coulomb gauge is that it is not manifestly Lorentz invariant. Thus,

the Coulomb gauge is only valid in a particular inertial system.

The Lorentz gauge is defined via

1 0y .
Cja‘f‘leA:O. (220)
With this the coupled equations of motions (2.12) and (2.13) yield uncoupled inhomogeneous

wave equations:

1 0%p p

LIP ANy = P 2.21
2 op p o (2.21)
1 02A .

The advantage is here that the Lorentz gauge (2.20) as well as the decoupled equations of motion
(2.21), (2.22) are Lorentz invariant. On the other hand, the quantization of the electromagnetic
field on the basis of the Lorentz gauge, as worked out by Suraj Gupta and Konrad Bleuler,
turns out to have an essential disadvantage. Namely, apart from the two physical transversal
degrees of freedom also an unphysical longitudinal degree of freedom of the electromagnetic

field emerges, which has to be eliminated afterwards with some effort.

In the following we restrict us for simplicity to the free electrodynamic field, where neither

electric charges nor currents are present:
px,t) =0,  j(x,)=0. (2.23)

Furthermore, we assume from now on the Coulomb gauge (2.16) as it represents the basis of the
standard formulation for the second quantization of the Maxwell theory and is commonly used
in quantum optics. From (2.16), (2.19), and (2.23) we then conclude that the scalar potential

vanishes:
o(x,t) =0. (2.24)
Note that (2.16) and (2.24) together is also known as the radiation gauge. From (2.17), (2.23),

and (2.24) we then read off that the vector potential obeys the homogeneous wave equation:

i@QA(X, t)

S~ AAM1) =0. (2.25)
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Thus, in radiation gauge the vector potential A(x,t) is determined from solving the homoge-
neous wave equation (2.25) by taking into account the Coulomb gauge (2.16). Once the vector
potential is known, one obtains from (2.10) the magnetic induction, whereas the electric field
(2.11) reduces due to the radiation gauge (2.16) and (2.24) to

E(x,t) = —w. (2.26)

2.3 Lagrange Formulation

Now we work out a field-theoretic formulation of the Maxwell theory by setting up a variational
principle, whose Euler-Lagrange equations are equivalent to the Maxwell equations for the free
electrodynamic field. Thus, the action A represents a functional of the vector potential A alone

and is defined as a spatio-temporal integral of a Lagrange density L:

A[A(e,0)] = /dt/d%c. (2.27)

As the underlying equation of motion in form of the homogeneous wave equation (2.25) is of
second order in the spatio-temporal derivatives of the vector potential, the Lagrange density
can only contain derivatives up to first order:

8Ak (X7 t)

L=C (Ak(x, 1), TP A, t)) . (2.28)

Then the corresponding Hamilton principle states that the functional derivative of the action

with respect to the components of the vector potential vanishes:

5A
SAR(x, ) 0. (2:29)

An introduction into the technique of functional derivatives is found, for instance, in the
Refs. [21, Section 4.2] and [22, Section 2.3]. The resulting Euler-Lagrange equations of this
classical field theory then read

(9—£ Y oL B 2 oL
8Ak'<x7 t) J 8 ajAk; (X’ t) 8t 8 aA%(txjt)

=0. (2.30)

Note that we use here the Einstein summation convention that one has to sum over all indices,
which appear twice. The underlying Lagrange density turns out to be the difference of the
electric and the magnetic energy density

r—p_ 1 g

— 2.31
5 2 B (2.31)

Then, using (2.10) and (2.26), the Lagrange density (2.31) reads in terms of the vector potential

as follows:

£=2 (wy _ 2%0 V<Al t)r. (2.32)
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With an additional calculation the Lagrange density (2.32) can be simplified. To this end we

consider
(V X A)? = €31 O Al €jmn Om Ay, (2.33)
which reduces due to the contraction rule of the three-dimensional Levi-Civita symbol €,
€ijk€imk = 0il0jm — OimOji (2.34)
to the expression
(V x A)? = 0,410, 4 — O (A0, A1) + A18,0, A . (2.35)

Inserting (2.35) into (2.32), the second term does not contribute to the action (2.27) due to
applying the Gaufl theorem and can thus be neglected in the Lagrange density. Furthermore,
the third term in (2.35) is zero in the Coulomb gauge (2.16), so we end up with

. @ 8Ak(x, t) 8Ak(x, t) _ L

0, A(x, )0, Ay(x, 1) . (2.36)

Thus, we obtain the following partial derivatives from the Lagrange density (2.36)

o oc 1 oL 0Ax.1)
aAk(X7 t) =0 ’ 0 8jAk (X, t) N % ajAk(X’ t) ’ o aA%(tx,t) =<0 ot ) (237)

so the corresponding Euler-Lagrange equations (2.30) reduce, indeed, to the homogeneous wave

equation (2.25).

2.4 Hamilton Formulation

In order to proceed from the Lagrange to the Hamilton formulation, we have to determine the
momentum field 7r, which is canonically conjugated to the vector potential A. Taking into

account (2.37) it follows as

SA 9L DA
5 OALxt) - § 9AxY) — o ot

ot ot

m(x,t) =

. (2.38)

This corresponds to the classical expression for the momentum p = mx, provided we identify
the coordinate x with the vector potential A and the mass m with the vacuum dielectric

constant £y. A subsequent Legendre transformation

O0A(x,t)
ot

converts then the Lagrange density (2.36) to the Hamilton density

H = m(x,t) —C (2.39)

1 1
H=— 7Tk(X, t)ﬂ'k(X, t) + — akAl(X, t)akAl(X, t) . (240)
2¢¢ 210
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Due to (2.10), (2.26), and (2.38) this turns out to coincide with the well-known energy density

of the free electromagnetic field in SI units:

€0 12 1 2
=—E°+—B 2.41
H 5 + o B (2.41)

which is the sum of the electric and the magnetic energy density. Furthermore, a spatial integral

over the Hamilton density yields the Hamilton function

H= /d%H, (2.42)
which follows from (2.40) to be
1 3 1 1
H = 5 d°x E_ 7Tk(X, t)ﬂ'k(X, t) + ,u— 8kAl(x, t)&kAl(x, t) . (243)
0 0

Note that the first (second) term represents the kinetic (potential) energy of the electromagnetic

field.

2.5 Canonical Field Quantization

The electrodynamic field is now quantized in the Heisenberg picture by exchanging the fields
A;(x,t) and m;(x,t) with their corresponding field operators A;(x,t) and #;(x,t). To this
end we perform a bosonic field quantization and demand equal-time commutation relations.
At first, we demand that the field operators A;(x,t) and #;(x,t) commute, as usual, among

themselves, respectively:

~

[Ak(x, 1), Ay(x, t)] — 0, (2.44)

[mx, £), 7 (x', t)] ~ 0. (2.45)

But when it comes to the equal-time commutation relations between the field operators flj (x,1)
and 7;(x, t), the situation turns out to be more intriguing. Let us investigate tentatively whether

naive equal-time commutation relations of the form

[Ak(x, 1), (%, t)] — i 0d(x — ) (2.46)

are possible. On the one hand, a derivative with respect to x; then yields at the left-hand side
of (2.46) to

O [Ak(x,t),frl(x',t)} :[akﬁk(x,t),m(x',t)] —0, (2.47)

as we have to demand the quantized version of the Coulomb gauge (2.16):

9;A;(x,1) = 0. (2.48)
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On the other, a derivative with respect to zj, at the right-hand side of (2.46) leads to
1h 5k18k(5(x - X,) =1ih 855(X - X,) 7é 0 s (249)

i.e. to an expression, which is non-zero in obvious contradiction to (2.47). Therefore, we are
forced to modify the naive equal-time commutation relations (2.46) in such a way that it
becomes compatible with the quantized version of the Coulomb gauge (2.48). To this end we
consider the Fourier transformed of the right-hand side of (2.46)

ihéklé(X—X/) = ih/—(;kle' xx (250)

and substitute this expression by a yet to be determined transversal delta function
hoT (x — x') = ik Ak 57 (k) ekt (2.51)
thogy(x —x') =1 ) Ok e . :
The Fourier transformed of the transversal delta function is then fixed from demanding that
the derivative of (2.51) with respect to xj vanishes, i.e.
d3k

ih0Roh(x —X') = ih / e ik 0% (k) e ) = (. (2.52)

For this to be valid it is sufficient that the transversality condition
ki 03, (k) =0 (2.53)

is fulfilled. By comparing (2.50) and (2.51) a suitable ansatz for the Fourier transformed of the

transversal delta function reads
6 (K) = Opy + kky f(Kk) . (2.54)

The yet unknown function f(k) follows then from inserting (2.54) into (2.53):

flk) = —%. (2.55)

Thus, from (2.51), (2.54), and (2.55) we then conclude for the transversal delta function

3 1 ‘ )
5]{1(X — X,) = 6kl5(x — X/) + al/cal/ / ﬁ - 6zk(x—x)

T i (2.56)

The remaining integral is known, for instance, within the realm of electrostatics from deter-
mining the Green function of the Poisson equation and yields the Coulomb potential. Thus,
we obtain for the transversal delta function

1

x—x'|

1 ! /
Sh(x —x') =0 d(x —x) + yym 0,0, (2.57)

And, finally, we summarize our derivation by stating that the naive equal-time commutation
relations (2.46) have to be modified by

An(x, t),frl(x’,t)] = ihdT(x — X)) (2.58)
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in order to be compatible with the quantized version of the Coulomb gauge (2.48).

However, one should be aware that a derivation of commutation relations always has an essential
caveat. As hard as one tries to consistently determine such basic principles, they are always
attached with heuristic elements. Whether commutation relations are at the end correct or
not can only be verified by checking any prediction following from them against experimental
measurements. In this spirit we will show later on that demanding the bosonic equal-time
commutation relations (2.44), (2.45), and (2.58) leads, indeed, to a consistent description of
the electromagnetic field with the help of usual annihilation and creation operators for photons,

i.e. the quanta of light.

2.6 Heisenberg Equations

Furthermore, proceeding with the second-quantized formalism, we obtain from the Hamilton
function (2.43) the Hamilton operator

i = % / i’ {i (K D) 7u(x 1) + Mi A A, t)} | (2.59)
0

€0

Note that the order of the operators in (2.59) does not play a role due to the commutation

relations (2.44) and (2.45). Let us now evaluate the Heisenberg equation for the field operator

ihw - [Aj(x, ), H] i (2.60)

by inserting therein the Hamilton operator (2.59). In order to calculate (2.60) the following

ABC-rule for commutators turns out to be useful

A ~ A

[AB,C]_=A[B,C]_+[A,C]_B, (2.61)

which follows immediately from the definition of the commutator. After applying (2.61) as well
as the equal-time commutation relations (2.44), (2.45), and (2.58) we get at first

. dA;(x,1) _ih
ot €

1

/dgx' 0 (x — x) (X', 1) . (2.62)
Taking into account the transversal delta function (2.57), a partial integration yields

L 0Aj(x,t) ik [ 1 ; 1 .
With this we reproduce the quantized version of (2.38), as the last term in (2.63) vanishes due
to the quantized version of the Coulomb gauge (2.48):
A (x,t) 1

pram 7;(x,t). (2.64)
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Correspondingly, the Heisenberg equation for the momentum field operator reads

ih%?t) - [frj(x, t),ﬁ] . (2.65)

Using (2.61) as well as the equal-time commutation relations (2.44), (2.45), and (2.58) we get
at first
87%3» (X, t) —ih

ih o /dgx' o (x — x') LA (X)), (2.66)

so a partial integration yields

. omi(x,t) ik .
ih Ja—t = / P’z 6 (x —x') AA|(X 1) (2.67)
Due to the explicit form of the transversal delta function (2.57) and a partial integration we
then get
. omi(x,t) ik - 1 1 .
h—0 — L 0u0p A (x,t) — — [ P2 [0 —— ) AOA(X 1) ). 2.68
B ot [0 o) suion).
With the quantized version of the Coulomb gauge (2.48) this reduces finally to
87@ (X t) 1 ~
— L = — AA;(x,t). 2.69
at Lo J(Xa ) ( )

Thus, we conclude from (2.5), (2.64), and (2.69) that the field operator A(x,t) obeys like the
classical field A(x,t) in (2.25) the homogeneous wave equation:
1 0*A(x,t) .

2.7 Solution of Wave Equation

We start with solving the operator-valued wave equation (2.70) by a Fourier decomposition

into plane waves:

A1) = / Bl Ak, ) e (2.71)
Inserting (2.71) into (2.70) one obtains for the expansion operators A(k,t) the differential
equation

O*A(k, t A

where the dispersion relation turns out to be linear:

wi = c|k|. (2.73)
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Thus, according to (2.72), the expansion operators A(k,t) follow for each wave vector k the

dynamics of a harmonic oscillator:
Ak, t) = AD(Kk) et 1 A@ () eiont | (2.74)
so that the field operator (2.71) results in
A(x,t) = / Pk {A<l>(k)ei<kx—wkt> + A<2>(k)ei<kx+wkt>} : (2.75)

Performing in the second integral the substitution k — —k and taking into account the sym-

metry of the dispersion relation (2.73), i.e.
Wk = Wk (2.76)
the Fourier decomposition (2.75) is converted into
Ax,t) = / &k {A<l><k)ei<kx—wkt> +A® (_k)e-i<kx-wt>} . (2.77)
Thus, the adjoint field operator reads
Af(x, 1) = / &k {A“)T(k)e—“kx—m + A<2>T(—k)ei<kx—wkt>} . (2.78)

As the vector potential of electrodynamics is real, we demand that the field operator as its

second-quantized counterpart is self-adjoint, i.e.
A(x,t) = Af(x,1). (2.79)

Due to the completeness of the plane waves we then conclude from (2.77) and (2.78):

~

AD(K) = A@T(—k), A®(—k) = AWT(k), (2.80)

where the second condition follows from the first one and, thus, does not contain any new

information. Therefore, we deduce from (2.80)
AM(k) =A(k), AP (k) = Af(~k). (2.81)

Inserting the finding (2.81) into the Fourier decomposition (2.77), we finally obtain

~

A(x,t) = / &k {A(k)ei(k"_“kt) + AT(k)e_i(k"_‘“k”} . (2.82)

2.8 Polarization Vectors

Now we acquire a more detailed understanding of the description of plane waves. To this end
we define two linearly polarized plane waves with the wave vector k and the dispersion (2.73)

via

AI(X, t) = A1€1€i(kX7wkt) y A2 (X, t) = AgEQQ“kx*wkt) . (283)
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=
2

A

R '4—87.4

Figure 2.1: Adding two linearly polarized plane waves according to (2.85) with complex ampli-

tudes A; and A,, which have the same phase.

Here A;, A, represent the respective complex-valued amplitudes and €1, €5 denote two complex-

valued polarization vectors, which are orthonormalized according to

6>§<€j = 6ij . (284)

(3

Let us consider now the sum of those two linearly polarized plane waves:
A(x,t) = Aj(x,t) + Ay(x,t) = (Ar€; + Aser) glllx—ent) (2.85)

Provided that both complex amplitudes A; = |A;|e?¥ and Ay = |Az|e? have the same phase ¢,

also their sum (2.85) is linearly polarized and we get
A(x,t) = Aee'leit) (2.86)
Here the resulting amplitude A is given by
| AL [? + |Ag|? e (2.87)

and the resulting polarization vector € has the angle

|As|
¥ = arctan —— 2.88

A (2:5)
with respect to €, see Fig. 2.1. However, in the more general case that both complex amplitudes
Ay = |Aq]e™* and Ay = |Ag|e’? have different phases ¢ # @9, the sum (2.85) represents an
elliptically polarized plane wave. Let us illustrate this for the simpler situation of a circularly
polarized plane wave, which occurs provided that both complex amplitudes A; and A, have
the same absolute value and their phases differ by 90°:
Ao

Ao .
Lo g =l 9.89
V2 ) (2:89)

Inserting (2.89) into (2.85) we obtain for the sum of the two linearly polarized plane waves

Ay =

A(x,t) = = (& +iey) ellxwxt) (2.90)

Ao
V2
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7 = 8 >
fo BEH) /

2, %

Figure 2.2: Adding two linearly polarized plane waves according to (2.85) with complex ampli-
tudes A; and A, with the same absolute value and phases, which differ by 90°.

In order to be concrete we choose now the coordinate axes in such a way that the plane wave
propagates in z-direction, whereas the two polarization vectors €; and €5, which are normalized

according to (2.84), point in z- and y-direction:

1 0
k=Fk|o0], e=lo], &=[1]. (2.91)
1 0 0
With this Eq. (2.90) reduces to
1
A(x, t) = Ao +i | etlhesx—wre:t) (2.92)
Y \/§ 0

Considering the real part of the vector potential A(x,t) at a fixed space point x, it represents
a vector in the zy-plane with constant absolute value Ay, which rotates on a circle with the

frequency wye.:

A A
Re A,(x,t) = 7% cosk(z—ct), ReAy(x,t)= :F70§ sink(z —ct), ReA,(x,t)=0. (2.93)

For the upper (lower) sign the rotation is performed anti-clockwise (clockwise) for an observer
looking in the direction of the oncoming light beam. Such a plane wave is called in optics
left-(right-) circularly polarized light, whereas in elementary particle physics one says that such

a plane wave has positive (negative) helicity, see Fig. 2.2.

2.9 Construction of Polarization Vectors

Let us discuss the helicity of an electromagnetic wave in more detail. To this end one has
to take into account the two characteristic properties of the photon as the quantum of light.
Like any other elementary particle it has an internal angular momentum called spin S, which
corresponds to its intrinsic rotation. Furthermore, the photon turns out to have a rest mass,
which vanishes. This implies that the spin S points either in the direction of propagation k or

opposite to it, which is called positive or negative helicity, see Fig. 2.3.
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. A . 7
% @“‘c | bl g

Figure 2.3: a) Positive or b) negative helicity: Spin S points in or opposite to the direction of

propagation k/|k|.

In order to quantify the notion of a spin further, we have to consider the representation theory of
rotations in the three-dimensional configuration space of the vector field A, which corresponds

to the space of coordinate vectors x. A general rotation matrix turns out to have the form [21]

PPk
]2

Pi .
Rin() = 10 ey sinel + L5 (11— coslip]) + e cos . (2.94)

We remark that the 3 x 3 matrix defined by (2.94) fulfills two properties, which are characteristic
for describing a rotation around the axis ¢ with the angle |¢|. On the one hand the rotation

axis ¢ is an eigenvalue of the rotation matrix R(¢) with eigenvalue 1:
Rie)p=¢. (2.95)
On other hand the trace of the rotation matrix R(¢p) is related to the rotation angle |¢| via
Tr R(ep) = 14 2cos|¢|. (2.96)
Restricting (2.94) to an infinitesimal rotation yields
Riul() = s (2.07)

With this we obtain for the spin S, which we identify with the generator S = (.S,,) of rotations

(Sm) =i ORile)| (2.98)
om0
the components
(Sm)jk = % €mk; - (2.99)

The resulting spin matrices read explicitly

0
Si=i] 00 =1 |, So=1
0 -1

0
0 , Sy=i (2.100)

o O O
o O =
S = O
o O

o O O

and fulfill the commutation relations of the algebra of angular momenta:

[Si, Sj]_ = iqijk . (2101)
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Conversely, the knowledge of the generators of rotations (2.100) allows to reconstruct the rota-
tion matrix (2.94) on the basis of the Lie theorem by evaluating the matrix exponential function
[21]

R(p) = exp { _ i(,oS} . (2.102)

With the representation theory of rotations, the helicity operator is now defined by projecting
the generator of rotations S upon the direction of propagation, which is defined by the wave

vector k:

h(k) = %S. (2.103)

Inserting (2.100) into (2.102) yields the explicit form of the helicity operator:

[0 —k K,
h(k) = % ke 0 —k |- (2.104)
—ky, ks O

Now we introduce the polarization vectors e(k, A) for plane waves, which propagate with the

wave vector k and the helicity A = +1:
A(x,t) = Ae(k, \)ellx—exd) | (2.105)

Here the polarization vectors €(k, ) represent the eigenvectors of the helicity operator (2.103)
with the eigenvalues A = +1:

A~

h(k)e(k, \) = Ae(k, A). (2.106)

From (2.92) and (2.105) we read off the polarization vectors e(ke,, \) for a propagation in

z-direction:

1
1
.s(lfez,A):E i | (2.107)
0

Indeed, the polarization vectors (2.107) fulfill due to (2.104) the eigenvalue problem

hke.)e(ke., \) = \e(ke., \) . (2.108)
Now we construct the polarization vectors €(k, \) with a general wave vector k by rotating the
polarization vectors €(ke,, \) in the same way as the original wave vector ke,. To this end
we need the rotation matrix R(6, ¢), which rotates the original wave vector ke, to the general

wave vector k, where the latter is described in terms of spherical coordinates k, 6, and ¢:

sin 0 cos ¢
k=Fk|sinfsing | . (2.109)

cos 6
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Here the rotation matrix R(6, ¢) is constructed such that first the rotation R,(¢) around the
y-axis with angle # and then the rotation R,(¢) around the z-axis with angle ¢ is applied:

R(0,¢) = R.(¢) Ry(0) . (2.110)
The individual rotation matrices follow from evaluating matrix exponential functions
cos¢ sing 0
R.(¢) = e ™= _sing cosgp 0 |, (2.111)
0 0 1

cos 0 sind
R,(0) = e 20 = 0 1 0 : (2.112)

—sinf 0 cos@

where the respective generators stem from (2.100). As a result we obtain for the rotation
(2.110)

cosfcos¢p —sing sinfcoso
R(#,¢) = | cosfsing cos¢p sinfsing | . (2.113)

—sinf 0 cos 0

Indeed, the rotation matrix R(6,¢) maps the original wave vector ke, to the general wave
vector (2.109) as follows from the third column of (2.113):

R(0, d)ke. = k. (2.114)

Transforming correspondingly also the polarization vectors e(ke,, A) from (2.107) with the

rotation matrix R(0, ¢), i.e.
ek, \) = R(0,0)e(ke,, \), (2.115)
we obtain the explicit result

) cosf cos p — Aisin ¢
e(k,\) = — | cosfsing + Nicoso | . (2.116)
V2

—sinf

Indeed, taking into account (2.104) and (2.109) one can show that the polarization vectors
(2.116) fulfill the eigenvalue problem of the helicity operator (2.106). Furthermore, as expected,
the polarization vectors (2.116) reduce for the special case § = ¢ = 0 to the original polarization
vectors (2.107).

2.10 Properties of Polarization Vectors

Due to the Coulomb gauge (2.16) the Fourier components A (k) in the decomposition (2.82)

must obey the transversality condition

k-Ak)=0. (2.117)
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This means that the Fourier operators A(k) have two transversal dynamical degrees of freedom.

Performing the ansatz

A(K) = N ) ek, Mg (2.118)
A=+1
with some normalization constants Ny the transversality condition (2.117) is fulfilled provided
that the polarization vectors €(k, \) are perpendicular to the propagation direction, which is
defined by the wave vector (2.109):

k-e(k,\)=0. (2.119)

Due to (2.109) it is straight-forward to show that the polarization vectors determined in (2.116)
obey (2.119). As another property of the polarization vectors (2.116) we investigate whether
they obey the orthonormality relations (2.84). Showing separately

ek, Nek,\) =1, (2.120)
€k, ek, —\) =0, (2.121)
we arrive, indeed, due to A = £1 at the orthonormality relations
e (k,Ne(k, ) =y (2.122)
Another property of the polarization vectors (2.116), which will turn out to be quite useful

for later calculations, is their behaviour concerning the inversion k — —k. Obviously, such an

inversion is obtained in spherical coordinates (2.109) via
b=+ sing — —sin ¢, Ccos¢p — —cos ¢, (2.123)
0 —0—m: sinf — siné, cosf) — —cosf. (2.124)
With this we then conclude from (2.116

cos 6 cos ¢ + Aisin ¢

1
e(—k,\) = 7 cosfsing — Nicoso | . (2.125)

Thus, from (2.116) and (2.125) we read off

—sin6

e(—k,\) = e(k, —\) = e*(k, \) . (2.126)

And, inserting the decomposition (2.118) into (2.82) by taking into account (2.126), we finally
get for the field operator

Axt) =Y / Bk Ni {e(k, Neileedly | e (k, )\)e’i(kx’“kt)&b}. (2.127)
A=+1

Note that this plane wave decomposition fulfills, indeed, the Coulomb gauge (2.16) due to the

transversality condition (2.119). In the following we aim at unraveling the physical interpre-

tation of the Fourier operators ay  and dL/\ in the plane wave decomposition (2.127). As this

leads to straight-forward but quite lengthy calculations, we restrict ourselves in the subsequent

two sections to present a concise summary of the corresponding derivations.
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2.11 Fourier Operators

We start with noting the plane wave decomposition for the momentum field operator, which
follows from (2.64) and (2.127):

A t)= Y / &k ¢ Nk{ — ek, N)el g 4o (k, A)e—“kx—w)ab}. (2.128)
A==%1

The plane wave decompositions (2.127) and (2.128) for both the field operator A(x,t) and the

momentum field operator 7(x,t) can now be solved for the Fourier operators ax  and dL A\

) 1 o . (x,t)
_ d3 (k. \ i(kx—wyt) A t ’ 2.12
o = g | e ke (o) it (2129)
1 . _ ~ . 'fr(X t)
At _ d3 k. )\ i(kx—wyt) A t)—g——272\ 2.1
%\ 2(271')3Nk/ zelk, Ae { b, )~ CoWk (2430

Here we have used the symmetry of the dispersion (2.76) and the orthonormality relation of
the polarization vectors (2.122). The expressions (2.129) and (2.130) allows us to determine
the commutator relations between the Fourier operators ay ) and dL/\ from the equal-time
commutator relations (2.44), (2.45), and (2.58) for the field operator A (x, ¢) and the momentum
field operator 7 (x,t):

G| = 0, (2.131)
ol el ] = o (2.132)
_ak,w ak’,)\’_ B ) )

: . h

i al, | = ——————— 5 ik — k). 2.133
| Heds D | 2(27)3€eqwic V2 a0 ) ( )

In order to obtain this result we need again the symmetry of the dispersion (2.76) and the
orthonormality relation of the polarization vectors (2.122), but additionally we also have to
take into account the explicit form of the transversal delta function (2.57), the Gaufl law, and
the transversality condition (2.119). From (2.133) we read off that, fixing the yet undetermined

normalization constant according to

h
Ne =\ 5505 2.134
5 2(27)3egwi ( )
we end up with the bosonic canonical commutation relation
sl ] = Gax ok~ K). (2.135)

This means that the Fourier operators ay , and &L ) can be interpreted as the annihilation and
creation operators of bosonic particles, which are characterized by the wave vector k and the
polarization A. In order to determine the respective properties of these particles we investigate
in the subsequent section their contribution to the energy of the electromagnetic field in second

quantization.
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2.12 Energy

Taking into account the normalization constant (2.134) in the plane wave decompositions
(2.127) and (2.128) for both the field operator A (x,t) and the momentum field operator 7 (x, t)

we get

A(x,t) = /d3 ek, N)eltoed gy | 4+ e (k, \)e Tt gl } 2.136
8 = 3 [ s s { or €0 A (2136)

ﬁ(X t) _ d3 hwk 0 _ € k )\ i(kx— wkt)a k A —i(kx—wit) AT
U) = E 1) i€ ( Je UV (2.137)

A==%1

Inserting (2.136) and (2.137) in the expression for the Hamilton operator (2.59) and using the
definition of the light velocity (2.5), the linear dispersion (2.73) together with its symmetry
(2.76) as well as the orthonormality relation of the polarization vectors (2.122), we yield after

a lengthy but straightforward calculation

Z /d%hwk (ladren + incraly ) (2.138)

)\:I:l

First of all we remark that (2.138) turns out to be time independent, although the field operator
(2.136) and the momentum field operator (2.137) explicitly depend on time due to the Heisen-
berg picture. The resulting time independence of the second-quantized Hamilton operator
(2.138) reflects the fact that the energy of the electromagnetic field is conserved. Furthermore,
comparing (2.138) with the Hamilton operator (A.6) of a harmonic oscillator in the ladder
operator formalism, we recognize that the second quantized electromagnetic field consists of
independent harmonic oscillators, where each energy quantum hwy is doubly degenerate due to

the polarization degree of freedom A\ = +1. Defining the vacuum state according to
G\ [0) =0 — (Oaf, =0, (2.139)

we find by taking into account the commutation relation (2.135) that the vacuum energy of
the electrodynamic field is given by a sum of the zero-point energy of all independent harmonic

oscillators
(0|H|0) = /d% b 6(0) (2.140)

which is divergent due to two reasons. On the one hand the factor §(0) is divergent and on
the other hand the wave vector integral diverges as well due to the linear dispersion (2.73).
Therefore, using the commutator relation (2.135) we obtain for the renormalized Hamilton

operator

H: = H — (0|H|0) (2.141)
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the normal ordered result

=) /d ke By ey, - (2.142)

A=+1
Here the occupation number operator

M) = L)\dk)\ (2.143)

counts the number of photons with wave vector k and polarization A once it is applied to a

photon state.

2.13 Momentum

Due to a theorem, which is due to Emmy Noether, the momentum of the electromagnetic field
is defined by [22]

S(x,t
P— /d%@ (2.144)
c
with the Poynting vector
1
S(x,t) = — E(x,t) x B(x,1). (2.145)
Ho

Taking into account (2.5), (2.10), and (2.26), the momentum (2.145) is expressed in terms of

the vector potential and the canonically conjugated momentum field via

P= /d‘gas [V x A(x,t)] x w(x,1). (2.146)
Thus, in second quantization, the momentum operator of the electromagnetic field reads

P / P2 [V x A 1)] x #1). (2.147)

The further evaluation is based on taking into account the plane wave decompositions (2.136)
and (2.137) for both the field operator A(x,t) and the momentum field operator 7 (x,t). Fur-
thermore, the symmetry of the dispersion relation (2.76), the vector identity

(axb) xc=(ac)b— (bc)a, (2.148)

the transversality condition (2.119), the orthonormality relation (2.122), and (2.126) are needed.
Subsequently, performing the substitution k — —k and applying (2.76), (2.131), (2.132), we

get the expression

P=>" / d3k— akA&k,)\—i-dk’)\&L)\) : (2.149)

A==%1
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Note that the vacuum state has a vanishing momentum
(0|P|0) = /d3k hk6(0) =0 (2.150)

due to the odd symmetry of the integrand. Thus, taking into account the commutator relation

(2.135) we recognize that (2.149) coincides with the renormalized momentum operator

A

P: =P — (0|P|0) , (2.151)

which finally yields the normal ordered result

Pr= ) /d3k: hK G} G - (2.152)
A==%1

2.14 Spin Angular Momentum

According to the Noether theorem the spin angular momentum of the electromagnetic is given
by [22]

S = /d3a: A(x,t) x w(x,t). (2.153)
Thus, the corresponding second quantized spin angular momentum operator reads
S= /d% A(x,t) x #(x,t). (2.154)

Inserting the plane wave decompositions (2.136) and (2.137) for both the field operator A(x, t)
and the momentum field operator 7 (x,t) and performing the substitution k — —k then yields

the intermediate result
S = ;;1 Azl / d3k§ [e(k, A) x e(k, X) aaag  + €(k, N) x e(k, A) aL/\ak7,\/] - (2.155)

Now we evaluate the vector product between two polarization vectors. At first we obtain from
(2.126)

ek, \) x e(k,—\)* =0, (2.156)
whereas we get from (2.109) and (2.116)

e(k,\) x e(k, \) = —M%. (2.157)

Thus, both (2.156) and (2.157) can be summarized by

K
e(l, A) x €k, X)" = —iA T G (2.158)
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With this the intermediate result (2.155) for the spin angular momentum operator of the

electromagnetic field reduces to

. hk
S=Y) / EhAS - <aLAak,A + ak,AaLA) : (2.159)
A==1

Thus, the vacuum state has a vanishing spin angular momentum

(0[S]0) = A (Z A) (/ Pk %) 5(0)=0 (2.160)

A==%1

due to the odd symmetry in both the summand and the integrand. Using the commutator
relation (2.135) we read off that (2.159) coincides with the renormalized spin angular momentum

operator

A A

:S: =S —(0[S|0) , (2.161)

leading to the normal ordered result

Si =) /d3k: )\h%dLA&k,A. (2.162)
A=+1

We observe that the decompositions of the second quantized expressions for the energy (2.142),
the momentum (2.152), and the spin angular momentum (2.162) of the electromagnetic field
turn out to be time independent and, thus, represent conserved quantities. Together with the
commutator relations (2.131), (2.132), and (2.135) we furthermore conclude that the Fourier
operators ay ) and dL ,, represent the annihilation and creation operators of photons with the
energy hwyg, the momentum hk, and the spin angular momentum Ahk/k, where the latter

amounts to the helicity \h.

2.15 Fock Basis

Now we construct a basis of the underlying second quantized Hilbert space. To this end we take
advantage of the fact that ax x, &L ), denote the annihilation and creation operators for photons
with wave vector k and helicity A, which fulfill the bosonic commutation relations (2.131),
(2.132), and (2.135). Thus, this second-quantized operator algebra is formally analogous to
the ladder operator approach for a first-quantized harmonic oscillator, which is outlined in
Appendix A. Based on this analogy we use (A.21) in order to obtain a state |ny ) with a fixed
number of ny y photons with wave vector k and helicity A by applying ny , times the creation

operator &Tk,k to the vacuum state defined in (2.139):

1 o) e
Maen) = (@) 10y (2.163)
Tk \:
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In principle, we could allow for all wave vectors k and helicities A an arbitrary number of

photons ny », yielding

[{rxat) = H ) - (2.164)

k,\

In analogy to (A.24) and (A.25) we then read off that these states |{nx }) are both orthonormal

e {mioad) = [ 0merm (2.165)
kA

and complete
Z/ddk Z [{run}) Qmea}| = 1. (2.166)
A=+1 n1e A =0

Thus, the linear envelope of all possible number states (2.164) defines then the so-called Fock

space, which is named after the Soviet physicist Vladimir Fock:

F = Span { |O> s |1k,>\> s |1k,)\1k’,>\’> , |2k,>\> g } . (2167)

As we have continuous wave vectors k, the Fock space contains innumerable many photon

states.

2.16 Quantum Fluctuations of Electric Field

Here we restrict ourselves to investigate exemplarily the quantum fluctuations of the electric
field. The corresponding considerations for the magnetic field follow in an analogous way. We

start with reading off from (2.26) and (2.136) the explicit structure of the electric field operator:

Bx,t)= Y / &k {e(k, Nellxada, | e (k, A)e*“ka)taLA} . (2.168)

A==1

Its vacuum expectation value turns out to vanish due to (2.139):
(0|E(x,1)[0) = 0. (2.169)

Therefore, we investigate now the correlation function of the electric field operator for different

spatio-temporal arguments:

A/ /
OB ) E(x, )]0y = Y % /d3 /d3k’ “’k“’k (O|{el(k A)ellx—entlg |

A=£1 N=%£1

et (k, \)em ikt LA} {ei,(k',m i et g o — e (K, N )T et aT,A,} 10). (2.170)

From the four terms, which arise from multiplying out both brackets, only one is non-vanishing
due to (2.139). Applying (2.135) we obtain

(Olinerly 10y = (0] [dner, afe x| 10) = rxdlk — K. (2.171)
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With this the correlation function (2.170) reduces to

. . I,
(O E;(x,t) Ep (x/,£)[0) = ) /d3 ﬁezﬂ“x <)== ¢ (k, A)el (k, \). - (2.172)
™ 60
A==1

A contraction of the components of the correlation function (2.172) yields due to the dispersion
(2.73) and the orthonormality relation (2.122):

. . helk /
(0|E(x, t)E(x/,)[0) = /d3k (2?) | il ilcte-t)] (2.173)
Using spherical coordinates the integral goes over into
~ ~ he o T . i[k|x—x'| cos 9—kc(t—t’
(0|E(x,t)E(x,t)]0) = e / dk k* / v sin 1 glkx—x'cosd—ke(t=tO] (2.174)
0 0

Evaluating the angular integral leads to

- he

<O’E(X, t)E(X/,t/)‘()) / dk k2 { —ik[e(t—t")—|x—x'|] _ efik[c(tft’)Jr\xfx’H} ] (2175)

Am2ieg|x — X/|

The remaining integral can be solved with the help of the Gamma function [23, (8.310.1)]
['(z) = /OO dtt* e, z>0. (2.176)
0
Performing a partial integration we obtain the useful recursion formula
Nz+1)=al(x), z>0. (2.177)

Thus, applying (2.177) recursively, we conclude that the Gamma function interpolates between

the factorials:
nl=In+1). (2.178)

Now we perform the integration along the closed contour C = C; + Cy + C3 of a quarter circle
with radius R according to Fig. 2.4 with the help of the residue theorem we get according to

the residue theorem

/ dzz""le * + / dzz""le ™ * + / dzz""le =0, (2.179)
Cl CQ 63

as the integrand has no singularity within the integration contour C. In the limit R — oo the

integral along C, vanishes and with the parametrizations

Cy: z(t) = t, t €1]0,00), (2.180)
Cs : z(t) = it, t € (00,0] (2.181)

we read off from (2.176) and (2.179)

o] 0 o]
/ dtt* et + / dti(it) e ™ =0 — [(x) =" / dtt*te ™. (2.182)
0 [e's) 0



2.16. QUANTUM FLUCTUATIONS OF ELECTRIC FIELD 29

€z
Cs

€

ReZ
R

Figure 2.4: Closed contour C = C; + Cy + C3 of a quarter circle with radius R.

Performing subsequently the substitution ¢(7) = a7 with @ > 0, then (2.182) reduces to

/ drrotemior Z L@ (2.183)
0 (ia)
Instead we could also have performed the substitution ¢(7) = a7 with @ > 0 in (2.176), yielding
o r
/ drretemor ~ L@ (2.184)
0 a’

Note that (2.184) is called the Schwinger trick, which is frequently used in statistical and
quantum field theory in order to evaluate Feynman diagrams [24, 25, 26]. Furthermore, we
recognize that (2.183) directly follows from (2.184) via an analytic continuation. Evaluating
the remaining integral in (2.175) with (2.183) by identifying x = 3 and a = ¢(t — ¢') F |x — X/|,

we obtain

~ A B he 1 B 1
(0[E(x,t)E(x',1)]0) = Sy — {[c(t_t,) s A a— ‘X_X/H?)} .(2.185)

We mention that such a vacuum correlation function of the two electric field operators with
different space-time coordinates can not be measured with an intensity measurement as this
would necessarily involve the same space-time coordinates. Thus, a direct experimental proof
of such a vacuum correlation function was missing for quite a long time. This was achieved
only recently by using the electro-optic detection in a nonlinear crystal placed in a cryogenic
environment [27]. To this end two probe pulses with different space-time coordinates sample
the electric field of the propagating waves in the crystal with the repetition rate of the laser
used. With this the vacuum field fluctuations, which couple from the environment into the
detection crystal, are detected. They are found to be non-zero and their corresponding power
spectrum is measured. The latter is well reproduced in simulations, which take the specific
experimental set-up into account. The remaining difference between the simulations and the
experimental results is attributed to a remaining uncertainty in the phase matching of the two

waves.

Note that in Eq. (2.185) the limit |x — x| — 0 can be performed with the rule of de I'Hopital
or with a Taylor expansion, yielding
3h

(0|E(x, ) E(x, )]0) = T

(2.186)
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Figure 2.5: Set-up for Casimir effect: two plane-parallel metal plates of area A at distance d.

Thus, the correlation function for the same space points remains finite for different times ¢ # ¢'.
In the limit ¢ — t/, however, the correlation function diverges. This result is consistent with
the previous observation that the energy of the electromagnetic field in the vacuum (2.140)
turned out to be infinitely large. Despite of this divergency of the vacuum energy the quantum

fluctuations are responsible for the Casimir effect, which is discussed in the subsequent section.

2.17 Casimir Effect

In quantum field theory, the Casimir effect corresponds to a physical force acting on the macro-
scopic boundaries of a confined space, which arises from the quantum fluctuations of the field.
It is named after the Dutch physicist Hendrik Casimir, who predicted the effect for electromag-
netic systems in 1948. In order to analyze the Casimir effect we consider two plane-parallel
metal plates of a large area A at distance d. According to Fig. 2.5 we choose the coordinate

system such that the metal plates are located at x = 0 and x = d.

2.17.1 Electromagnetic Modes

In order to find the electromagnetic modes for this configuration, we have to solve the Maxwell
equations (2.1)—(2.4) in vacuum, i.e. in case of (2.23). But in addition we have also to fulfill
the boundary conditions for the electromagnetic field at the metal plates. Applying at the
interface of vacuum and metal plates the Gaufl law to the homogeneous Maxwell equation (2.3)

one obtains
e,-B=0, forx=0and z =d (2.187)
and, correspondingly, the Stokes law together with (2.3) yields

e, xE=0, forr=0and z =d, (2.188)
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respectively. Solving this boundary value problem, the Maxwell theory admits two types of
standing-wave solutions, which read with the transversal wave vector k; = kye, + k.e, as an

abbreviation:

e Transversal electric (TE) modes, i.e. e, - E = 0:

E(z,y,2,t) = Nrgiw sin(k,z)e, x k| elkwythez—wt) (2.189)
B(z,y,2,t) = Nrg [ik] sin(k,z)e, — k, cos(k,z)k, | eilkyythez—wt) (2.190)

The boundary conditions (2.187) and (2.188) have the consequence that the z-component

of the wave vector k has discrete values:

— kx:gn, n=1,23,.... (2.191)
r=d

Note that the mode n = 0, i.e. k, = 0, is not allowed as then both the electric field (2.189)

and the magnetic induction (2.190) vanish.

0 = sin(k,x) = sin(k,x)

=0

e Transversal magnetic (TM) modes, i.e. e, - B = 0:
B(z,y,2,t) = Npu % cos(kyx) €, x k elFuythez—wt) (2.192)
c
E(z,y,2,t) = Npu [ik,sin(k,a)k, — K cos(ky)e,) i kyythzz—wt) (2.193)

Here the boundary condition (2.187) is already fulfilled and (2.188) yields for the z-

component of the wave vector k:

— ke="n, n=0123,....(2.194)

0 = sin(k,z) = sin(k,) - v

=0

We remark that now the mode with n = 0, i.e. k, = 0, is allowed in case of k, # 0,
as then both electric field (2.193) and magnetic induction (2.193) are non-vanishing and
fulfill the Maxwell boundary value problem.

In addition, both for the transversal electric and the transversal magnetic modes (2.189), (2.190)
and (2.192), (2.193) the frequency w is determined by a linear dispersion (2.73) with the quan-
tization conditions (2.191) and (2.194):

22

n=1,2,3,... (TE modes)
n=20,1,2,3,... (TM modes)

n

d2

Wy, = ¢ +k? with { (2.195)
Furthermore, we assume that the lengths L, and L, of the metal plates in y- and z-direction
are much larger than d, so that the quantization of the transverse momenta becomes irrelevant.
For instance, invoking periodic boundary conditions the allowed wave vector component £, is
restricted as follows:

ezkyy| —_ ezkyy — A—
y:(] )

L — Ny, ny € 7. (2.196)
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This means that changing the mode number in y-direction by one amounts to
Ly
1=An, = o dk, , (2.197)

so summing over all modes corresponds to an integral:

- > dk
1=1L . 2.198
> -, (2.199)
Ny=—00
Thus, in the thermodynamic limit of an infinitely large L,, L. yields a nearly continuous set of
states denoted by the transversal wave vectors k; with the transverse density of states A/(27)?,
where the area is given by A = L, L,. With this we obtain for the vacuum energy between the

two metal plates in analogy to (2.140):

> 1 d?k, 1 m2n2

inside __ 1

L lates = 2 <1 5 5n,0) A/ (2r2 2 he 2T k7 . (2.199)
n=0

Correspondingly, outside of two metal plates the wave vectors are not restricted at all, yielding
for a length L, > d the vacuum energy

k1,
Efes = / / = k2 + k2 (2.200)

In absence of the metal plates the total vacuum energy in the box with volume L, A would read

plates — 27T 2 9

2
EY. =2L A/ / " 1hc k2 +k2 (2.201)

Note that in (2.200) as well as in (2.201) the prefactor two takes both transveral degrees of
freedom of the electromagnetic field into account, which are energetically degenerate. Installing

the metal plates, thus, leads to the following change of the vacuum energy:

E Elnblde + Eoutslde o (2 . 202)

plates plates plates »

which reduces with (2.199)-(2.201) to

Lk, [r2n?
Ec = heA (Z / dn)/ L de +k2 (2.203)

Here we have introduced the abbreviation

S fa=) fu- %fo, (2.204)
n=0 n=0

which formally takes into account that the respected TE and TM modes are enumerated dif-
ferently according to (2.195). Although both the sum and the integral in (2.203) is divergent

for itself, their difference turns out to be finite.
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2.17.2 Analytic Continuations

In order to evaluate (2.203) we have to tame the possible infinities by introducing some regu-
larization procedure. Note that the finite result for the difference (2.203) does not depend upon
the particular choice of the regularization procedure. Here we choose the method of dimen-
sional regularization, which was invented by Gerard 't Hooft and Martinus Veltman in 1972, as
it is quite popular in quantum and statistical field theory. Instead of considering the Casimir

energy in D = 3 according to (2.203) one performs a calculation in an arbitrary dimension D

= > d° "k, [w?n?
Ec = hcA (Z' - /0 dn) / onp— \ @ + k% (2.205)
n=0

and continues analytically its result to the physical dimension D = 3 at the end. At first, the

major problem is how to perform in (2.205) the integral over the transversal wave vector k| .
In order to investigate its superficial degree of divergence we introduce an ultraviolet cut-off A
and approximate the integrand for large transversal wave vectors k| :

dD—lk, 2,22 A
(%)Dfl ”d’; +k2 ~ /0 dky K772k ~ AP (2.206)

Thus, at the physical dimension D = 3 the integral over the transversal wave vector k| diverges,

and the ultraviolet divergency vanishes for any dimension D < 0.

In view of performing the transversal wave vector k; we might have the idea to apply the
Schwinger trick (2.184) for x = —1/2 and a = 7*n?/d* + k% . However, at a first glance, this
is not allowed as the integral definition of the Gamma function I'(x) in (2.176) is not defined
for negative arguments, i.e. < 0. But it turns out that the recursion formula (2.177) for the
Gamma function I'(z) allows to analytically continue it piecewise. Thus, the values of I'(z) in

the interval —1 < x < 0 follow due to (2.177) from the interval 0 < z < 1 yielding, for instance

r (-%) =27 (2.207)

as I'(1/2) = /w follows directly from the integral definition (2.176). In this way the Gamma
function I'(z) can be defined for all real x # 0,—1,—2,... as depicted in Fig. 2.6. Having this

analytic continuation of the Gamma function in mind, we can now apply the Schwinger trick
(2.184) for z = —1/2 and a = 7*n?/d* + k3, yielding with (2.207)

7TZTL2 1 —1 e 2,2 /92 1 1.2
k2 + k2 = = dr 7732 e~ (T /T (9208
\/ Z TR T e o), 7 (2.208)

Inserting (2.208) into (2.205) reveals the advantage of the Schwinger trick. Namely, due to
having introduced the artificial Schwinger integral with respect to 7, the integral with respect

to the transversal wave vector k| turns out to be Gaussian

dD_lkJ_ [m2n?2 -1 o 3/9 2,212 dP—'k 2
_ - —7m*n®/d*T 1L K27
/ (27T)D_1 d2 + ki = m\/o' dTT / e /W e L s (2209)
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Figure 2.6: Gamma function I'(z) represents for z > 0 an interpolation between the factorials

(2.178) and is analytically continued to z < 0 via the recursion formula (2.177).
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Figure 2.7: The Dirac comb (2.212) is an infinite series of Dirac delta functions with unity

spacing.

which can straight-forwardly be evaluated:

dD_lki ks 1 (1-D)/2
D1 e = W T . (2210)
(2m) (4m)

Taking into account the side calculations (2.209) and (2.210), the Casimir (2.205) results in

—hCA > > > 2,2 2
Eo = dr +—P/2-1 ’—/ d —menir/dS 2211
© 7 2y/x(4m)(D-DP2 /0 T ; . e (2211)

Here it remains to evaluate the difference between a sum and an integral. This can be achieved

with the Poisson sum formula, which represents an intriguing tool for both quantum and
statistical field theory.

2.17.3 Poisson Sum Formula
Let us consider the Dirac comb function
= > dx—n), (2.212)

which is periodic

K(z+k)=K(z): k=0,+1,42, ... (2.213)
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and is illustrated in Fig. 2.7. Due to its periodicity the Dirac comb function (2.212) can be

decomposed into a Fourier series

> Kpemme, (2.214)

m=—0Q

where the respective Fourier coefficients K, follow from an integration over one period:

+1/2 ‘
K, = / dz K (x) e*™™" (2.215)

1/2
Inserting (2.212) into (2.214) by taking into account (2.215) then leads to the distributional
identity

o0

Y o bw—n)= ) e (2.216)

n=—oo m=—00

Multiplying (2.216) with some function f(z) and integrating over the whole real axis finally

yields the celebrated Poisson sum formula:

> fn) Z/ dz f(x) e 2mime. (2.217)

n=—oo m=—00

Thus, the Poisson sum formula (2.217) allows to calculate a given sum on the left-hand side
by mapping it to another sum on the right-hand side, where the result of the summation is
possibly known. In case that the function f(x) is even, i.e. f(—x) = f(x), Eq. (2.217) reduces
with (2.204) to

<2— /fm) f) =Y Re [ def@eme fea) = @) (2219

Thus, in view of the Casimir energy (2.211) we specialize the Poisson sum formula (2.218) to the

even function f(z) = e ™ *7/% where the remaining Gaussian function is directly evaluated:

oo 0o oo 0o ‘ d oo -
I dn 6—7r2n27'/d2 — Re/ dx 6—7r2x27'/d2—27rzmm — e d*/r ) (2219)
([ 2t Ve 2

=1

Inserting (2.219) into (2.211) it is obvious to perform the substitution u(r) = 1/7

—h Ad
Eo = c Z/ du uP~1/2 g=mPdu (2.220)

)(D-D) 9 (A=) (D—1)/2
as then the remaining integral with respect to u is again of the form of the form of the Schwinger
trick (2.184) but this time with z = (D +1)/2 and a = m?d?, yielding

“D((D +1)/2)C(D + 1)heA
o7 (4)(D-1/2gD ’

Ec = (2.221)
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Figure 2.8: Heuristic explanation of Casimir effect: a) Mode density is larger outside of the

plates than in between the plates, thus b) both plates are pressed together.

where we have introduced the Riemann zeta function

C(z) = 5;. (2.222)

Thus, specializing in (2.221) the dimension D to the physical dimension D = 3 and using the

value for the Riemann zeta function ((4) in (B.21), we get for the Casimir energy

m2hcA

Ep= —— 2
© 72043

(2.223)

2.17.4 Physical Discussion

First of all we read off from the negative sign that the vacuum fluctuations of the electromagnetic
field lead to a lowering of the energy. This manifests itself in an attractive force between the
two metal plates, which decreases with the inverse fourth power of the distance:

0Ec m2hcA

The attraction of the Casimir force can be understood on heuristic grounds as follows. Ac-
cording to Fig. 2.8a) there is a larger number of modes outside of the plates than in between
the plates as the photons inside the plates have a wavelength, which is shorter than the dis-
tance between the plates. Thus, due to the larger density of states outside of the plates, both
plates are pressed together, see Fig. 2.8b). Furthermore, apart from the geometrical quantities
d and A the force (2.224) depends only on fundamental values of the Planck constant i and
the speed of light c. At scales, which are smaller than 1 pym, this Casimir force turns out to be
the dominant one between electrically neutral objects and is, thus, relevant for nanotechnology.
For an area of A = (1pum)? the Casimir force amounts to the value F = 1.3 pN, which is an
order of magnitude being measurable with a force microscope. Experimentally it is hard to

configure two parallel plates uniformly separated by distances less than a micron. Therefore,
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Figure 2.9: Schematic diagram of the experimental setup in Ref. [30]. Application of voltage
to the piezo results in the movement of the plate towards the sphere.

it is advantageous in an experiment to replace one of the plates by a metal sphere of radius R
with the condition R > d. For such a geometry the Casimir force reads instead of (2.224) [30]:

mheR

- 2.22
360d3 ( 2

C pu—
A high-precision measurement of such a Casimir force between a metallized sphere of diameter
196 pm and a flat plate was performed with an atomic force microscope, see Fig. 2.9. The
force was measured for plate-sphere surface separations from 0.1 to 0.9 um. The experimental
results turned out to be consistent with present theoretical calculations including the finite

conductivity, roughness, and temperature corrections.

An interesting application of the Casimir effect occurs when one searches for non-Newtonian
gravity in the micrometre range [31]. Subtracting the respective contributions of the Casimir
force from experimental data reveals a possible contribution from a so-called fifth force. Here a
deviation from the Newtonian potential by an additional Yukawa potential is described by the

parameters A and A in the phenomenological ansatz

% . ie_r/A , (2.226)
for which an upper bound can be determined. In order to obtain precise predictions one has to
take into account several theoretical corrections. Usually a different geometry is considered as,
for instance, two spheres. In addition to the vacuum fluctuations also thermal fluctuations occur
in experiments, whose magnitude has to be estimated. Furthermore deviations occur provided
that the two surfaces are not perfectly conducting. Also surface roughnesses are important to
study. And in case of magnetic materials other boundary conditions might occur so that the
Casimir force can become repulsive. Although the last decade of experiments has resulted in
solid demonstrations of the Casimir force, the situation is not yet conclusive with respect to

being able to discover new physics in the context of non-Newtonian gravity.
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Figure 2.10: Not to scale sketch of hydrogen energy levels according to a) Bohr-Sommerfeld
theory, b) Dirac theory, and ¢) quantum electrodynamics.

2.18 Lamb Shift

As discussed in the previous section the Casimir effect tells us that the presence of the two plane-
parallel metal plates affects the vacuum fluctuations of the electromagnetic field. In contrast
to that the Lamb shift, named after Willis Lamb, describes a difference in energy between two
energy levels 2%s; /5 and 2%p, /2> which was not predicted by the Dirac equation, according to
which these states should have the same energy. Subsequent to its discovery in 1947 it was
explained by the interaction between vacuum energy fluctuations of the electromagnetic field
and the hydrogen electron in these different orbitals. The importance of the Lamb shift is best
illustrated by a statement of Freeman Dyson on the occasion of Lamb’s 65th birthday: ,,Those
years, when the Lamb shift was the central theme of physics, were golden years for all the
physicists of my generation. You were the first to see that this tiny shift, so elusive and hard
to measure, would clarify our thinking about particles and fields.” The Lamb shift has since
played a significant role through vacuum energy fluctuations in theoretical prediction in general
and in the Hawking radiation from black holes in particular [32].

2.18.1 Energy Levels of Hydrogen Atom

We start with reviewing the development of atomic physics by the example how the energy

levels of the hydrogen atom have become known more and more precisely.
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In the Bohr-Schrodinger theory one treats the hydrogen atom within non-relativistic quantum
mechanics without taking into account the spin of the electron. The resulting energy levels
(C.12) are determined by the Rydberg energy (C.11)—(C.15) as the relevant energy scale and the
principal quantum number n. Thus, they are degenerate with respect to the azimuthal quantum
number [ = 0,1,2,...,n — 1, the magnetic quantum number m; = =, -l +1,...,l — 1,/ and
the spin quantum number my = —1/2,1/2. Each atomic state is described by a term symbol of
the form n?**!' L, where 2s+1 = 2 denotes the multiplicity with respect to the spin s = 1/2 and
L abbreviates a letter s,p,d, f,... corresponding to [ = 0,1,2,3,.... Thus, according to the
Bohr-Schrédinger theory, the ground state of the hydrogen atom with the energy E; = —Ry is
denoted by 12s, whereas the first excited states 2%s and 22p are degenerate and have the energy
Ey = —Ry/4, see Fig. 2.10a).

The Dirac theory treats the hydrogen atom within relativistic quantum mechanics, where the
spin of the electron is taken into account. The energy states of the hydrogen atom can be

calculated exactly within the Dirac theory and read:

Enj = Mc \/1_n2+2(n—j—1/2)[(j+1/2)2_a2]_j_l/?

(2.227)

Here (2.227) depends apart from the principal quantum number n also from the total angular
momentum quantum number j = [ £ 1/2, which accounts for the spin-orbit coupling. Ex-
panding (2.227) in powers of the Sommerfeld fine-structure constant « defined in (C.11) yields
for the leading relativistic correction of the non-relativistic energy values (C.12) three different
contributions. The first one stems from taking into account the relativistic energy-momentum
dispersion, the second one from the spin-orbit coupling, and the third one is the Darwin term,
which describes the Zitterbewegung of an electron in an s-shell around its position due its inter-

action with virtual electron-positron pairs. With all three contributions together one obtains

1
Enj = —Ry — + EfS+.... (2.228)
Here the fine-structure energy
Rya? n 3
EFS = — —= 2.229
" nt (j +1/2 4) (2229

turns out to be always negative. Note that the relativistic energy reduction (2.229) was origi-
nally determined by Arnold Sommerfeld by discarding Bohr circles in favour of Kepler ellipses
for the electron orbits with the proton being located at the focus. Is the electron nearer to the
proton it moves faster and gets due to special relativity a larger mass, which implies according
to (C.13) a lowering of the energy. As the fine-structure energy (2.229) depends on the total
angular momentum quantum number j, the original term symbol n?**1L for the atomic states
is extended to the form n***1L;. As a consequence of the fine-structure (2.229) the ground
state 12812 is just reduced by the energy Rya?/4. But the impact for the first excited state

is more significant. Although the original degeneracy between the Bohr-Schrodinger atomic
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Figure 2.11: Experimental set-up from Lamb and Retherford for detecting the Lamb shift in

the microwave range.

states 2%s and 22p is lifted, a new degeneracy with respect to the total angular momentum
quantum number j emerges. Now we have the energetically higher state 22p, /2, which has just
a fine-structure reduction of Rya?/64, whereas the two degenerate energy states 22s /2 and

22p, /2 get the same fine-structure reduction 5Rya?/64, see Fig. 2.10b).

A full quantum electrodynamic treatment takes into account that the electron of the hydrogen
atom is interacting with the vacuum fluctuations of the electromagnetic field. As we will
show shortly, this only affects in leading order only the s-states, where the electron has a non-
vanishing probability to stay in the vicinity of the proton, and leads to a positive shift of the

energy levels. For the ground state 1%s; /o this amounts to an upwards shift of
AEy(1%s19)/h = 8.17 GHz. (2.230)

And for the two degenerate energy states 22s; /2 and 22p, /2 this has the consequence that the

energy level 2%p, /2 1s not affected, whereas 2%s1 /2 acquires a Lamb shift of
AFEy(2%819)/h = 1.0578 GHz, (2.231)

which amounts to 1/10 of the fine-structure spacing Rya?/16 between the states 2?p, /2 and
22D, /2, see Fig. 2.10¢). Thus, we conclude, that the vacuum fluctuations of the electromagnetic
field ultimately lift the degeneracy of the Dirac energy levels with respect to the total angular

momentum quantum number j.

2.18.2 Detection in Microwave Range

In 1947 Willis Lamb and Robert Retherford carried out an experiment using microwave tech-
niques to stimulate radio-frequency transitions between the 22s; /o and 2%p,; /2 levels of hydrogen.
The corresponding experimental set-up is sketched in Fig. 2.11. With an oven at 2 500°C H,-
molecules thermally dissociate into H-atoms. The resulting beam of 1%s;/, hydrogen atoms
travels past an electron beam, which excites a smaller fraction of atoms to the metastable state
2%s1 /2. Note that optical transitions from the 2%s /5 to the 1%s; /5 state are forbidden due to the

selection rule Al = +1, see Appendix F. The atoms then pass a microwave resonator, which is



2.18. LAMB SHIFT 41

tunable within the range of 1 and 10 GHz, see Fig. 1.1, and then hit a Wolfram plate. There the
metastable 2%s; s2-atoms release their excitation energy as they go over into the ground state
1%s1 )5 by liberating electrons from the metal plate. One then detects the number of electrons,
which is a measure for the number of metastable 22s; s2 atoms. But those atoms, which are
excited within the resonator from the 22s; /2 to the 22p3 /2 level in the range of 10 000 MHz lead
to a reduction of the electron current. Their number is detected due to an optical transition
into the ground state 1%s; /5. Additionally, Lamb and Retherford found in 1947 that the same
effect, i.e. a reduction of the electron current, occurs when 22s;, atoms absorb microwaves at
the frequency 1 000 MHz, which leads to a transition from the 2%s;/, to the 2p, /2 state, see
Fig. 2.10. This showed impressively that even states with the same total angular momentum j

are energetically different.

2.18.3 Qualitative Explanation

Let us qualitatively discuss the interaction of electrons with the vacuum of the light field. Due
to the energy-time uncertainty the conservation of energy can briefly be violated, allowing the
hydrogen electron to virtually absorb and emit photons, see Fig. 2.12. This leads to an atomic
energy shift, which is infinitely large. Also a free electron can continuously absorb and emit
photons, which leads likewise to an infinite decrease of its energy. But experimentally it turns
out that the atoms have a finite energy. The basic idea for solving this ,,infinity problem” of
the energy shift is therefore the following. One has to subtract from the infinitely large energy
shift of the bound electrons the corresponding infinitely large energy shift of the free electrons
in order to obtain an experimentally finite value. This process is called renormalization in
physics. It also involves a renormalization of the electron mass. Within the realm of the
renomalization theory of quantum electrodynamics one has worked out a procedure, which
eliminates systematically all infinities of the theory. With this one can calculate, for instance,
the Lamb shift and the Landé factor of the electron with an unprecedented precision. In this
way one finds the highest agreement between theory and experiment in all natural sciences.
This is best illustrated by a statement of Richard Feynman in the introduction of his book [35]:
,,JTo give you a feeling for the accuracy of these numbers, it comes out something like this: If
you were to measure the distance from Los Angeles to New York to this accuracy, it would be

exact to the thickness of a human hair.”

2.18.4 Vacuum Fluctuations

In quantum electrodynamics one would have to determine the Lamb shift via a quantization of
both the Dirac and the Maxwell field. But as the Lamb shift represents the leading quantum
electrodynamical correction, the matter can still be treated non-relativistically. Thus, it is
sufficient to take into account in perturbation theory the impact of the quantized light field

upon the hydrogen atom described by the Schrodinger theory. This leads to a surprisingly simple
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Figure 2.12: A moving electron can emit and absorb a virtual photon.

physical interpretation: The quantum mechanical zero-point fluctuations of the electromagnetic
field act statistically upon the hydrogen electron, which effectively leads to a shift of its potential

energy.

The starting point is the Coulomb potential for the electron in the hydrogen atom:

62

Vix) =— (2.232)

dreg|x|
In case that the electron is elongated by some fluctuations of the electromagnetic field due
to absorption and emissions of photons, one has to consider instead of (2.232) the potential
V(r +s), where the inequality |s| < |r| holds. Thus, applying a Taylor expansion is physically
justified:

IV (x) 1 S
V(x+s)=V(x)+ Zl e +3 ; g %a% SiSi+ ... . (2.233)

Denoting with (e) the averaging over all fluctuations s we get

(V(x+s) +Z | ;ZZI gx‘/;;;) (5i5) + .. . (2.234)

Due to the isotropy of the fluctuations we can assume

1
(si) =0, (si5;) = 3 (%) 0y, (2.235)
0 (2.234) reduces on average in leading order to the following change in potential energy
1
(V(x+s)) - V(x)= G AV (x) (s). (2.236)

For the hydrogen atom this leads to the following energy shift of the atomic state in first order

of perturbation theory:
AR, = / & () [ (V06 1 8)) = V()| i) (2.237)
Inserting (2.232) and (2.236) into (2.237) and taking into account

A — = —4rd(x) (2.238)

IXI
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Figure 2.13: Zitterbewegung of an electron: The length scale dr corresponds in case of the
Darwin term to the Compton wavelength Ac due to the creation of electron-positron pairs,
whereas the Lamb shift stems from the average of the squared displacement of the electron

(s?), which is due to the absorption and emission of photons and occurs on a much smaller
length scale, see Eqgs. (2.268) and (2.269).

then yields

2

AE, = 6— [t (0)[? (7). (2.239)

We read off from (2.239) that the Lamb shift occurs only for hydrogen wave functions, which
are non-vanishing at the origin, i.e. for s-states, where the energy levels are increased. Note
that the result (2.239) should not be confused with the Darwin term, which arises within the
non-relativistic limit of the Dirac equation, see the remark on page 39. There the length scale
\/@ of the Zitterbewegung of the electron can be interpreted by the Compton wave length
Ac = 27h/Mec. Vacuum quantum fluctuations allow for the creation of electron-positron pairs
during the lifetime 27h/Mc?, where the pairs travel the distance Ac = 27h/Mec. In contrast to
that the Lamb shift (2.239) stems from the Zitterbewegung of the electron due to absorption
and emission of virtual photons, which occurs on a much smaller length scale as we will see
below, see Fig. 2.13.

As the probability density of the hydrogen electron in an s-state with principal quantum number

n is given by

1
wm(0)]? = —— | 2.240
O = (2,240
where ap denotes the Bohr radius (C.8), the Lamb shift (2.239) reduces to
AE ¢ 2 (2.241)
b 6regan?

Ignoring for the moment a possible dependence of (s?) from the principal quantum number n, we
expect that the Lamb shifts for n = 1 and n = 2 have the ratio AEL(1%s12)/AEL(2%s1)2) = 8,
which agrees quite well with the experimentally measured ratio 7.7 following from (2.230) and
(2.231). In order to determine the Lamb shift from (2.241) it remains to determine the average

of the squared displacement of the electron due to the absorption and emission of photons. In
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the following we provide both a classical and a quantum mechanical calculation of (s?) and

show that both turn out to agree.

2.18.5 Classical Approach
At first we consider at first within a classical treatment the Newton equation
MS,(t) = —eE,(t) (2.242)
for a periodic change of the electric field
E.(t) = Eo(w) ™", (2.243)
The solution of (2.242) and (2.243) follows straight-forwardly
e

sw(t) = so(w) ™', so(w) = o Ej(w). (2.244)

Interpreting the averaging over all fluctuations (e) as a time average then yields for the average

of the squared displacement of the electron

27 Jw 2 2
2 w 22 €1 Eo(w)]
= — dt|sZ(t)]" = —————. 2.245
I Al (2.245)
Now we have to determine the amplitude Egy(w) of the electric field. To this end we take into
account that both electric and magnetic field equally contribute to the the zero-point energy
of the electromagnetic field. Thus we obtain in the frequency interval between w and w + dw
in volume V for the density of the electric field:

hw
2

FIE@)P = 5 5 p(w)dw. (2:246)

N | —

Here appears the mode density p(w), which represents the number of electromagnetic modes
per angular frequency w and per volume V. Thus, the total number of modes is given on the

one hand by
Nogotes = V / deo plu) (2.247)
0

On the other hand the total number of modes also follows similar to (2.196)—(2.198) by inte-

grating over all wave vectors and by taking into account the two transversal degrees of freedom

a3k
Noodes = 2V / o (2.248)

Thus, introducing in the integrand of (2.248) the identity

| = /Ooo & (w0 — c|K]) | (2.249)
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Figure 2.14: Comparison of length scales: electromagnetic wavelength versus extension of an

atom.

where we use the linear dispersion (2.73), we obtain by comparison with (2.248) for the mode

density
d3k
p(w) = 2/ 2n)? d(w—clk|) . (2.250)
Evaluating the integral yields due to the isotropy of the integrand
2
w
plw) = 1203 (2.251)

i.e. the mode density increases quadratically with the frequency w. With this mode density the
absolute square of the electric field amplitude Eq(w) in (2.246) reduces to
hwfi

2m2eqc3

|Eq(w)]? dw . (2.252)

Inserting (2.252) into (2.245) we have to integrate over all frequencies w, yielding for the average

of the squared displacement of the electron
> he? > 1
2 2
= d W= dw — . 2.253
(s /0 w(s) 271'260]\/[203/0 " ( )
This integral has both an infrared and an ultraviolet divergency as it diverges both for the

lower and the upper integration boundary.

2.18.6 Quantum Mechanical Approach

We show now that a quantum mechanical treatment of the electromagnetic field yields precisely
the same divergent result (2.253). To this end we have to go back to the electric field operator
(2.168). Here the absolute value of the wave vector k, i.e. |k| = 27/\ is determined by the
wavelength A. In the optical range, the wavelength varies between 400 nm and 700 nm according
to Fig. 1.1. Thus, we obtain the following estimate for an atom with an extension in the range
of an Angstrom, see Fig. 2.14:

2m

A~ 103 < 1. 2.954
600 nm < (2.254)

k- x| < [k| - [x] =~
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This means that the electric field operator (2.168) does not change over the extension of an atom
and is, therefore, approximately homogeneous. This leads to the so-called dipole approximation,
where we can approximately neglect the spatial dependence of the electric field operator (2.168)

for spatial vectors x pointing at the atom and yield

=) / &Pk 1/ % e ! e(k, e iy, — € (k,A)eWktaLA}. (2.255)
A==+1

The corresponding Newton equation reads now instead of (2.242)
Ms(t) = —eE(t), (2.256)

which has the solution

Z /d3 i i{e(k, Ne gy \ — € (k, )\)eiwktdL/\} . (2.257)
0

= Mw? \| 2(2m)3€

This operator-valued elongation (2.257) describes the Zitterbewegung of the electron, which is
due to the vacuum fluctuations of the electromagnetic field. Therefore, the average over the

squared elongation (s?) needed for (2.239) is interpreted as the vacuum expectation values

s(t)*]0) . (2.258)
Inserting (2.257) into (2.258) we have to evaluate:

=) Z / &k / K e kwk’\/ E0\/ hwk' (2.259)

A=+l N=
X <O ‘{G(ka Ne ey \ — € (k, Me Mktak,\ ( e e o — € (K, X) e g, XH 0> '

Multiplying out the brackets yields in total four terms, but among them is only one, which
does not vanish due to (2.131), (2.132), and (2.135), and this one coincides with (2.171). With

this we obtain
2 3
9 e h d°k 1
_ il 2.260

R VE / (27)% W’ (2260)

which reduces due to the linear dispersion (2.73) finally to the previous classical result (2.253).

2.18.7 Infrared and Ultraviolet Cut-Off

In order to proceed further we identify the prefactor in (2.253) with the Compton wave length
Ac from (C.10) and the Sommerfeld fine-structure constant from (C.11). Furthermore, in order
to regularize the divergent frequency integral (2.253), we introduce both an infrared and an
ultraviolet cut-off wyin and wpax. With this (2.253) reduces to

2 Wmax
(s?) = aXe dw

os , (2.261)

1
w

Wmin
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which can be straight-forwardly calculated:

on QNG | Winax
= ¢ . 2.262
=55 n o (2.262)

Thus, the averaged squared elongation turns out to depend on the choice of both cut-offs, which
have now to be specified. The ultraviolet cut-off wy.« can be physically reasonably fixed as
follows. As we perform a non-relativistic calculation, we have to exclude relativistic effects.
Therefore, we choose for the ultraviolet cut-off the frequency wpm.x = Mc?/h, above which
relativistic effects kick-in. In contrast to that the infrared cut-off wy,;, can not that clearly be
defined and turns out to depend on the principal quantum number n. One possibility would
be to choose for wy;, the frequency of an electron at the Bohr radius. From the equality of the
Coulomb force and the centrifugal force then follows

62 (1) N cx

min,n ~

= Mw(1)2 a — w

min,n "1

(2.263)

drega’ agn3’

where we have used the Sommerfeld fine-structure constant from (C.11) and the dependence
of the Bohr radius a, from the principal quantum number n according to (C.7). Another
possibility would be to identify the infrared cut-off with the frequency of the photon on the
Bohr radius, which yields

2 2
() _ mc_ 2mc (2.264)

w 5 -
an, agn

min,n

Taking into account the Compton wave length A¢ from (C.10) and the Sommerfeld fine-structure
constant from (C.11) this yields for the ratios of the cut-offs

wmax n3 wmax n2
ORRE _w@) =5 (2.265)
The logarithms of their ratios yield for the principle quantum number n = 1 the values
In e _gg 0 mex g (2.266)
e e
min,1 min,1
whereas we get for n = 2
In Lmax _q1.9. In Lmax 4y (2.267)
M e
min,2 min,2

In both cases the estimates (2.266) and (2.267) differ by a factor of the order 3. With this the
average displacement following from (2.262) turns out to be of the order of a few per cent of

the Compton wave length:

(s?)1 « Winax 3.4%
)\C 27T3 Cl)miml 1.9 % ( )
(s?)2 O Wmax 3.7%

= —— In = 2.269
>\C 27‘(3 wming 2.3 % ( )
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Inserting the result (2.262) into the Lamb shift (2.241) and taking into account the atomic

units from Appendix C we obtain

w
Ry a® In —/= 2.270
3mn? yao Wmin,n ’ ( )

AEL,n =

which also depends on the choice of both cut-offs. Evaluating the Lamb shift (2.270) for
n = 1 we find that AEy,(1%s;/2) must be in the interval [0.39, 1.3] GHz, which is, indeed fulfilled
according to the measurement result (2.230). Furthermore, for n = 2 we factorize the Lamb
shift (2.270) according to

1
AEp, = G Rya? - F,, (2.271)

where the first factor denotes the 22s;/5-2%p4 /2 fine structure splitting and the second factor
yields

1 max
Fy = 200 ) Wmax (2.272)

3T Wmin,2

which leads to the values
Y =015, F? =0.05 (2.273)

for the two choices of the infrared cut-off. The experimental result 5 = 0.1, which corresponds
to (2.231), turns out to lie within the interval [F2(2), FQ(I)] = [0.05,0.15]. In order to document
the precision in the comparison of the full quantum electrodynamic theory and experiment we

finally mention the following results for the Lamb shift of the hydrogen state 1%s; s:

experiment (1986) :  1057845(9) kHz (2.274)
QED theory (1984) :  1057857(14) kHz (2.275)

Thus, quantum electrodynamics is extremely successful.



Chapter 3

Quantum States of Radiation Field

According to the previous chapter the quantized light field can be in different states. In the
following we focus on a single mode of the electromagnetic field. This may be considered to be
an oversimplification, but single-mode fields have become part of the experimental reality with
the advent of high-quality optical cavities. These devices provide within the region between
two well-reflecting mirrors an electromagnetic field, whose amplitude is much higher at some
resonant frequencies. In this case the mode function is not a plane wave but a certain standing
wave. In the transverse directions, one often has a Gaussian profile. Around a cavity resonance,
it is an ubiquitous approximation to treat the full field as if it contained only a single mode.

The inherent coupling to other modes can be modelled by taking into account a loss.

With these assumptions in mind the simplest quantum states of the single mode field are the
so-called Fock states or number states, which correspond to the well-known stationary states of
a harmonic oscillator. Another class are the coherent states, which are specific quantum states
of the quantum harmonic oscillator, whose dynamics most closely resembles the oscillatory be-
havior of a classical harmonic oscillator. Furthermore, a squeezed state is a quantum state that
is characterized by two non-commuting observables, where one of them has a standard devia-
tion below and the other one above that of the ground state with the Heisenberg uncertainty
being still valid. And, finally, being more general than the pure states mentioned so far, we also
introduce a thermal state as an example for a mixed state. It appears in the realm of quantum

statistics in the context of the Planck black-body radiation.

All these quantum states of a single radiation mode can be vividly represented in a pictorial
way in phase space, which is spanned by two conjugate variables. Due to Heisenberg’s un-
certainty relation a quantum optical state can not be characterized by a single point in phase
space. Therefore, we cannot attribute a probability to a point in phase space. Nevertheless,
quasi-probability distributions exist and are useful in the quantum mechanical description of
electromagnetic field states. Here we restrict ourselves in introducing as a particular example
for such a quasi-probability distribution the Husimi function. To this end we determine the

Husimi function for all the single mode quantum states introduced above.

49
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Figure 3.1: Ground-state transversal magnetic mode of a cavity: cavity axis, electric field (3.1),
and magnetic induction (3.5) represent a legal system, with the magnetic induction lagging

behind the electric field by a quarter period.
3.1 Single Cavity Mode

For the sake of simplicity we restrict ourselves in the following to one mode of the electromag-
netic field. In vacuum this would mean that the electric field operator would just consist of one
of the terms from (2.168), which is characterized by some wave vector k and some polarization
A. But in a cavity of length L the electric field operator is given instead in the Heisenberg

picture by
E(x,t) =iFye (ae ™" —ale™) sin(k,z), (3.1)

where x denotes the coordinate along the cavity axis and the transversal extension of the mode
is assumed to be homogeneous in the yz-plane, see Fig. 3.1. Note that (3.1) follows both from
the transversal electric mode (2.189) and the transversal magnetic mode (2.193) by identifying
the normalization constants via

Nopp = —2 Ny =
TE CL)/{ZJ_’ ™™ kka_

(3.2)

and by performing formally the limit k; — 0. The resulting polarization vector € points
perpendicular to the cavity axis, but in case of the transversal electric mode (2.189) it is given
by

. ki
€=e, X kljr_r>10 T (3.3)

whereas for the transversal magnetic mode (2.193) we yield
€= lim —. (3.4)

In the same limiting procedure also the magnetic induction corresponding to (3.1) follows from

the transversal electric mode (2.190) and the transversal magnetic mode (2.192), see Fig. 3.1:

A~

E . .
B(x,t) = —e, X € (ae ™" +ale™) cos(ky). (3.5)
c
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In order to guarantee that the transversal component of (3.1) vanishes at the cavity mirrors
positioned at © = 0 and = L as demanded by (2.188), the longitudinal component of the wave
vector is fixed according to k, = mm/L with m = 1,2,3,.... Furthermore, the linear dispersion
(2.73) reduces here to w = ck,. And the electric field amplitude Ej, which represents the
electric field per photon in the cavity, corresponds to the prefactor in (2.168), where the term
2(27)3 is substituted by the cavity volume V = AL, which is filled by the mode, see Fig. 3.1:

Ey = \/VEEO (3.6)

Indeed, with (3.1) and (3.5) the operators for the electric and magnetic field energy density in

the cavity read

%’E?(x, £ = %OE(% sin(k,x) (aal + ala — ale 2! — af2eX) | (3.7)
= B?(x,t) = Fo cos’(kyz) (aa’ + a'a + a’e ™" + al2e®™") | (3.8)
2410 2p0c?
so the Hamilton operator for the electromagnetic field
A L €0 - 1 -
H= A/ de [— E?(x,t) + — B*(x, 1) (3.9)
0 2 2410

is time-independent due to (2.5). Furthermore, taking into account (3.6), we get

. hw

H == (aa' +d'a) , (3.10)
which corresponds to the Hamilton operator of a single harmonic oscillator. Here the operators
a and a' fulfill the same algebra as the ladder operators of the harmonic oscillator discussed in
Appendix A, i.e.

la,a] = [al,a]_=o0, [a,a'] =1, (3.11)

but here they describe the annihilation and the creation of a single photon. Applying (3.11)
and using the photon number operator

n=a'a, (3.12)

the Hamilton operator (3.10) reduces to its standard form
- 1
H:hw(ﬁ+§> . (3.13)

The corresponding intensity per photon, i.e. the electromagnetic field energy passing through
a certain area per unit time, follows then to be
hwe
Iy=—.
Vv

For a transverse mode size of 1 um and a cavity length of 1 cm, we obtain for the ground mode

(3.14)

m = 1 the intensity Iy = 0.3 W /m?. This is about a factor 10~* smaller than the solar constant
Ig =1.361kW/m?, which measures the mean solar electromagnetic radiation arriving on the

surface of the earth.
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3.2 Fock States of Single Mode

According to the second quantization of the electromagnetic field introduced in the previous
chapter it is possible to define quantum states |n), where the quantum number n = 0,1,2,...
represents the number of photons occupying that field mode. They are called Fock states, span
an infinite-dimensional Hilbert space, and are defined by the eigenvalue problem of the photon

number operator (3.12):
nin) =n|n) . (3.15)
As the quantum states |n) have the properties
alny = nln—1), (3.16)
a'ln) = Vn+1ln+1), (3.17)
they lead to the matrix elements
(n'laln) = Vndwn, (3.18)
(n'a"n) = V4 16uas1, (3.19)

which play an important role when one computes the probability amplitude that an atomic
state absorbs or emits a photon. From all these relations it follows that the quantum states |n)

can be obtained via

=20 g (3.20)
with the vacuum state |0) obeying
al0) =0 — (0lat =0. (3.21)
Note that they fulfill both the orthonormality relation
(nIn) = 6y (3.22)

and the completeness relation
> fnn[=1. (3.23)
n=0

Let us denote the expectation value with respect to such number states |n) according to
(0)n = (n| ®|n). (3.24)

Then the expectation value of the number operator (3.12) and its square with respect to the

number states |n) turn out to be

(), = (nlajn)=mn, (3.25)
(%), = (n|a?|n) =n?. (3.26)
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Thus, we conclude that the standard deviation vanishes:

An =/(n2), —(n)2 =0, (3.27)

n

so the photon number is sharply defined. This is physically interesting insofar as the energy of
the electromagnetic field is proportional to the photon number according to (3.13) and, thus,
no energy fluctuations occur in these states. Concerning the electric field operator of a single
cavity mode (3.1) we conclude that its expectation value with respect to any Fock state vanishes
due to (3.21):

(E(x, 1)), = 0. (3.28)

But there are fluctuations around this average called ,,quantum noise”, for which we get ac-
cording to (3.7) and (3.21):

(EX(x, 1)), = E2(2n + 1) sin®(k,z) . (3.29)
Thus, we conclude that the expectation values (3.28) and (3.29) differ considerably from what
one would expect from a ,,classical” state, where the first moment of the electric field operator
should be non-vanishing and its variance should be small or even zero. Therefore, in quantum
optics, the number states |n) represent extremely , non-classical” states that are difficult to

prepare experimentally [36].

3.3 Quadratures

In order to further characterize a quantum state of the electromagnetic field we introduce now

a family of operators

A Lo o, ~t o
ig = — (ae™? + alel?) | 3.30
0 \/5( ) ( )

which depend on a phase 6. They represent observables as they are hermitian:
ih =g, (3.31)

Such operators (3.30) appear ubiquitously in quantum optics. For instance, we obtain from
(3.1) and (3.5) that the dynamics of the electromagnetic field operators of a single cavity mode

is characterized by

E(x,t) = V2Ey€iu rosin(k,s) ~ Zurna, (3.32)

A 2F

B(x,t) = V25 €, X €Ty cos(kyx) ~ Ty . (3.33)
C

We note that the latter proportionalities emphasize the photonic content of the amplitudes

of the electric field and the magnetic induction (3.1) and (3.5), which is independent from
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the respective polarization and the spatial profile. Furthermore, from (3.32), (3.33) we read
off directly that the magnetic induction operator lags behind the electric field operator by a
quarter period, see Fig. 3.1. Another application for the family of operators (3.30) occurs when
we consider the position and the momentum operator of a harmonic oscillator of frequency
w in the Heisenberg picture. On the basis of Appendix A we obtain in dimensionless units
h=1= M:

(ae™™" +ale™") = 2y, (3.34)

—_
-~

—p(t) = (ae™™" —aTe™") = Zuy_r)2 . (3.35)

Vi
Thus, a comparison of (3.32), (3.33) with (3.34), (3.35) yields the fundamental result

E(x,t) ~ —p(t), (3.36)
B(x,t) ~ i(t), (3.37)

~—~

i.e. the electric field (magnetic induction) operator corresponds to the negative momentum
(position) operator of a harmonic oscillator. Note that (3.36) agrees formally with (2.26),
(2.38). Later on the finding (3.36), (3.37) will be the key point for working out a phase space

representation of the electromagnetic field, which is quite popular in quantum optics [14].

For the commutator of two family operators (3.30) with the phases § and ¢’ we find

1¢ i o

[#0,30]_ = 5 {e—lw—@) [6,a1] + €@ [af, a}_} = —isin(0— ). (3.38)

Thus, two family operators &y and Zg with the property  — ' = —m /2 are canonically conju-
gated:

(&0, Zosz] =1 (3.39)

Such operators &y and T,/ are called quadratures. We read off from (3.36), (3.37) that
position operator #(t) = &,; and momentum operator p(t) = Zusyr/2 represent a prominent

example for such quadratures.

Now we use the Heisenberg uncertainty, which is derived in Appendix D. To this end we apply

(D.7) for two family operators A = &, and B = &y by taking into account (3.38):
1
(AZ3) (A3 > 1 sin?(6 — 0') . (3.40)

Note that this result is independent of the state |¢) with which we define the expectation value
(D.1), thus it is generally valid. Furthermore, we remark that the largest possible uncertainty
occurs for two quadratures with 6 — 6 = —7/2, where (3.39) holds, which is valid, for instance,

for position and momentum operator of a harmonic oscillator:

(AB) (Ad, ) > 5. (3.41)

S



3.4. UNITARY TRANSFORMATION 25

Now we specialize these expectation values for the Fock states of a mode defined in (3.24),

i.e. we consider [¢)) = |n). For the first moment we get

(n|ae™™ +a'e” |n) =0, (3.42)

. 1
T = —F
whereas the expectation value of the product of two family operators turns out to be

1 . / . i 1 . ,
(0d0), = 5 {e—“@—“ (n| aa' [n) + @) (n| a'a |n>} = ncos(f =) + 57O (3.43)

Thus, for the special case ' = 6 Eq. (3.43) reduces to

1
(@), =n+3, (3.44)

so taking into account (3.42) we get the uncertainty

1
(AZ3) =n+ 3 (3.45)

As the result (3.45) is independent of 6, it also holds for the uncertainties of both the position
operator Z(t) = &,; and the momentum operator p(t) = Zuiyr/2 of the harmonic oscillator.
Thus, we conclude from (3.45)

(AZ2(1)), - (AP (1)), = (n + %) , (3.46)

from which we read off the Heisenberg uncertainty relation (D.7) for position and momentum

operator:

. (3.47)

A~ =

(AZ*(1)),, - (AP (1)), >

Note that the uncertainty becomes minimal for the vacuum fluctuations n = 0.

With these considerations we arrive at the following phase space representation for a Fock state
with n photons. According to (3.25), (3.27) it is characterized by a fixed photon number, i.e. we
have An = 0, and an arbitrary phase. Thus, a Fock state corresponds in phase space to a circle,
which is centered around the origin due to (3.42) and has the radius \/n + 1/2 due to (3.45),
see Fig. 3.2.

3.4 Unitary Transformation

We now aim for introducing new photon states. To this end we consider a certain unitary

transformation, which is characterized by

Ut =1 — Ur=0-1, (3.48)
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Figure 3.2: Representation of a Fock state |n) in phase space.

and apply it to a Fock state:
In)" = U |n) = In) = UT|n)" . (3.49)

We then define the unitary transformation for an operator O such that its expectation values

remain unchanged
"(n|0'\mY = (n|UTO'U|m) = (n|O|m) , (3.50)
so we conclude
O=U'0U = O =U0U". (3.51)
For instance, the transformation of the creation and annihilation operator reads
a’ =Ua'UT, a' = Ual?t. (3.52)
With this we observe that the canonical commutator relations (3.11) remain unchanged:
(@, a]_ = [a"a"]_ =0, [@,a"]_ =1. (3.53)

Thus, also the transformed operators a’, @’ represent creation and annihilation operators of the
transformed Fock states as they fulfill analogous to (3.15)—(3.17)

A nY = nn)', (3.54)
a’"|ln) = Vn+lln+1), (3.55)
an) = Vnn-1)". (3.56)

Here 7/ = a'’a’ denotes the transformed particle number operator. Furthermore, also the
transformed Fock states form a basis in the Hilbert space. For instance, the transformed

ground state is defined according to
a' |0y =0 (0a" =0. (3.57)

Although the algebraic relations between the transformed states and operators are identical to
the original ones, the properties of the transformed states |n)’ can differ significantly from those
of the original states |n). This depends, of course, on the particular choice of the unitary trans-
formation U. In the following we discuss in detail two prominent examples for such a unitary

transformation in quantum optics, which lead to coherent and squeezed states, respectively.
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3.5 Shifting Operator

Let us consider for some complex number « € C the transformation

A

D(a) = eo®—"a, (3.58)

Then we conclude for its adjoint at first

Di(a) = e"im0d" — o~(ad1=0%0) _ [(_q). (3.59)
Due to the property
D(a)D(—a) = D(0) =1 (3.60)
we then have
D(a) = DY), (3.61)

so that the transformation (3.58) is, indeed, unitary.

Now we can reveal the properties of the transformed annihilation operator

i'(a) = D(a)aD(a). (3.62)
To this end we calculate the derivative
da! (ot . .
“éf‘ ) Dlat){ (ad —a*d)a - a(adl - a*a) }D(—at)

= D(at) [ad" — a*a,a] D(—at) = —aD(at)D(—at) = —a. (3.63)
Integrating (3.63) then yields
a'(at) =¢—at (3.64)

with the operator-valued integration constant ¢. As we read off from (3.58) and (3.62) the

initial condition @’(0) = @, we obtain from (3.64) ¢ = a and conclude
aa)=a—«. (3.65)

This finding justifies to call (3.58) a ,,shifting operator”. Let us denote the transformed vacuum

state according to
) =10)" = D()]0) (3.66)
which parametrically depends on «. Then it follows from (3.57) and (3.65):
a(a)|a)y=(a—a)lay =0 — ala) =ala) . (3.67)

Thus, the transformed vacuum state |«) is an eigenstate of the annihilation operator. One calls
it a coherent state or a Glauber state as the seminal pioneer of theoretical quantum optics and

Nobel laureate Roy Glauber invented this new photon state in 1963.
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3.6 Group Property

Let us consider the successive execution of two displacement operators:

A

D(a)D(B) = ' —a"a gpal=pa (3.68)

In order to evaluate (3.68) we apply Baker-Campbell-Hausdorff formula [28, Appendix 2A]
i A O 1 [ ~71, =~ 1 [~ 14 =
A —opfiv by [AB] v afas] | -g|afis] ] «.} o

To this end we identify the operators A and B via

~

A=aal —ata, B = Ba' — p*a, (3.70)
so their commutator turns out to be
[121, B} =af" —a'f =2ilm (af). (3.71)

From (3.68), (3.69), and (3.71) we then obtain

D()D(B) = D(a + f3) ¢! (e57) (3.72)
This result is connected to group theory. In case that the phase factor vanishes, then the
mapping o — 15(04) corresponds to a representation of the addition of complex numbers in the
space of unitary transformations of the Hilbert space. In case that the phase factor does not

vanish, then (3.72) defines a so-called projective representation.

3.7 Properties of Coherent States

Let us denote the expectation value with respect to a coherent state |a) according to
(8)a = (af e]a). (3.73)

Then we get the expectation value (3.73) for the family of operators (3.30) by taking into

account (3.67):

—i6 ~t 0 —160 * 160

+{aja'|a)e” = —=qae 7 +a'e
(ol ) e} = )

. . 1 .
(Tg), = (a]Zgla) = E{@‘MO‘)Q
= V2(Rea cosf +Ima sind) . (3.74)

This can be physically interpreted in two ways. On the one hand, we yield that the averages

of the electric field operator (3.32) and the magnetic induction operator (3.33) are non-zero

(E(x,t))a = 2E|alesin(wt — @) sin(kyz) (3.75)
2FE,

B(x, 1) = . |a] e, X € cos(wt — ) cos(kyx) (3.76)
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with the phase ¢ = arctan(Ima/Rea). In fact, (3.75) and (3.76) correspond to a classical
standing wave in the cavity. Therefore, we conclude that coherent states are quite useful to
represent laser fields. Furthermore, we read off from (3.75) and that (3.76) that the strength
of the averaged electromagnetic field operators depend on both the electric field per photon Ej
from (3.6) and the absolute value of a. Computing the average photon number in a coherent
state, we get due to (3.67)

()o = (ald'd]a) = (aalaa) = |af*. (3.77)

Therefore, the average of the electric field operator (3.75) with respect to a coherent state
turns out to be of the order |(E(x,t)).| =~ Eg\/(7)a, i.€. it increases with the square root of

the photon number (n),.

On the other hand, we obtain for the expectation value of position and momentum operator
(3.34) and (3.35) in the Heisenberg picture:

(:i:(t)}a _ 3 COé(wt) sin(wt) Re a ‘ (3.78)
(P(t))a —sin(wt) cos(wt) Im o
This means that real and imaginary part of the complex number « can be interpreted as the

expectation value of the position and the momentum operator at time ¢ = 0, respectively.

Correspondingly also the expectation value of two family operators gy and Z

(Foto)y = 5 (0] a2e 00 4 alae=0=0) 4 qatei0-0) 4 42610407 1) (3.79)

is evaluated by using (3.67), yielding

1 oo
(Toly), = 3 e 0= £ 2(Rea)? cos B cos 0 4 2 (Im «)” sin @ sin 6’
+2Re aIma (sin 6 cos 6’ 4 cosfsin ). (3.80)

Combining (3.74) and (3.80) we get
1

(o) = 5 ") + (Go)o (o) - (3.81)
In the special case ' = 6 Eq. (3.81) reduces to
. . . 1
(Do), = (i5)o — (F)e = 5 (3:82)

so the variance of a family operator (3.30) for coherent states does not depend on the angle 6.

We recall that the Heisenberg uncertainty relation (3.40) for two family operators Zy and
Ze¢r holds for any expectation value and that the largest possible uncertainty occurs for two
quadratures, which obey 6 — 6’ = 7/2 according to (3.41). Thus, we conclude from (3.41) and

(3.82) that coherent states have a minimal uncertainty irrespective of the choice of a € C.

With this we finally arrive at a phase space representation for a coherent state |«) as depicted

in Fig. 3.3. From (3.78) we read off that the expectation values of position and momentum
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Figure 3.3: Representation of a coherent state |a) in phase space.

operator rotate in phase space clockwise with frequency w on a radius, whose size is deter-
mined by the photon number n via |a| = /(Rea)? + (Ima)? = /(R), according to (3.77).
Furthermore, the coherent state has due to (3.82) at each time instant ¢ both in position and

momentum the minimal standard deviation 1/ V2.

3.8 Squeezing Operator

We have seen so far by several examples that the quantized electrodynamic field essentially
differs from a classical field due to the unavoidable presence of quantum fluctuations. This
raises the question whether it may be possible to reduce the quantum noise at least in one of
the two field quadratures to realize a state that is even more classical. As one cannot beat
the Heisenberg inequality, the reduced fluctuations in one quadrature have to be paid by an

enhanced quantum noise in the other one.

In order to describe such a situation we consider in the following for some complex parameter
¢ € C the transformation

S(g) = elera*=eat?)/2 (3.83)

In contrast to the shifting operator (3.58), where the argument of the exponential function con-
tains the creation and annihilation operator linearly, the argument of the exponential function
(3.83) depends quadratically on these operators. Analogous to the reasoning (3.59)—(3.61) we

obtain that also the transformation (3.83) is unitary:

S1(€) = S(=¢) = 571(¢) . (3.84)
We are interested to determine the the properties of the transformed annihilation operator
d'(€) = 5(£)as'(¢). (3.85)

Also here we proceed by calculating a derivative:

da’(st) - _ S(&t) % {(¢a®—¢a)a—a(¢a®—¢a) }

T (=€) (3.86)
= S(&t) s [(¢a® —€al?) a]_ S(—¢t) = S(&)

[a,a"]  S(—¢t) = £S(st)af S(—¢t).

N | =
N U



3.8. SQUEEZING OPERATOR 61

Thus, taking into account (3.85) we obtain from (3.86) the operator-valued ordinary differential

equation

da' (&)

T = &al'(¢t). (3.87)

In order to obtain a closed set of ordinary differential equations, also the transformed creation
operator must be considered in a similar way. Performing the corresponding calculation leads
to

=&*a'(&t) . (3.88)
The coupled system (3.87) and (3.88) is now decoupled as follows:

d d&/(ft) d AT/ . N
oo = e =P, (3.80)

The general solution of second-order differential equation (3.89) reads
Q' (€t) = ¢y eIt 4 ¢y e7IeN (3.90)

and depends on two operators ¢; and ¢é. Inserting (3.90) in (3.87) leads to
av(¢t) = ] (clelﬁ‘t epe” 1) (3.91)

With the help of (3.90) and (3.91) we now adjust the initial condition

i’ (Et) = & +é=a, (3.92)
t=0

av(&t) _ (6, — &) =al. (3.93)
t=0 §

In order to facilitate the analysis, we now perform a polar decomposition of the complex pa-

rameter £ into its absolute value and its phase
= [¢] €. (3.94)
With this the solution of (3.92) and (3.93) reads as follows:

1 7
5 (a+eval) , (3.95)
. 1 i
& = 5 (a—eal) . (3.96)
Inserting (3.95) and (3.96) into (3.90) and (3.91), respectively, leads to:

a'(€t) = cosh(|¢|t)a+ e sinh(|¢]t)al, (3.97)
a’(€t) = cosh(|¢|t)a + e~ sinh(|¢|t)a . (3.98)
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Evaluating this result at ¢ = 1 leads to the transformed creation and annihilation operator

a€) = pa+val, (3.99)
a’(¢) = pa'+vta. (3.100)

Here we have introduced the new parameters

p = coshl], (3.101)
= ¢e¥sinh|¢| (3.102)

which fulfill the constraint
1 — |v|> = cosh? €| — sinh? [] = 1. (3.103)

Note that this constraint could be used, for instance, to eliminate the parameter u. Further-

more, this constraint corresponds to the invariance of the standard commutator relation:
[@'(€),a"(€)] = p?[a,af] +w[al,a] =p®—)>=1. (3.104)

With these results we define now the squeezed states by applying the unitary transformation

(3.83) upon the vacuum state:
0)' = S(€)10) = [¢) - (3.105)

Sometimes (3.105) is also called a squeezed vacuum.

3.9 Expectation Value of Squeezed States

At first we calculate the expectation value for the family of operators (3.30) with respect to a

squeezed state:
(Zo)e = (€] 9 1€) = % {€€lale)e™ + (gla'|e) e} . (3.106)
Here the adjoint state to (3.105) is defined by taking into account (3.84):
(0] = (01 57() = (€] = (01 5(~9). (3.107)

From (3.105)—(3.107) follows then

(i) = =5 01/ (~€)e™ + a(=€)e ) (3.108)

A polar decomposition of —¢ similar to (3.94)

—¢ = [¢] et (3.109)
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then yields due to (3.101) and (3.102) the symmetry relations

(=€) = u&), (3.110)
v(=§) = —v(&). (3.111)

From (3.99), (3.100), (3.108), and (3.109) follows then
(Zg), = % (0 (pa —va') e ™ + (pa' —v*a) e |0) = 0. (3.112)

The expectation value of the quadrature operator vanishes with respect to a squeezed state
independent of 6. This means, in particular, that both the position and the momentum expec-

tation values of squeezed states vanish also.

3.10 Variance of Squeezed States

For the expectation value of the product of two quadrature operators (3.30) we obtain with
(3.105) and (3.107)

(Togr) = <0\s< £) [ a2e710+0) 4 ataet 00 4 qatel@ =0 4 af2ei 0+ S(g)10) . (3.113)
Taking into account the action of the unitary transformation (3.83) according to (3.85), we get
PN 1 ~ i ’ R N i(0—0'

(Eoig)e = 5 (0]a'(=)%™"") +al'(=g)a/ (=)™
+ai' (—€)al"(—€)e" 0 4 al' ()%t |o) . (3.114)

Thus, implementing (3.99) and (3.100) as well as the symmetry relations (3.110) and (3.111)
yields

1 - / . / .
(Todo)e = ) (0] aal [—pre ) 4 |y)? 000 4 2671000 _ 1= 0+00] |0) | (3.115)

With the side calculation
(0]aa’0) = (0| [a,a'] 10y =1 (3.116)
then follows for the variance (3.115)

1 ) o o
(ToZo)e = 5 [,uQeZ( ) ) 00 — e 0+0) _ yprei(040 )} : (3.117)

which factorizes according to

1 , : L .
(Todg), = 5 [ue"e - l/*ew] [uew - 1/6_10} . (3.118)

This result specialises for 8’ = 6 to

. 1 —9ig12
(x§>£:§|,u—ue 2017 (3.119)



64 CHAPTER 3. QUANTUM STATES OF RADIATION FIELD

A chf”__< x@ >§_ —

A o I
S + A \ﬂﬁ
A A

Sl
%é'l”\f
o

Figure 3.4: Angle dependence of expectation value (3.120) for ¢ = 7/2 with minimum (maxi-
mum) at Opin = 7/4 (Omax = 37/4) according to (3.124) and (3.129) with k& = 0.

Taking into account (3.101)—(3.103) this reduces to
1
<i§>€ =5 [1 + 2 |1/|2 —2|v[y/1+4 |V|2 cos(26 — go)] . (3.120)

Thus, the expectation value (7)., which coincides due to (3.112) with the variance ((Ad)?) ¢
is m-periodic with respect to 6, see Fig. 3.4. For any fixed £ the expectation value (22) ¢ depends
sensitively on the chosen parameter 6. In the limit € — 0, i.e. |v| | 0, this sensitivity disappears

and we obtain the variance of the ground state

1
lim (#5), = 3 (3.121)

£—0
Instead for £ # 0 the variance can be larger or smaller than this minimal uncertainty.

A smaller uncertainty occurs provided that the inequality

1 2
il |2”| cos(20 — ) > 1 (3.122)

vl

is fulfilled. The smallest possible uncertainty is present for

cos(20 —p) =1, (3.123)
which yields
Oin = Kt + g, keZ. (3.124)

This minimal uncertainty follows from inserting (3.124) into (3.120)
~2 1 2 2
(onde = 5 |27 =21+ v | (3.125)

Using (3.102) this finally reduces to

1

()¢ = 5 0720, (3.126)
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This means that the smallest possible uncertainty can be made exponentially small.
A larger uncertainty occurs for

1 2
i |2V| cos(20 — ¢) < 1. (3.127)

vl

The largest possible uncertainty is present provided

cos(20 — ) = —1, (3.128)
which leads to
1
emaxz(k+§)7r+g, kel. (3.129)

Inserting (3.129) into (3.120) this yields

emax

1
(22 >€:§[1+2|y|2+2,,,| 1+|y|2}. (3.130)

Taking into account (3.102) we conclude

1
(3,0 = 5 €21 (3.131)

Thus, the largest possible uncertainty can therefore be made exponentially large.

We note that the family operator with 6 = 0.« in (3.129) and 6 = 0,3, in (3.124) are canonically
conjugated to each other due to (3.38) and (3.39):

emin - Qmax = _g . (3132)

It now follows from (3.125) and (3.130) that squeezed states, like coherent states, have minimal

uncertainty in accordance with the Heisenberg uncertainty principle (3.41):

((Atg,,)")e (Ado,,)")e = 7 - (3.133)

The phase space representation for a squeezed state is more complicated as it basically amounts
to an ellipse centered around the origin, whose semi-axes can be rotated. Before we can dis-
cuss this in more detail we have to define the density operator and work out its phase space

representation in terms of a quasi-probability distribution.

3.11 Density Operator

In quantum mechanics, the state of a quantum system is represented by a state vector, denoted
by |[¢). Provided that the state of a quantum system is only described by such a state vector

|1}, it is called a pure state. However, it is also possible for a quantum system to be in a
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statistical ensemble of different state vectors. For example, there may be a 50 % probability
that the state vector is [¢1) and a 50 % chance that the state vector is |¢)5). This system would

then be in a mixed state.

A generic example of pure and mixed states in quantum optics is provided by light polarization.
Photons can have two helicities, corresponding to two orthogonal quantum states, |R) for right
circular polarization and |L) for left circular polarization. A photon can also be in a superpo-
sition state, such as (|R) + |L))/v/2, which represents a vertical polarization or |R) — |L))/v/2,
which denotes a horizontal polarization. More generally, it can be in any state «|R)+ /3| L) with
the coefficients o and 3 fulfilling the normalization constraint |a|> + || = 1, corresponding
to linear, circular, or elliptical polarization. If we pass (|R) + |L))/v/2 polarized light through
a circular polarizer, which allows either only |R) polarized light, or only |L) polarized light,
the intensity would be reduced by half in both cases. This may make it seem like half of the
photons are in state |R) and the other half in state |L), but this is not correct: both |R) and
|L) photons are partly absorbed by a vertical linear polarizer, but the (|R) + |L))/+/2 light will

pass through that polarizer with no absorption whatsoever.

In quantum statistics, one describes a mixture of pure states with the help of the density
operator p, which was introduced by John von Neumann in 1927. In an axiomatic approach,
the density operator is defined by the following axioms. The density operator p is a linear,
hermitian operator according to axiom A1l. Furthermore, axiom A2 prescribes that the density

operator p is positive, i.e.
(W|p|)y > 0 for all |¢) = all eigenvalues are positive . (3.134)
And, axiom A3 expresses the normalization of the density operator p via
Tr(p) =1. (3.135)
At first we conclude from axiom A1 that the density operator p obeys an eigenvalue problem
p1Yi) = pi i) (3.136)
with real eigenvalues
pi=Dp; (3.137)
as well as the eigenstates |¢;) fulfill both the orthonormality
(Wil;) = 9y (3.138)

and the completeness

Z |thi) (¥ = 1. (3.139)
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Thus, the trace can be defined with the help of these eigenstates |1);) as follows:

Tr (o) =) (i @ [) - (3.140)

7

And we read off that the density operator p has the representation
p=pilvn) (i - (3.141)

Furthermore, we deduce from axiom A2 and (3.134) that the eigenvalues p; of the density

operator are positive:

pi = (Yl plis) 2 0. (3.142)

And we conclude from axiom A3 due to (3.135), (3.140), and (3.141) that the sum over the

eigenvalues yields unity:
> pi=1. (3.143)

In combination with (3.142) we then obtain the inequality
O<p;<1. (3.144)
Thus, from (3.139) and (3.141) we get for the diagonal matrix elements of the density matrix

(W[plv) = sz- (W]s) (Wil)) < Z (1) (WilY)) = (Plp) = 1. (3.145)

This finding means that the diagonal matrix elements of the density operator can be interpreted
as probabilities. An important application is to calculate the expectation value of an observable

for a mixed state, which is defined by
(A) = Tr (Ap). (3.146)

Due to the orthonormality (3.138), the definition of the trace in (3.140), and the representation
(3.141) this leads to

<A> = Z (il Aﬁ i) = Zpi (il A i) - (3.147)

)

This means that the quantum mechanical expectation value (1;| A |4;) in state i is weighted

with the probability p; in the mixture.

We now continue the axiomatic reasoning in view of the density operator p and specify when

it is a pure state. A density operator p is pure provided that the idempotence property

PP =p (3.148)
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holds, i.e. provided that p represents a projector. Let us illustrate this definition by two

examples. The first one deals with the density matrix
p=In)(n| (3.149)

corresponding to a pure Fock state. Due to the orthonormality (3.22) we conclude here that
(3.148), indeed, holds:

p* = |n) (n|n) (n] = [n) (n] = 5. (3.150)
In the second example we consider the density operator
. 1
p= V)W, W)= (00 +11) (3.151)
and find that it also represents a pure state:

p* =) (Wl (¥l = [v) (Y]

p. (3.152)
But note in this case
7 = 5 0y + 1)) (0] + (1) # 5 (10} (0] + 1) 1)) (3.153)
The notion of purity P for a density operator p can now be quantified as follows:
P(p) ="Tr (p%). (3.154)

In the eigenbasis of the density operator p we then obtain from the representation (3.141) by
taking into account the orthonormality (3.138)

P =03 vy ) (i) (sl = D 07 o) (] (3.155)

)

Thus, the purity (3.155) results to

P(p) = _p! (3.156)

and due to the inequality (3.144) and the normalization condition (3.143) we conclude
0< P(p)<1. (3.157)

Let us finalize the discussion of the purity by the following interpretation. From the normal-

ization of the density operator (3.135) and the definition of the purity (3.154) we get
Pp)=Tr(p*+1—p)=1+Tr(p*—p), (3.158)
which implies
pPP=p = P(p)=1. (3.159)

Indeed, from (3.148) and (3.158) follows (3.159) from left to right. Let us now, conversely,
assume that the right-hand side of (3.159) holds. Due to (3.144) and (3.156) we must have
exactly one j with p; = d;;, which yields (3.148) due to (3.141).
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3.12 Husimi Function of Coherent State

There exist different quasi-probability distributions, which are commonly used in quantum
mechanics to represent a quantum state such as light in the phase space formulation of quantum
optics. The first one was introduced by Eugene Wigner in 1932 to study quantum corrections
to classical statistical mechanics [37]. The goal was to link the wave function that appears in
Schrodinger’s equation to a quasi-probability distribution in phase space. Expectation values
turn out to be accessible for observables in the Weyl order, where the corresponding operators
are ordered in a totally symmetric way. An equivalent formulation was worked out by George
Sudarshan and Roy Glauber in 1963, where the so-called Sudarshan-Glauber P-representation
expresses observables in normal order and which is further elaborated in the exercises. In the
present lecture notes, however, we will focus on the Husimi function, introduced by Kodi Husimi
in 1940. It represents a quasi-probability distribution, also called the Q)-function, which allows
to calculate expectation values for observables in the anti-normal order as we will see below.
It is defined as the expectation value of the density operator p with respect to a coherent state

as follows:

Qs(a) = = (al pla) . (3.160)

This phase space function indicates the probability that the coherent state |a) is to be found
in the density matrix p. Note that the reason for the additional prefactor 1/ in the definition
(3.160) is only revealed below.

In order to get a first insight into the Husimi function, we evaluate it for the case of a pure

coherent state, i.e. the density operator p is assumed to be given by

p = lao) (ol - (3.161)
Inserting (3.161) in (3.160) leads to
1
Quoo)tool (@) = — [{arlao)[” . (3.162)

Thus, the evaluation of (3.162) necessitates to determine the overlap of two coherent states,

which we accomplish with the following three steps:

e A useful special case of the Baker-Campbell-Hausdorff formula (3.69) reads

B AB MBI gy [A, BL eC. (3.163)
With the identifications
A=adt,  B=-a%, [AﬂerFMJLsz (3.164)
we then obtain with (3.163) for the shift operator (3.58) its normal ordered form:

D(a) = e®® =0 gmlol?/2. (3.165)
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e Applying (3.165) to the vacuum state yields for a coherent state (3.66) the representation

o) = D() |0) = e71*F*/2 g2 o) (3.166)
Note that we have used here the identity
e %0y = |0) , (3.167)

which follows immediately from the property (3.21) that the annihilation operator a being
applied to the vacuum state |0) vanishes. The adjoint of (3.166) results correspondingly

in
(a] = e 1oP/2 (0] 270 (3.168)
With (3.166) and (3.168) we then get for the scalar product between two coherent states:

(afag) = e Hiol)2 0] a7 g o'

0) , (3.169)
where we have applied again (3.167).
Performing a Taylor expansion we obtain

et (e“OdT> e =exp {oco el e’o‘*d} . (3.170)

In order to evaluate this expression we define the operator-valued function

~

f(t) = el agietora (3.171)
and determine its derivative with respect to the parameter ¢:

d f t * *a
]:Zi ) _ ptotag (ddT _ &Td) et — % , (3.172)

where the latter equality follows from the commutator relation (3.11). As (3.172) is a

c-number, its integration can be straight-forwardly performed, yielding

fity=c+a't. (3.173)

As we read off from (3.171) the operator-valued initial condition f(0) = &= al it follows
from (3.171) and (3.173):

f(1) = e %fe" = gt + o~ (3.174)
Inserting (3.174) in (3.170) we get

ea*fl 6040&1'6704*& — e(dT-f—a*)Oéo ) (3175)
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Substituting (3.175) into (3.169) finally leads to the scalar product between two coherent states:
(a|ag) = e~ (laf*Heo[)/2 ga”ag : (3.176)
as the adjoint of (3.167) yields
(0] e = (0] . (3.177)
This can algebraically be rewritten as

() = e (Il Hlaola0a* ~aja) /2 pfo*ao—aga) /2 _ o~la—aol?/2 pfa*ao—age)/2 (3.178)
We read off that the coherent states are normalized in the sense of
(aplag) =1, (3.179)
but not orthogonal
(a]ayg) # 0, for o # . (3.180)

Note that this non-orthogonality is an immediate consequence of the fact that they are eigen-
states of a non-hermitian operator according to (3.67). Thus, coherent states have mathematical
features that are very different from those of a number state, for instance, two different coherent

states are not orthonormal according to
(o) # 0(av — ) - (3.181)

Substituting (3.178) into (3.162) shows that the Q-function of a coherent state turns out to be

an isotropic Gaussian function:

1 —|a—ap|?
Qoo aol (@) = — 7770 (3.182)

Thus, depicting the lines of constant values of the @Q-function (3.182) in the phase space spanned
by both the real and imaginary part of « yields circles centered around o as depicted in
Fig. 3.5, which corresponds to the phase space representation of a coherent state in Fig. 3.3.

Furthermore, we can explicitly show the normalization
/42a Qlao)(ani(@) =1, (3.183)
where the two-dimensional integral is defined according to

/d2a:/ dRea/ dlm o . (3.184)

Note that the prefactor 1/7 in (3.182) is important in order to guarantee the normalization
(3.183).
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Figure 3.5: Phase space density (3.182) of the Q-function for a coherent state.

Furthermore, inserting (3.160) and (3.161) in the normalization (3.182) leads to

d*a
(ol {/T |CY><04|} lag) =1, (3.185)
which suggests the identity
d2
[ el =1 (3.186)

This turns out to be, indeed, valid as is proven below and represents the overcompleteness of

the coherent states.

3.13 Decomposition of Coherent State into Fock States

As the number states |n) represent a basis according to (3.23), a coherent state |«) can be

expanded with respect to it:

o) =) " [n) (nfa) . (3.187)
n=0
Due to (3.20) the matrix element in (3.187) is given by
1
nla) = — (0] a" |«a) . 3.188
(n]a) NG (Ofa" [a) ( )
Applying (3.58) and (3.67) in (3.188) leads to
(o) = = (0]a) = 2= (0] D(a) |0} (3.189)

Substituting the normal ordered shifting operator (3.165) into (3.189) and taking into account
the identities (3.167) and (3.177) then yields

. Oén 7|a|2/2
nla) = ——e , 3.190

from which we can draw two insightful conclusions.



3.13. DECOMPOSITION OF COHERENT STATE INTO FOCK STATES 73

A I o

~

[ ¢ \\
: N
b) cail

a) "

k Q\%7<7«\ (.0()

Figure 3.6: Husimi function for a pure Fock state (3.191): a) Maximum occurs at |amax| = v/1;

b) Contour plot in complex a-plane reveals a volcano shape.

On the one hand we read off from (3.190) the Husimi function (3.160) for a pure Fock state

_l |Oé‘2n€

1 , o
Qi (@) = — [(n|a)[" = " (3.191)

T n!

which turns out to be normalized. Indeed, due to the isotropy of (3.191) in phase space, we

express the integration measure by polar coordinates

a = Rea+ilma=re¥ (3.192)
d’a = dReadlma = rdrdy, (3.193)

so the normalization integral of (3.191) yields at first

2 [ 2
/dzaQ|n><n|(a) = E/o drr® e (3.194)

Subsequently, the radial integral reduces due to the substitution u(r) = r? to the Gamma

function (2.176), which interpolates for integers according to (2.178) between the factorials,

thus we get
/an Quuyni(a) = 1. (3.195)
Furthermore, extremizing the Husimi function for a pure Fock state (3.191)
OQ ) (n] ()
0, (3.196)
J|a| a—ag
we obtain that the maximum occurs for |ama| = /1, see Fig. 3.6a). As a consequence,

the Husimi function (3.191) has in phase space a shape, which is reminiscent of a volcano as
indicated in Fig. 3.6b).

On the other hand (3.190) implies that the probability of a coherent state |a)) having n photons

is determined by a Poisson statistics:

B |a|2n

—ell, (3.197)
n:

pn(Q)
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Figure 3.7: Poisson statistics (3.202) for finding n photons in a coherent state with having on

average (n), = 6 photons.

The normalisation of the Poisson statistics (3.197) follows straight-forwardly:

N e (o) e e
an(a):eHZT:elleH =1. (3.198)
n=0 n=0

For the average photon number we obtain in accordance with (3.77):

) 00 e (%) 1 n Cal? i 1 0 n
()e = Z_Onpn(a) = e Z_OHH(MQ) = 2_0 (n)! |a|2€9|CJz|2 (jof’)
2 0 = 1 2 0 2
_ ol 2 o 2\ _ —la 2 lal® — 4|2 1
ol G 2y (o) = el =l (199

Thus, the mean photon number (7)) in a coherent state is determined by |«|?. Correspondingly

we also calculate the second moment:

- 2 5 0 0 |ap
A2 _ 2 — ol 2 2 |a
) = 2 nmule) = ol grop ol 5o
i 2 O of?
— ¢l W@ (|a‘2€\ |> = o2 + |af*. (3.200)

We read off that variance and mean photon number turn out to coincide:

(AR)°), = (%), — (A); = lal*. (3.201)

a

This represents the characteristic property of a Poisson statistics. Inserting the finding (3.199)
into the Poisson statistics (3.197), the photon number distribution can also be written in the

form

Pa((R),) = e Mo, (3.202)

which is depicted in Fig. 3.7. The Mandel Q)-parameter was introduced in quantum optics by
Leonard Mandel in 1979. It measures the departure of the occupation number distribution

from Poissonian statistics:

((AR)") — () _ (%) — ()" L (3.203)
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Thus, for coherent states, which have a Poissonian photon-number statistics (3.197), we imme-
diately obtain () = 0. A positive value of () occurs for a super-Poissonian photon statistics,

where the variance is larger than the mean, i.e. the distribution is broader than a Poissonian:
Q>0 = (AR)?) > (n) . (3.204)

In contrast to that a negative value of () corresponds to a state, whose variance of the photon

number is less than the mean:
—1<Q<0 — ((AR)%) < () . (3.205)

The Mandel @-parameter is a convenient way to characterize non-classical states with negative
values (3.205) indicating a sub-Poissonian statistics, which have no classical analog. Their

photon statistics is characterized by being narrower than a Poissonian.

From the above we now deduce that the coherent states are overcomplete along the following
lines. Taking into account the completeness of the Fock states from (3.23) and the overlap
(3.190) we obtain

/d2 Wl = 35 ) m|/d2 (nfa) {alm)

n=0 m=0
g a” 2 a*m 2

n) {m A’ —— e 1ol /2 —_ ¢~lol/2 3.206
nz; mz:o ) {ml / vn! vm! ( )

Using the polar coordinate coordinates in phase space (3.192) and (3.193), the integral (3.206)
yields

2m
/d2 ) ( Z Z \/n'_ rr”+m+1 e” /0 dip e'n=m)e (3.207)

The angle integral leads to the Kronecker symbol
2 )
/ dp "™ = 21 5, (3.208)
0

and the radial integral reduces due to the substitution u(r) = r? to the Gamma function (2.176),

which interpolates for integers according to (2.178) between the factorials, thus yielding

0 |
/ dr 2+l e = % (3.200)
0

As a result we obtain from (3.207)—(3.209) due to the completeness (3.23) of the Fock states

/an o) (o] =7 " |n) (n| =7, (3.210)

which coincides with the identity (3.186) suggested above. The deviation from 1 in (3.210)

expresses the overcompleteness. This surprising finding can also be illustrated from a different
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angle. To this end we work with coherent states, which are defined on a circle, i.e. a = re®,
and obtain similar to (3.206):

e n ,ing

re'?) = nz:% In) (n|re™) = nz:% |n) T\/em e (3.211)

Inverting (3.211) according to

e 2 \/nl [T

rt 2w J,

In) dp e |re'?) (3.212)
reveals that already one circle is enough to characterize all Fock states. This illustrates vividly
that the complex plane of all coherent states contains more information than would be necessary

for spanning the Fock space.

3.14 Properties of Husimi Function

Let us discuss now some generic properties of the Husimi function (3.160), which are not only
valid for a pure state but also for a mixed state. At first, we consider the normalization of the
density operator (3.135) and take into account the overcompleteness relation of the coherent
states (3.186) in order to obtain the normalization of the Husimi function (3.160):

d*a

=T () = [ (alpla) = [ @a@ya). (3.213)

™

This justifies a posteriori having evaluated the normalizations (3.183) and (3.195) for the partic-
ular Husimi functions (3.182) and (3.191). Furthermore, as the diagonal matrix elements of the
density operator are positive according to (3.134), we read off from (3.160) that also the Husimi
function is positive and, thus together with (3.213), allows for a probabilistic interpretation.
This observation becomes even more conclusive by considering the expectation value (z156) of
an anti-normally ordered operator product aa'?, where p, ¢ denote some natural numbers. Us-
ing the completeness relation of the Fock states (3.23) as well as the overcompleteness relation
of the coherent states (3.186) yields

araty = Tr (aPatep) = ~PATa A — AD ~Tq 5 ' 3.214
@alty = Tr (@%a'1p) = (n|@?al"p|n) n§zoj/ — (n|@” |a) (alal"p|n) . (3.214)

n=0

Inserting the fundamental property of a coherent state (3.67), the completeness relation of the
Fock states (3.23) and the definition of the Husimi function (3.160) yield:

ot o . = d*a . . ) i
(@Pa'?y = | — oo™ (alp E n) (nja)y = [ — oo™ (o] pla) = | d"aQs(a)ala™. (3.215)
m m
n=0

This confirms the probability interpretation of the Husimi function.
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3.15 Husimi Function of Squeezed State

Let us now specialize to the case that the density operator is defined by a pure squeezed state:

p=18) (&l (3.216)

Inserting (3.216) into (3.160) leads to the corresponding Husimi function

Qu(a) =~ l(ale) (3217)

We need now the following two steps for calculating (3.217):

e At first we consider the scalar product between a coherent state (3.66) and a squeezed
state (3.105) and take (3.61) into account:

(@€) = (D(a)0[5(£)0) = (0|D(—a)S(€)]0) (3.218)

Then we use from the literature the involved proof that the normal ordered form of the

squeezing operator reads [38, (6.177)]

A . N2
S(€) = e7va /2 (—) e et (3.219)
1
Applying (3.219) to the vacuum state then yields straight-forwardly
. 1
S(€)]0) = — e7¥a" /21 |0) | (3.220)
Vi
Subsequently we insert (3.168) and (3.220) in (3.218):
(alé) e~ lol?/2 (ol o*a 7V&T2/2#‘0> (3.221)
alé) = e e : :
Vil
e Due to the identity (3.167) we obtain from (3.221):
< |§> 6_‘042/2 <O| a*éa —ydT2/2u —a*&|0> (3 222)
alé) = e* e e : :
Vi
A Taylor expansion of the exponential function then yields
e’ (v ) et — exp {—21 (ea*@aTe“*@)Q} . (3.223)
i

Applying the previous result (3.174) in (3.223) then leads to
VA 2npm0th — oy {—21 (at + a*)z} : (3.224)
v

Substituting (3.224) into (3.222) and using (3.177) determines the scalar product between

a squeezed and a coherent state:
e—lal?/2

N

(alé) = e (3.225)
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From (3.217) and (3.225) we then obtain the Husimi function of the squeezed state:

1 , va*?+ura?
= — — - . 3.226
Qpa(e) = = exp { o - L (3.226)
The straight-forward algebraic manipulation
2Re (va™) = 2|I/|{ cos¢ [(Re a)® — (Im a)Q} + 2singp ReaIm 04} (3.227)
converts into (3.226) into
Qieye|(a) = € exp {— (1 + L] Ccos gp) (Rea)® — (1 _ Cos 90) (Ima)?
T u Il
—QM sinngeaIma} . (3.228)
i

We examine now the form of this Q-function:

e At first we consider the special case ¢ = 0. In the exponent of (3.228) appears then an
ellipse with semi-axes parallel to the Re a- and Im a-axes, whose values read with (3.101)
and (3.102):

1 cosh [¢] 1

“ = Varw ¢wwwmﬂmma AaVite (3.229)
m cosh (€| 1

Vi ¢wwmrwmma Ve (3:230)

e In case of the angle ¢ # 0, we carry out a rotation around an angle ~, which is still to be

Rea _ C?SV —sin ~ Red’ ' (3.231)
Im « siny  coswy Im o/

Thus, inserting (3.231) into the generic quadratic form of (3.228)

determined:

A(Rea)’ + B(Ima)’ + CRealma (3.232)
yields

= A(cosyRed —sinyIma’)’ + B (sinyReo’ + cosyIma’)?
+C (cosyRea’ —sinyIma’) (sinyRea’ + cosyIma’) . (3.233)

Thus, we can now determine the rotation angle v from the condition that the mixed terms
Red/Im o/ in (3.233) vanish:

—(A = B)2sinycosy + C (cos® y — sin’v) = 0. (3.234)
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Figure 3.8: Contour plot of Husimi function for a pure squeezed state (3.228): Semi-axes of
ellipses (3.229), (3.230) are a) not rotated for ¢ = 0 and b) rotated by the angle (3.236) in case

of p # 0.

Due to trigonometric addition theorems we then obtain

C
(A — B)sin(2y) = C cos(27) — tan(27y) = 15 (3.235)
The explicit evaluation of (3.235) due to the identification of (3.228) with (3.232) yields:

ol sin
tan(Q'y) = - = tan ES v = g

(1—{—‘—:|COSQO> — (1—%00&0)

The prefactor of (Rea’)? in (3.233) reads then with (3.236)

(3.236)

. . V| v 2
Acos’y + Bsin?y 4+ Csinycosy =1+ ’7 cos(p —27) =1+ ‘Fl = 11com (3.237)
and, correspondingly we obtain for the prefactor of (Ima’)? in (3.233)
. . || || 2
Acos’y + Bsin?y 4+ Csinycosy =1 — Fcos(go —2y)=1- m = Tr e (3.238)

s0 (3.237) and (3.238) lead to the semi-axes (3.229) and (3.230), respectively. With this we
conclude that the complex parameter & = |£]* of a squeezed state allows for the following
interpretation. The angle ¢ describes a rotation of the ellipse in the mathematical sense,

while the amplitude |£| defines the magnitude of the semi-axes of the ellipse.

The resulting contour plot of the Husimi function for a squeezed state is sketched in Fig. 3.8.

3.16 Decomposition of Squeezed State into Fock States

As the number states |n) represent a basis according to (3.23), a squeezed state |[£) can be

expanded with respect to it:

€)= In) (nl¢) . (3.239)
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Instead of determining the amplitude (n|¢) directly, we consider its generating function

=3 éw@. (3.240)

At first we get due to the definition of both Fock states (3.20) and and a squeezed state (3.105)

AT

f(ﬂzi%j%@ljm

Inserting (3.220) in (3.241) and taking into account the identity (3.167) leads to

[€) = (0] €*S(€) |0) . (3.241)

ft) = % (0] et e=va"/2u |y = % (0] etd (e%“m) et |0) | (3.242)

A Taylor expansion of the exponential function and an application of (3.174) then yields

:L oxp 4 — 2 (etagte—ta)? :L e,,,(aurtf/gu
$10) = == Olexp { ~55 (43" o) = = 0. (3243

As we can imagine that the annihilation operator a' is acting to the vacuum bra-state, it

vanishes according to (3.177) and we finally get

1 2
ft) = —e /2, (3.244)
v
We now use the generating function of the Hermite polynomials [23, (8.957.1)]:
N = H,(z)
t242tx . n n
e = n§:0 i (3.245)

Substituting (3.245) into (3.244), a comparison with (3.240) gives

1 1 v\?, = "
RS WEAT (5:) - DRCTECE (3.216)
so we conclude
1 v 2

Evaluating the generating function of the Hermite polynomials (3.245) for z = 0 involves the

Hermite polynomials H,(0):

et = i <_n1|)n 2 = i Hnl0) o (3.248)

n!

n=0 ) n=0

Thus, we directly read off

Hy1(0) =0, n=0,1,2,..., (3.249)
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i.e., due to (3.247), a squeezed state consists only of an even number of photons. This indicates
that squeezed light is generated by some nonlinear process [39]. As a prominent example you
analyse in the exercises the generation of squeezed light from parametric down conversion. It
represents a nonlinear optical process that converts one photon of higher energy, namely a
pump photon, into a pair of photons, namely a signal photon and an idler photon of lower

energy.

Furthermore, we obtain from (3.248):

Hj,(0) = T (=1)". (3.250)
The finding (3.249) reduces (3.239) to
€)= [2n) (2n[¢) (3.251)
n=0

and the corresponding amplitudes result from (3.247) and (3.250) by taking into account (3.101)
and (3.102):

B 1 v " _ 1 (2n)! _lew o "
i) = (£) 0 e (-peamlo) . G2s2)

The probability of encountering 2n photons in a squeezed state amounts therefore to

pan(€) = |20l = 2 (Grann ) 3259

Using the elementary Taylor expansion

1 2. (2n!
= Z% En!)Q) " (3.254)

allows to check the normalisation of this probability distribution:

o0

Zlbn(f) = 1 =1 (3.255)
=0 cosh [¢]1/1 — tanh® |¢])

Let us calculate now the mean photon number, which amounts to evaluating the series

o0

o0 2n
mF;MMF@mem@mwﬂ. (3.256)
To proceed further, we need the side calculation
9 (tanh |£])*™ = 2n (tanh(]€]))*" ! : (3.257)
] cosh? |¢|
which leads to
2n (tanh(|€]))*" = tanh |¢] cosh? [¢| 0 (tanh |£])*" . (3.258)

dl¢]|
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Applying (3.257) in (3.256) allows to evaluate the series, yielding

tanh |£| cosh® |€] —— cosh |¢] (3.259)

. 1
e = o el a\a

which reduces to the result
(R), = sinh?[¢]. (3.260)

Accordingly, the amplitude of the squeezing parameter ¢ = |£|e’? determines the mean photon

number. In a similar way we proceed to determine also the second moment:

n? = o2n)2 P, = tanh €| cosh? tanh €| cosh? cosh
(%) §%< )Py h|§| €] cosh?([€]) 5 a|5| €] cosh® €] = a|5| €]
= sinh|{| =— (9|§| (sinh? || cosh [¢]) = 2sinh® || cosh® [¢] 4 sinh* [¢] . (3.261)
Thus the variance amounts to
. . R 1.
(AR)?) = (%), — ()% = o sinh(2l¢]). (3.262)

Furthermore, combining (3.260) with (3.261) yields for the corresponding Mandel @Q-parameter
(3.203)

Q) = cosh(2[¢]), (3.263)

which is positive and corresponds to a super-Poissonian photon statistics. Inserting the finding

(3.260) into (3.253), the photon statistics for a single-mode squeezed state reads

(2n)! ((R)e)"
P2 (14 ()17

pan(§) = (3.264)
A typical distribution for such a squeezed vacuum is shown in Fig. 3.9a) and is, indeed, broader

than a Poisson distribution with the same average photon number, see Fig. 3.7.

Note that squeezed coherent states represent an even more general class of photonic states.
They are generated by applying successively a squeezing operator S (¢) and a shifting operator

D(a) to the vacuum state:

@, &) = | D()5()]0). (3.265)

Thus, the properties of squeezed coherent states (3.265) depend on both complex parameters
a = |ale and € = [£]e"¥. In particular, tuning the respective phases ¢ and ¢ has the
consequence that squeezed coherent states have photon statistics, which can change between a

super-Poissonian and a sub-Poissonian distribution as is depicted in Fig. 3.9b).
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Figure 3.9: a) Histogram illustrating the photon number distribution for a squeezed vacuum
state (3.264). b) Photon probability distributions (valid only at integers) for the coherent state
with |a|?> = 50 (solid line) and the squeezed states for |a|?> = 50,]¢| = 0.5 with the phase
differences ¢ — /2 = 0 (dotted line) and ¢ — ¢/2 = 7/2 (dashed line). Taken from Ref. [6].

3.17 Thermal States

In statistical physics, Boltzmann studied stationary states in the canonical ensemble. The
probability of finding a microstate with energy E in the canonical ensemble is given by the

Boltzmann distribution:
p(E) ~ePF, (3.266)

where = 1/kgT denotes the reciprocal temperature. The application to a photon gas with
the energies E,, = hw(n + 1/2) then results in

p(Ey) ~ e MBent1/2) (3.267)

As such a photon gas in the canonical ensemble represents a mixture of pure Fock states, it is

adequately described in quantum statistics with a density operator p of the form

. 1 45
pr=—e¢ AH (3.268)
where the Hamilton operator reads
N R 1
H = hw (n + 5) : (3.269)

The normalisation of the density operator (3.268) allows to determine the partition function Z:
1 . .
Te(pr) = 5 T (ﬁH) -1 =  Z=T (ﬁH) . (3.270)

The trace in (3.270) is straight-forwardly evaluated in the basis of the Fock states, as they
diagonalize the Hamilton operator (3.269):

7 = Z (n| e B In) = Ze‘ﬁh‘”("“m — ¢ hBw/2 Z (e‘ﬁh‘”)n : (3.271)
n=0 n=0

n=0
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The remaining series is geometric, so we end up with

e—h,@w/? 1
1 —e e 2sinh(ABw/2)

(3.272)

Inserting (3.272) into (3.268) leads with the completeness relation of Fock states (3.23) to the

following representation of the density operator:

pr = (1 — e‘hﬂw) g~ Bwh — Z (1 — e‘hﬂw) e MPenny (n| (3.273)

n=0

This is of the general form (3.141) of a density operator, i.e.

pr = _puln) (n| (3.274)
n=0
with the probabilities
e—hﬁwn
0<p="pr <1, (3.275)

where we have introduced the new partition function:

oo 1

The representation (3.274) of the thermal density operator pr means that the quantum mechan-
ical pure states |n) (n| are weighted therein with the classical probability p, given by (3.275).
Therefore it represents a mixed state. In order to quantify the degree of mixedness further, we
have to determine the purity of the thermal state (3.154) and to show according to (3.159) that
P(pr) is, indeed, smaller than one. From (3.154) and (3.275) we obtain at first

A - 1 - - wn
P(pr) =Y vn=—m ) e ™", (3.277)
n=0 n=0
which also represents a geometric series:
(1 etey?
P(pr) = 7 =zg = tanh (hfw/2) . (3.278)

The dependence of the purity (3.278) on the dimensionless parameter hfSw is depicted in
Fig. 3.10a) . For small hSw we have hot temperatures, which represents the classical limit
with a quite small purity, so the state is clearly mixed. In the opposite limit of large hfw,
where have nearly absolute zero temperature, we reach the quantum mechanical limit with

purity of nearly one, which corresponds to a pure state.

Let us discuss these general considerations in more detail by considering some concrete num-
bers. For yellow light we have a wavelength of 500 nm, which amounts according to the linear
dispersion (2.73) to the circular frequency w = 2wc/A = 2 x 6 - 10 1/s. At the temperature
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Figure 3.10: a) Purity of thermal light (3.278) as a function of dimensionless parameter hifw.
b) Sketch of a black body: thermal light emerges from a tiny hole in the walls.

T = 300K this then yields a dimensionless parameter Afw = hw/kgT of about 95.6, which is

much larger than one. Thus, thermal visible light can safely be treated quantum mechanically.

Thermal states occur in black-body radiation. Here, a black body can be modelled by consid-
ering a cavity in which the light field is in thermal equilibrium with its walls, see Fig. 3.10b).
In this way, the light field is coupled to a heat bath with a fixed temperature and can be
described in the canonical ensemble. The expectation value of the particle number operator
results in the mean photon number in thermodynamic equilibrium. Evaluating the trace in the

corresponding expression
(A = Tr (Rr) (3.279)

in the Fock basis yields due to (3.274) and (3.275):

) > L 2, g hbun 1 0 ,
(M) = nzg (n|Apr |n) = nz;n = <_—8h5w) z'. (3.280)
Inserting the new partition function (3.276) we obtain
0 1 1
2~ — 1 _ 7)‘150.) _ — 3281
() p ( € ) ( (Wiﬁw) 1 — e—hBw  ohBw _ 1’ ( )
which represents the seminal Bose-Einstein distribution. In the classical high-temperature limit
we have
(1) . hfw < 1 (3.282)
Ny, N —— w )
T hpw’ ’

whereas the quantum mechanical low-temperature limit yields
(R), ~ e " hfBw > 1 (3.283)

For yellow light, i.e. A = 500 nm, and room temperature 7" = 300 K we obtain the extremely
small average photon number (), ~ e %% ~ 3.107*2. At the temperature T = 6000K,
which corresponds to the temperature at the surface of the sun, we have instead hfw = 95.6 -
300/6 000 = 4.78, which yields already (n), ~ e *™ = 0.008. In general we record that the
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Figure 3.11: Comparison of a thermal distribution (3.286) and a Poisson distribution (3.202)

with the same number of average photons (), = 10.

mean photon occupation increases with increasing wavelength. At 7" = 300 K the wavelengths
A = 10 — 100 pm in the infrared amount to (n); ~ 1, but already for the wavelengths of

microwaves A = 1 mm — 300 mm we get (7), > 1.

The Bose-Einstein distribution (3.281) allows to determine the average photon number (7).

for a given dimensionless parameter hfw. But this relation can also be inverted

hpo _ Mg
e M — T (3.284)

which allows, conversely, to determine the dimensionless parameter Afw from a given average
photon number (7). Inserting (3.284) into the probability of finding n photons in the thermal
state, which follows from (3.274) and (3.275)

pn = (1 —e ") ebn (3.285)
we get

__ UAg)"
i iy (3.286)

Thus, we read off that p, decreases monotonically with n and the largest possible probability
occurs for the vacuum state n = 0. The dependence of the probabilities (3.286) from the photon
number n is sketched in Fig. 3.11

Let us now determine also the second moment of the photon number for a thermal state:
(A% =Tr (A%pr) . (3.287)

The trace is evaluated in the Fock basis, yielding due to (3.274) and (3.275)

=L e fen o\,
=> n’ o = (_W) A (3.288)
n=0

With the new partition function (3.276) this reduces to

. e o\ 1
(%), = (1 — ¢8%) (_@hﬁw) . (3.289)
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which, finally, results in

hBw
.9 e +1
n)p=———=. 3.290
< >T (ehﬁw . 1)2 ( )

From (3.281) and (3.290) follows then the variance
hBw
AR, = (A2), — ()2 = — S 3.291
() = ()7 00} = o (3.291)

which reduces due to (3.284) to
(AR?) . = (A)7 + (R . (3.292)

On the one hand we conclude from (3.292) that the black-body radiation is characterized
by a Mandel @Q-parameter (3.203), which coincides with the average of the photon number,
ie. @ = (n), and is, thus, positive. Therefore, thermal light is a prominent example for a
super-Poissonian photon statistics. This is illustrated in Fig. 3.11, where the thermal photon
distribution is obviously broader than a Poissonian statistics with the same average number of

photons. On the other hand we read off from (3.292) that the corresponding standard deviation

\/W \/771 1/2 <7:1>T>>1 , (3.293)

(n)p <1

amounts to

so the relative standard deviation leads to

e )y >1 5200

() V@) (<1

Here the conditions (7). > 1 and (n); < 1 correspond to the classical and the quantum limit,

respectively.
Furthermore, we determine the first moment of the family of operators (3.30)

(o) = Tr (Zopr) - (3.295)
Inserting therein (3.30) as well as (3.274) and (3.275) yields

(Zo)r = > _ (n| % (ae™™ +a'e”) n)p, = 0. (3.296)

n=0

In the same way also the second moment is calculated

. 1 1
~2 AT —i0\2 — [
(Tg)p = v (2257) E +a'e ) |n) p, = E 0 (n + 2) Pn = (M) + 5 (3.297)

n=0

yielding with the Bose-Einstein distribution (3.281)

1
(25)p = 5 coth hfw/2 . (3.298)
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Figure 3.12: Properties of thermal light: a) Variance (3.298) as function of the dimensionless
parameter 1/hfSw ~ T'; b) Husimi function (3.302) with (2), = 0 and (1), > 0.

Thus (3.298) represents the variance of thermal light, which is plotted in Fig. 3.12a) as a
function of the dimensionless parameter 1/hfw ~ T'. In the quantum mechanical limit of zero
temperature the variance gets minimal, i.e. (23), — 1/2 for T | 0, whereas in the classical
limit of an infinitely large temperature the Dulong-Petit law occurs, i.e. (23), — kgT/hw for
T — oo.

Finally, we also calculate the Husimi function of the thermal state (3.274):
1
@pr(@) = —(alprla) = an (an)]* . (3.299)

With the matrix element (3.190) and the probabilities (3.275) this gives

1 & e—hBwn |a|2n 5 €—|o¢\2 et (‘a|2 e—ﬁﬁw)n
. S - e
Qpr(@) = — 2w 7 ; - . (3.300)
Evaluating the geometric series yields
1 —hfBw —hfBw
Qpp(a) = = - (1—e ") exp{ —|af? (1 —e ") } : (3.301)
which gives due to (3.284)
1 1 9 1
5 = — — — . 3.302

Thus, the thermal state looks like the vacuum state, which corresponds to (n), = 0, but is
wider by the factor /1 + (), see Fig. 3.12b).

We conclude this section with the radiation formula, whose derivation by Max Planck in 1900

marks the birth of quantum mechanics. It describes how much energy per volume and frequency

is radiated by a black body, see Fig. 3.10. To this end we have to multiply the energy Aw of one

photon with both the mode density (2.251) and the Bose-Einstein distribution (3.281), yielding
2 1 hwo? 1

Ulw) = hw - —— - - . (3.303)

1203 ehw/kgT _ 1 7203 ehw/ksT _ |

This Planck law of black-body radiation is sketched in Fig. 3.13. In the classical limit Aiw < kgT
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Figure 3.13: Planck law of black-body radiation (3.303) together with the classical Rayleigh-
Jeans law (3.304) and the quantum mechanical Wien law (3.305).

one obtains the Rayleigh-Jeans law
(.UQkBT
w2cd

Urj(w) =~ (3.304)

It does not contain anymore the Planck constant A and follows from multiplying the mode den-
sity (2.251) with the average energy fiw of a harmonic oscillator according to the equipartition
theorem of classical statistical mechanics. And in the quantum mechanical limit Aw > kg1 we
obtain from (3.303) the Wien law

th
Uw(w) = —— e~ Mw/ksT (3.305)

It is obtained from multiplying the quantum mechanical energy hw with the mode density

(2.251) and with a classical Boltzmann distribution.

Let us now investigate, where the maximal energy per volume occurs. This so-called Wien
displacement law turns out to exist in two different formulations. Extremizing (3.303) with
respect to the circular frequency w yields for the dimensionless abbreviation x = fuw/kgT the

transcendental equation

oo 1 (3.306)
efh = —— .
1—2/3"
which is solved by x; /&~ 2.8214393721. Thus, in this case the Wien displacement law determines

the frequency for maximal energy according to
ksT max T
Wmax = T1 BT — Vmax = W27T ~ 5.879 - 1010 Hz E . (3307)

But, alternatively, we could also analyze the Planck law of black-body radiation (3.303) as a

function of wavelength A, for which holds

dw

U =U(w) |7

: (3.308)

so that we have the same amount of energy per volume in the frequency interval dw and in the

wavelength interval d\, respectively. Taking into account the linear dispersion (2.73) yields

dw
d\

2mce

2me N
w=——
A
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and we get from (3.308)

_ 167%he 1
- 25 627rhc/kBT/\ -1 :

U(A) (3.310)

Extremizing now (3.310) with respect to the wavelength A\ and introducing the dimensionless
abbreviation x = 2whc/kgT A\, we end up with a transcendental equation different from (3.306)
1

e T 3.311
=T (3.311)
which has the solution xy &~ 4.9651142317. As a consequence, the wavelength for maximal
energy leads to another form of the Wien displacement law:
2mhe 2898 um K
Amax = — Amax N ———— . 3.312
I‘Qk’BT T ( )
Note that (3.307) and (3.312) represent different positions for the maximal energy, as they do

not fulfill the linear dispersion (3.309)

21

Winax 7 (3.313)

AI'Il.‘:lX

due to the fact that the functions U(w) and U(\) are related via the transformation law (3.308).
But (3.307) and (3.312) have in common to describe how the frequency and the wavelength
emitted most intensely by a black body shifts, i.e. is displaced, with the temperature, which is
why they are called to be a displacement law. For instance, this law may be used to determine
the temperature of bodies of stars by measuring the frequency or wavelength of their maximally
emitted energy. Inserting the solar surface temperature of 7"~ 6 000 K into the (3.312) we find
Amax =~ 480nm, which is approximately the wavelength of green light, whereas (3.307) yields
a frequency corresponding to about 830 nm, which is in the near infrared being invisible for

human beings.

The total average energy per volume follows then from integrating (3.303) over all frequencies:

[e'e) 3 1
U:/ o (3.314)
0

1203 ehw/ksT _ 1 °

Introducing as a dimensionless integration variable = fuww/kgT then converts (3.314) to

e
where the remaining integral reads
00 3
[= / dr ——— . (3.316)
0 e? —1
According to Appendix B we obtain
-
I=— 3.317
i (3317)
thus from (3.315) follows the Stefan-Boltzmann law:
w2k T
= ——. 31
U B (3.318)

It states that the energy U per volume of a black body increases with the fourth power of its

temperature 7T



Chapter 4

Emission and Absorption of Light
by Matter

This chapter focuses on the intricate interaction between light and matter and, thus, represents
the main part of the whole quantum optics lecture. In Section 4.1 we start with outlining
general aspects. To this end the individual atoms are modelled quantum mechanically, but we
leave it open whether light is treated either classically or quantum mechanically. In particular,
we revisit the dipole approximation, which was already introduced in Subsection 2.18.6, and
show that it allows to simplify the light-matter interaction within the radiation gauge. As a
result we recognize that the electromagnetic field interacts effectively only with the electric field

via a coupling to the electric dipole moment of the matter.

Subsequently, the interaction of an atom with a classical and a quantum mechanical electric
field is treated perturbatively in Sections 4.2 and 4.3, respectively. In the classical case we
find that the probability for a transition does not depend upon whether the initial or the final
atomic state is energetically higher or lower. This symmetry is then broken in the quantum
mechanical case and, ultimately, leads to the three elementary processes for the interaction of
light and matter, which were discovered by Albert Einstein in 1916 within his rederivation of
the black-body radiation formula of Max Planck. Whereas absorption and induced emission
happen to be identical as a consequence of an incident electromagnetic wave, the spontaneous
emission can even occur randomly in the absence of any photons and, thus, is exclusively of

quantum mechanical origin.

These perturbative results are only valid provided that the population transfer between the
initial and the final state is small. Therefore, Sections 4.4 and 4.5 investigates the classical
or quantum mechanical light-matter interaction exactly. But one simplifies the analysis by
restricting oneself to light, which is approximately resonant to two atomic states, so that all
other atomic states can safely be neglected. The classical case represents the Rabi model,
which turns out to be formally equivalent to the interaction of a spin 1/2 with a magnetic field.

Thus, the transition between the two atomic states is described by the optical Bloch equations,

91
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whose solution we work out in detail. The corresponding quantum electrodynamic version of
the Rabi model is known as the Jaynes-Cummings model whose dynamics turns out to be more
intricate. For resonant light we find vacuum Rabi oscillations as well as the phenomenon of
collapse and revival. And for non-resonant light the dynamics is accessible on the basis of the
stationary states of the Jaynes-Cummings Hamiltonian, which are called dressed states. In the
case that the light is highly non-resonant a direct atomic transition does not occur, but an
effective dispersive interaction between a single atom a cavity field emerges. Finally, we discuss
in Section 4.6 an experimental realization for the Jaynes-Cummings model, which is provided
by a single Rydberg atom in a microwave cavity, and, thus, introduce the modern field cavity

quantum electrodynamics.

4.1 Light-Matter Interaction

At first we consider a single electron, which is bound to the atomic nucleus by a static, radial-
symmetric potential V(r) with » = |x|. In spatial representation the underlying Hamilton

operator is given by

- 1 (k)
HOx) = — ( = V(r). 4.1
%)= (19) +V0 (@)
The time-independent Schrodinger equation

~

HOx)p (x) = B (x) (4.2)

determines then for each discrete quantum number n both the energy eigenvalues EY and the

stationary states wﬁlo) (x). Here we assume that the latter are both orthonormal

/d3r PO (x)h O (x) = 6, (4.3)
and complete
D e )P () = 6(x = x'). (4.4)

In the presence of an external vector potential A(x,?) and an external scalar potential p(x,t),

the Hamilton operator (4.1) is extended via minimal coupling [21, Subsection 10.1.4] to

. 1 [h ?

H(x,t) = — | =V +eA(x,t)| +V(r)—ep(x,t). (4.5)
2M |1

Here we have used the International System of Units, which is abbreviated by SI from the

French Systéme international d’unités, and the charge ¢ = —e of the electron, where e > 0

denotes the elementary charge. The corresponding electric and magnetic fields (2.10), (2.11)
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are invariant under the gauge transformation (2.14), (2.15), where A(x,t) denotes an arbi-
trary gauge function. In the presence of the external fields, the corresponding time-dependent

Schrodinger equation must be solved:

Ip(x,t)
ot

We now aim at simplifying the light-matter interaction. To this end we transform the wave

ih = H(x,t)ih(x,1). (4.6)

function according to
Y (x,t) = U(x, t)(x, 1) — W(x,t) = U(x, )¢ (x, 1) (4.7)
with a unitary transformation
Ux, U (x,t) = 1. (4.8)
For the transformed wave function we then also obtain a time-dependent Schrodinger equation:

o (x,t) . 9U(x,t)
ih BT =1h 5

where the transformed Hamilton operator turns out to be

W(x,t) + U(x, t)H(x, t)ih(x, 1) = H' (x, 1) (x, ) , (4.9)

A~

oU (x,t)

H'(x,t) = U(x, t)H(x,t)U(x,t) + ih Ut(x,t). (4.10)
Let us now choose the special unitary transformation
U(x,t) = eertt/h Ut(x,t) = e7eAD/ (4.11)
which has due to (4.8) the properties
ih % Ul(x,t) = —e aA(a’;’ . (4.12)
U(x,t) [? V + eA(x, t)} Ul(x,t) = 7; V +eA(x,t) — eVA(x,1). (4.13)

Thus, with (4.12), (4.13) the transformed Hamiltonian operator (4.10) has the same form as the
original Hamiltonian operator (4.5), but contains instead of the original potentials the gauge
transformed potentials (2.14), (2.15):

- 1 [h ?
H'(x,t) = 7 [—, V + eA'(x, t)} +V(r)—ep'(x,t). (4.14)
i
Without loss of generality we now choose the radiation gauge, i.e. we assume that the scalar
potential vanishes (2.24) and that the vector potential is transversal due to the Coulomb gauge
(2.16). In this radiation gauge, the original Hamilton operator (4.5) reads explicitly
- h? e h e?

H(X,t):——A—i——A(X,t)-;V—Fm

Wi ii A*(x,t) +V(r), (4.15)
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while the transformed Hamilton operator (4.10) is given by

2
]:[/(x, t) = S EV +eA(x,t) —eVAXt)| +V(r)—e 3A((9>;, t)

) 4.16
2M |1 ( )

The light-matter interaction in the transformed Hamilton operator (4.16) can now be simplified
as follows. Outside the atom there are no sources for the electromagnetic field, i.e. the vector
potential satisfies the homogeneous wave equation in the radiation gauge (2.25), which has

fundamental solutions in form of plane waves
A(x,t) = Ag et ¢, (4.17)

with the linear dispersion (2.73). In the optical range the estimate (2.254) holds, i.e. the
vector potential does not change over the extension of an atom and is, therefore, approximately
homogeneous, see Fig. 2.14. This leads to the so-called dipole approximation, where we can
approximately neglect the spatial dependence of the vector potential A(x,t) for spatial vectors

X pointing at the atomic electron:
A(x,t) =~ A(t). (4.18)

Furthermore, we choose as a gauge function A(x,t) = x - A(t), which has due to (2.11) and
(2.24) the properties
OA(x,t) OA(t)

VA(x,t) = A(t), 5 X o

=—x-E(t).

These considerations reduce the transformed Hamilton operator (4.16) to

2

H'(x,t) = —;—M A+ V(r)+ex-B(t). (4.19)

In contrast to the original Hamilton operator (4.5), there is now only one term instead of two
that describes the light-matter interaction. With the definition of the electric dipole moment
of the electron

d=g¢gx=—ex (4.20)
we finally obtain in dipole approximation:
H(x,t) = HY(x) —d - E(t). (4.21)

The result (4.21) means that the electromagnetic field only interacts with the electric field via
a coupling to the electric dipole moment of the matter. As we have not yet specified explicitly
in this derivation of the light-matter interaction whether the electric field is to be treated

classically or quantum mechanically, this result holds in both cases.



4.2. INTERACTION OF ATOM WITH CLASSICAL FIELD 95

4.2 Interaction of Atom with Classical Field

We first consider a classical field
E(t) = Ej cos(wt) (4.22)

with amplitude Ey and frequency w that is suddenly switched on at time ¢ = 0. We assume
that the atom at time ¢ = 0 is in the initial state ¢§°) (x), which fulfills the time-independent

Schrodinger equation:

HO )y (x) = B (x) . (4.23)

For times ¢ > 0 we expand the wave function ¢ (x, ) with respect to all stationary states 0 (x)

due to their completeness (4.4):

1) = 3 calt) e B0 (x) (4.24)
Here, the time-dependent expansion amplitudes ¢, (t) satisfy the normalisation condition
D et =1. (4.25)
Inserting this ansatz into the time-dependent Schrodinger equation
8w(a>; Y [[fl@ (x) + H® (t)] W(x,t), (4.26)

where the perturbative Hamilton operator
HP(t) = —d - E(t) (4.27)

follows from (4.19), yields

Zmacg;t)e B0 (x) Zc e ) (1) O (x) (4.28)

Taking into account the orthonormality (4.3) of the stationary states ) (x) then leads to

coupled first-order ordinary differential equations for the time-dependent expansion coefficients

ac” Z enmt [®) (), (¢) (4.29)
with the matrix elements
L0 = [ E2 v G0 (06 ) (430

and the transition frequencies

Wy = (4.31)
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As an initial condition we require that only the initial state ¢ is occupied:
¢ (0) =1; cn(t) =0, forn # 1. (4.32)

As time progresses, the state ¢ becomes less occupied, while the occupation of a previously
unoccupied state f increases. The probability for a transition of the atom from state ¢ to state

f at time ¢t > 0 is given by

Prs(t) = les (1), (4.33)

The coupled equations (4.29) can only be solved analytically exactly in exceptional cases.
Therefore, numerical or analytical approximative solution methods are generically used. In the
case of time-dependent perturbation theory, it is assumed that the amplitude of the electric field
and, thus, the perturbative Hamilton operator H® (t) is small. Expanding the time-dependent

amplitudes perturbatively
() =) + V) + D)+, (4.34)
then yields up to second order

act(t)
ot

(1)
acgt(t) = Ze’””th £l (t), (4.36)

= 0, (4.35)

(2
acgt(t) = Zewnth el (t), (4.37)

which can be solved iteratively. In zeroth order we get
(1) = (0) = 60, (4.38)

while the first order results in

.ot
(1) = —% / dt'e™mit HP(1') . (4.39)

0

Correspondingly follows for the second order

() = (——) / dt’ / dt”zeMnth t)etmit” H®) (Y (4.40)

The total transition probability from the initial state ¢ to the final state f is determined from

these expansion coefficients as follows:
Pys(t) = ’(;SP) &)+ @) + 20+ (4.41)

The electric dipole moment (4.20) and, thus, the perturbed Hamilton operator (4.27) have odd

parity, so that the diagonal matrix elements (4.30) vanish:

HP)(#)=0. (4.42)
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Therefore, the first-order correction (4.39) for the initial state i vanishes

.t
V(t) = —% / dt' HP (') = 0 (4.43)
0

and results in ¢;(t) = cgo) (t) =1 up to the first order. For the final state f, on the other hand,

we get
(1) i [ 1 iwgit! rr(P) (4
c; () = ), dt'e™ " Hp (1) . (4.44)
With the electric field (4.22) and the perturbed Hamilton operator (4.27) follows then

t
CS‘.I) (t) 2h dfz EO/ dt |: i U-sz""w) + ei(wfi_w)t/i| , (445)

where the evaluation of the elementary integral yields

Hwritw)t _ 1 i(wpi—w)t _ 1
D L, B | ¢ 4.46
f() 2h fi |: Wfi—i-w - Wr — W :| ( )
with the matrix element for the electric dipole moment of the electron (4.20)
dy; = —e/d?’x ¢J(c0)*(x) X¢Z-(O) (x) . (4.47)

In the case wy; > 0 the second term dominates, as it is resonant. Thus, one can neglect the
first term, as it is anti-resonant. This yields the so-called rotating wave approximation, which
is ubiquitous in quantum optics:

ei(wfi—w)t -1

dﬂ Eg— . (4.48)

(1)
t
s (t) = 2h We — w

Due to the initial condition C;O) (t) = 0 we conclude that cs(t) = cf ( ) holds up to the first

order and that the transition probability (4.41) is given in lowest order according to

(4.49)

2 |dy; - Eo|® sin? (At/2
Poy(t) = |ep)| = s Bl s (012),

h? A2
Here the detuning A is defined by the difference between the frequency w of the electromagnetic

field and the atomic frequency wy; for the transition from the initial and to the final state
A=w—wy. (4.50)

In the case of A > 0 (A < 0) one speaks of blue (red) detuning, whereas A = 0 denotes
the resonance case, see Fig. 4.1. At first we analyze the time dependence of the transition

probability P,_,;(t) in (4.49). For a non-vanishing detuning, i.e. A # 0, its maximum occurs at

MaX P 7T> — |df'5 'E0|2

ot () = Py (3 ) = ans (451)
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Figure 4.1: Definition of the detuning A between the light field frequency w and the atomic
transition frequency wy; according to (4.50).
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Figure 4.2: Time dependence of the transition probability (4.49).

In the resonance case A = 0 we obtain instead that the transition probability (4.49) increases

quadratically with time ¢:

T

(4.52)

see Fig. 4.2. However, in order that this perturbative treatment remains valid, we have to
demand that P,_,;(t) must be small. In the non-resonant case A # 0 this leads due to (4.51)

to a minimal value for the absolute value of the detuning A, namely

dyi - Eol

MtaX Piﬂf(t) <1 — 3

< |A], (4.53)

while in the resonant case A = 0 we read off from (4.52) that one is restricted to short times:

2h

P, ) <«1 - << .

(4.54)
Considering the transition probability (4.49) as a function of the detuning A, we are reminded
of a slit diffraction function, see Fig. 4.3. In particular, the transition probability P;_,¢(¢) has
a sharp maximum at A = 0 with a height proportional to ¢* and a width proportional to 1/¢.
Thus, the area under the curve increases linearly with ¢:

> sin?(At/2) t [ | sin’z 7t

—00 —00
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Figure 4.3: Dependence of the transition probability (4.49) as a function of the detuning A.

Here we applied the substitution 2(A) = At/2 and used the definite integral

0o c 2
/ de =2 — (4.56)

0o T

which is derived in Appendix E. From Fig. 4.3 and (4.55) we then conclude the following
representation of the delta function:

sin? (At/2) it
Thus, taking into account the definition of the detuning in (4.50), the transition probability

(4.49) converges in the long-time limit ¢ — oo towards a delta function:
Tt ‘dfl . E0‘2
2h?

This suggests to introduce in the long-time limit ¢ — oo a transition rate:

P (t) — Mw —wyi), t— 0. (4.58)

. Ps(t)  w|dp-Eo
Wiaf:tliglo _;f()z | gh2 o S(w —wy;). (4.59)

In practice, however, there will be several final states f, so that the respective transition rates

have to be summed up, see Fig. 4.4:

T |dyi - Eol?
[£]

This result is referred to in the literature as Fermi’s golden rule. In practice, however, it can

also be that the incoming light consists of different frequency components, so that the field

amplitude Eq(w) becomes frequency dependent. In this case, we obtain for the transition rate

Pi—>tf(t) _ % / ‘: deo [ds - Bo(w)? sin (([,Ew—:u ;];)tt/z]. 1)

Provided that Ey(w) is varying slowly, we obtain due to (4.57) in the limit ¢ — oo the transition
rate

™

M/iﬁ\f:ﬁ
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K

Figure 4.4: Summing the transition rates in (4.60) over all possible final states f.
4.3 Interaction of Atom with Quantised Field

For an atom interacting with a classical light field it does not matter whether the initial or the
final state has a lower energy, i.e. the transition probabilities for an absorption or an emission of
light coincide. But for the interaction of an atom with a quantised light field it turns out that
the symmetry between absorption and emission of light is broken. In particular, an emission can
occur even when no photons are present at all, i.e. in vacuum. This means that this so-called

spontaneous emission is exclusively of quantum mechanical nature.

4.3.1 Einstein Elementary Processes

We start with considering the electric field strength (2.168) in second quantisation in vacuum,
where we have continuous wave vectors k. In a cavity with finite volume V', on the other hand,
the wave vectors k are discrete. Thus, if we go over from the vacuum to a cavity with finite

volume V', the following substitution rule applies:

T e
/ APk T — Zk: Nd (4.63)

Furthermore, in the dipole approximation (4.18), the spatial dependence of the plane wave can

be neglected as the wavelength is large in comparison with the atomic dimension, see Fig. 2.14.
This reduces the quantised electric field strength (2.168) according to

" . hwk —iwit A * iwkt A
E(t) =1 Z Z \/ Ve {e(k, Ne “a \ — €*(k,Ne ktaLA} : (4.64)
A=+1 k

In the following, we limit ourselves for the sake of simplicity to a single mode and obtain

A

E(t) = iey (e ™'a —e™'al) | (4.65)

where the amplitude vector is given by

hw
€ = 1/ Ve €. (4.66)
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Note that we have omitted in this notation both the wave vector k and the polarization \ of the
mode, which we consider. Furthermore, (4.65) represents the electric field strength operator
in the Heisenberg picture. Accordingly, the interaction Hamiltonian (4.27) in the Schrodinger

picture reads
AP = —id ¢ (a—a') , (4.67)

so it has no longer an explicit time dependence. The unperturbed Hamilton operator, however,

is now composed of that of the atom H\)  as in (4.1) and that of the light field

atom
Higg = hwi'a, (4.68)
where the zero-point energy was omitted without loss of generality:
HO = A  + HY, . (4.69)
The solutions of the unperturbed eigenvalue problem
HO @y = EO) ) (4.70)
consist now of product states of atom and light

|¢(O)> | atom) |¢ﬁeld> ) (471)

whereas the energy eigenvalues are correspondingly additive:

EO — O

atom

+EY.. (4.72)

In particular, we are interested in the following unperturbed solutions. At first we characterize
the initial state to consist of the atom being in some state a and n photons representing the
field state:

i) = la) [n) , E” = B, +nhw. (4.73)

Then we have two options for the final state, where the atom is in another state b. In case of
E, > E, and E, < E, the process of a photon absorption and emission has occurred, so that

the field state consists of n — 1 and n + 1 photons, respectively:

) = W=t B = Byt (0= Do, (.74
A7) = B, R = By (o Dl (4.75)

The perturbation theory of the previous section can now be applied as follows. The solution of

the time-dependent Schrodinger equation

o () = [0+ A9)] (o) (1.76)
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Figure 4.5: Elementary photon processes: a) Absorption of a photon for wy, > 0 with w = wy,.

b) Emission of a photon for wy, = —|wpe| < 0 with w = —wp, = |Wha|-

reads

() = ci(t) |a) [n) e~ Fatrialtsn (4.77)
+cp, () ]0) In — 1) e By +(n—Dhw]t/h | e (8) ) |n + 1) ¢ilBs Dt/

where the initial condition [¢(0)) = |a) |n) leads in zeroth order to the coefficients
0 0 0
a0 =) =1,  c,(0)=cVt) =0,  cp(0)=cP(t)=0. (4.78)

In first order perturbation theory we then obtain for the transitions according to (4.44):

[t B0y
Cg) (t) = —% / dt’ e rit'/h Hj(ci) (t', (4.79)
0
Wi = [ g GEDE I o)
;) (t) = ), t' e ). (4.80)

Here we obtain from (4.73)—(4.75) both the energy differences

EY = EY B9 = [By+ (0 — )hw] - (Ea +nhw) = By — E,— hw,  (4.81)
EW = EY B9 = B+ (n+ Dho) — (B +nhw) = By — E,+ho (4.82)

and the matrix elements of (4.67)

HP(t) = (AOHD@)]i) = (] (n— 1| (—i)d - € (@ — ') |a) [n) = —idya - €0/,  (4.83)
HP'@) = (S HP@)]i) = (] (n+ 1] (=i)d - €9 (a— a') |a) [n) = idus - €ov/n+ 1 (4.84)

with the dipole matrix element
dy, = (b|d|a) . (4.85)

Thus, (4.79) and (4.80) describe the absorption and the emission of a photon respectively, see
Fig. 4.5. For large photon numbers n, the matrix elements of absorption (4.83) and emission
(4.84) are equal. This corresponds to the classical limiting case of the previous section. But
for small photon numbers n the matrix elements of absorption (4.83) and emission (4.84) are
different. In the extreme case of the vacuum, when there are no photons at all, i.e. n = 0, even
no absorption occurs but the so-called spontaneous emission is still present. Thus, in the factor
vn+ 1 of the matrix element of emission (4.84) one distinguishes between the term n, which
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describes the induced emission, and the term 1, which is due to the spontaneous emission. Note
that the induced emission plays an important role, for example, for the LASER, which is an
acronym for Light Amplification by Stimulated Emission of Radiation.

We consider now the probability amplitude for the atomic transition from |a) to |b), i.e. c;l) (t) =

c%)(t) + cgé) (), and obtain from (4.79)—-(4.84)

. t t
cgcl)(t) = —%idba - € {\/n——l—l/o dt’ e@rate )t _ \/ﬁ/o dt’ ei(w”“w)t/} (4.86)

with the corresponding atomic transition frequency

B, - E,

a 4.87
Wy - (4.87)
An evaluation of the integrals yields:
; t(wWpgtw)t _ 1 i(wWpg—w)t __ 1
(1) 1 e e
t) = ——dp - V ]l — —_ . 4.88
Cf() p Cbe T €0 nr Wpg + w Vi Wpg — W (4.88)

We observe that two resonances wy, = w = 0 occur. The first term in (4.88) corresponds to the
resonance wy, + w = 0 and occurs for the emission, whereas the second term is resonant for
wpe — w = 0 and describes the absorption, see Fig. 4.5. Furthermore, we recognize for the case
w = wy, that the absorption dominates and the emission can be neglected, whereas, conversely,

for the case of w ~ —wy, the emission dominates and the absorption can be neglected.

The comparison with the classical result of the previous section for large photon numbers n
shows the following useful correspondence. The classical amplitude Eq in (4.48) corresponds
due to the rotating wave approximation and (4.88) in case of the absorption to the quantum

mechanical expression

EO,abs. = 22\/%60 ) (489)

whereas for the emission holds

Eo.emis. = —2iv/n + Lég . (4.90)

With this correspondence at hand Fermi’s golden rule can directly be transferred to the quan-
tized light field. For instance, for slowly varying amplitudes €y(w) we obtain for the transition

rates (4.62) of absorption and emission the ratio

Wabs. o ‘dba'EO,abs.|2 o n

- = . 491
Wemis. |dba ’ EO,emis. |2 n+1 ( )

Thus we conclude that the emission rate is always larger than the absorption rate.
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4.3.2 Derivation of Spontaneous Emission Rate

We derived in (4.59) in the long-time limit ¢ — oo the transition rate W;_,; for one field mode
in form of Fermi’s golden rule, which contains the classical electric field strength Eq. According
to (4.66) and (4.90) the amplitude of the quantized electric field in vacuum, where we have

n = 0, corresponds to the classical electric field strength for spontaneous emission:

fiw €
2V€0

EO,spon.emis. = -2 (492)
Inserting (4.92) into (4.59) and summing over the degrees of freedom k and A of the quantised
light field, which have been omitted temporarily in order to simplify the notation, we obtain

for the spontaneous emission rate

ka‘dfz 6 k )\)|
spon emis. Z Z VhE() (S(Wk - Wfi) . (493)

In the continuum limit we take into account the substitution rule (4.63), so the sum over all

wave vectors k in (4.93) becomes the integral

A3k mwi |dyi - €(k, A
Wspon.emis. = / 3 Z K ‘ fheo( )’ 5((«01( - Wfi) . (494)

Due to the linear dispersion (2.73) the three-dimensional integral can be calculated in spherical

coordinates as follows:

Z OO w* [T . 7 rwldy - e(k, N
Wspon.ernis. = /0v dw /0v dv sin ; ng ! (S(Cd — wfl) . (495)
A

8m3c3 heo

The frequency integral can be calculated exactly due to the delta function:

3 s 2
Wspon.emis. = L/ dﬁ Siﬂﬂ/o dgpz ’dfz ' 6(k7 >\)|2 . (496)
A

8m2hegc® J,
The sum over all polarization degrees of freedom gives:

> ldygi - ek, NP = (dpi)(dpi) Y ek, Mef(k, A) . (4.97)
A

A

As both polarization vectors €(k, \) and the direction of propagation k/k represent a basis in

the three-dimensional configuration space, we conclude from their completeness relation

kik d;; - k)?
Z |dyi - e(k, N)[* = (dgi)r(dsi)s (5kz - II;_Ql> =dj, - % (4.98)
A
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This result can also directly be obtained by using the explicit representation of the polarisation
vectors from (2.116):
ek (k, Ve (k, \) = er(k, +1)e; (k, +1) + ex(k, —1)ef (k, —1)

cos v cos p + ising
cosVsinp —icosp | (cosdcosp —ising, cosdsinp +icosyp, —sind) + c.c

—sind
100 sin®¥cos?p  sin?¥sinpcosy sint cosd cos @
=1 010 |—| sin?Isinpcosp  sin®*dIsin®p  sindcosIsing | . (4.99)
0 00 sin cos v cos  sin cos Y sin cos? ¥

Without loss of generality, we now assume that the electric dipole moment points in z-direction,

ie.
dfl' = dfiez s (4100)
so that (4.98) reduces to

Z |dy; - €(k, )\)|2 = d (1 — cos? 19) = d3;sin? 9 . (4.101)
A

The remaining angular integrals lead to the following expression for the rate of spontaneous

emission:

™

w3 d>.
= LT (4.102)

wfzd2z " . 3 w?id2i .9
Wpon.emis. = / dY sin® ¥ = ——— [ — 2cosV — cossin 19]
0 0o 3mwheyc?

4mheyc3 127hegc?

Thus it depends on the properties of the initial and the final atomic state via the cubic power

of the atomic frequency wy; defined in (4.31) and the square of the electric dipole moment dy;.

4.3.3 Calculation of Spontaneous Emission Rate

At first, we estimate the order of magnitude of this spontaneous emission rate. To this end we
approximate the electric dipole moment according to dy; ~ eag with the Bohr radius ag, which
is introduced in (C.8), and the atomic frequency wy;, which is estimated to be of the order
a’c/ ¢ according to (C.16). With this and taking into account the Sommerfeld fine-structure

constant (C.11) we get for the spontaneous emission rate (4.102):

at e?a? _

Wepon.emis, ~ 2 heo}z fire adwp ~ 1070wy . (4.103)
This means that the spontaneous emission rate is quite small in comparison with the reso-
nance frequency wy;. Only after 10° orbits of the electron around the hydrogen atom does the

spontaneous emission occur. The lifetime is therefore of the order

1 10° 106
- h = =105 = 1ns. 4.104
" WSpon.emiS. 103 THz 103 - 1012 S S ns ( )
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Figure 4.6: Spontaneous transition from the 2p to the 1s-state of the hydrogen atom in accor-
dance with the selection rules (4.106).

Let us now look at a concrete example for a spontaneous emission process. For this purpose
we recall the selection rules for electric dipole transitions in the hydrogen atom. They follow

from the dipole matrix elements

dfi =€ / de ¢;flfmf (X) X¢nilimi (X) > (4105)

where 1, (x) denote the wave function of the electron in the hydrogen atom in spherical
coordinates with the main quantum number n, the angular quantum number [, and the magnetic
quantum number m. In Appendix F we prove that the z-component of the dipole matrix

elements (4.105) is different from zero only provided that the selection rules
Al =1y —1; ==+1, Am=my—m; =0 (4.106)

are fulfilled. As a concrete example for the selection rules (4.106) we determine the lifetime of

the 2p-state with m = 0 in the hydrogen atom against the decay into the 1s-state as depicted

in Fig. 4.6, where we have Al = —1 and Am = 0. Thus, the wave functions being involved in
the transition have the explicit form [40, Tab. 9.1]
1 r
r, 1, = — e "2 /9 cos 9, 4.107
%10( 90) 8\/@@B ( )
1
77[)10()(7”, 19, QO) = S_T/QB . (4108)

Vag,

Taking into account the energy eigenvalues of the hydrogen atom (C.12), the corresponding

frequency for this transition is given by

Exp—FEs Ry /[ 1 3Ry 3Mc?
_ P 18__Y( +1)__Y_ ¢ & (4.109)

4

h h

wri ih sn

where we have used (C.14) in the last step.

Now we calculate the dipole matrix element d; = ezy;e, with the matrix element

2= / g (9, 2) 2 no(r 9, 0) (4.110)

Inserting therein the respective wave functions (4.107), (4.108) we get

00 s 2
1 1
2fi :/ der/ dd sim?/ dp L e/ /2 cos 9 1 cos ) — e e/ | (4.111)
0 0 0 aB ?

8y/ma} a3,
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Figure 4.7: Emission and absorption processes between the states |a) , |b) determine the number

of atoms N,, NN, according to the classical rate equations (4.115), (4.116).

Evaluating both the angular and the radial integrals yields
2\ ?
25 = 4V2 (3) ap . (4.112)

Inserting (4.109) and dy; = ezpe, with (4.112) into (4.102) yields the spontaneous emission

rate for this specific decay:

2 8 ca’ 1
0% =8(=) —=5-10"=. 4.113
2pH1S (3) ag S ( )

This means that the lifetime of the 2p-state compared to the spontaneous decay into the 1s-state
amounts to 0.2 ns, which is compatible with the previous estimate of the order of magnitude in

(4.104).

4.3.4 Planck Radiation Formula

With the obtained knowledge we are now in a position to rederive the back-body radiation

formula of Max Planck in (3.303) from a different point of view. To this end we assume that

the atoms in the walls of the black body, see Fig. 3.10b), interact resonantly with the quantised
light field, i.e. the frequency w of the light field coincides with the transition frequency (4.87):
Ey — E,

w=—7".

Denoting with N,, N, the number of atoms in the states |a) , |b) and representing the absorption

(4.114)

and emission rates by Wps. and Wy, respectively, we can write down classical rate equations

according to Fig. 4.7 as follows:

dN,

dta = - abs.Na + Wernis.Nb ’ (4115)
dN,

d—tb = Wabs N — Wemnis. Ny - (4.116)

Thus, the total number of atoms is conserved with time, i.e. an increase of the number of atoms
in state |a) corresponds to a decrease of the number of atoms in state |b) and vice versa:

AN, __dNy
dt — dt

(4.117)
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For the steady state then follows from (4.115) and (4.116):

dNa . dNb —0 — Na o Wemis.
dt — dt Ny Wabs.

(4.118)

In thermal equilibrium, the different occupations of the states N,, N, are given by a Boltz-
mann distribution according to N, ~ e Fa/bsT N, ~ e=Eo/ksT 5o we have with the resonance
condition (4.114)

No _ (BB kot _ ehw/ksT (4.119)
N

On the other hand, we have obtained in (4.91) the result that the ratio of absorption and
emission rate is determined by the photon number n. Thus, combining the equations (4.91)
and (4.119) yields the Bose-Einstein distribution (3.281) with n representing the average photon
number:

1

ﬁw/kBT — _
ehw/ksT _ 1"

n+1=ne = n (4.120)

We now compare this derivation with the corresponding one of Albert Einstein from 1916. Here,
the spontaneous and induced emission as well as the absorption are considered as the elementary
processes for the interaction of light and matter, which are characterized by corresponding rate

coefficients A, B, and C. The rate equation for the occupation of |a) then reads

dN,
dt

where the energy density U(w) in the cavity enhances both the induced emission rate and the

=[A+ BU(w)] Ny — CU(w)N,, (4.121)

absorption rate. Furthermore, due to the conservation of the total number of atoms (4.117),

the rate equation for the occupation of |b) then follows as
dNy
dt

The equilibrium is then characterized by

= —[A+ BU(w)| Ny + CU(w)N, . (4.122)

N, _ A+ BU(w) — ofw/kBT (4.123)

[A+ BU(w)|] Ny = CU(w)N, = M_T(M) )

where we have assumed again (4.119). Thus, the energy density is determined according to

A/B
ehlhTC /B —1°

A+ BU(w) = CU(w)e™/*=T = U(w) = (4.124)

A comparison of the energy density (4.124) with the Planck radiation formula (3.303) then

yields the following conclusions:

e The induced emission rate BU(w) and the absorption rate CU(w) coincide, so the Einstein

coefficients B and C' are equal:

B=C. (4.125)
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e The ratio of the Einstein coefficients for spontaneous and induced emission is determined

by
A hw?
A _ 412
B 7w ( 6)

Thus, taking into account (3.303) and (4.126), the ratio of the spontaneous and the induced

emission rates leads to

A hw/kpT
= —1. 4.12
BU (w) ‘ (4.127)

For the temperature T" = 6000 K at the surface of the sun the wavelengths 400 nm and 700 nm
yield for the ratio (4.127) the values 400 and 30, respectively. Thus, in that case the spontaneous

emission rate dominates the induced emission rate.

4.4 Rabi Model

In the perturbative treatment of the light-matter interaction one assumes that the occupation
of the atomic initial state does not change and that the probability amplitude for the transition
to another atomic state remains to be small. These assumptions are certainly justified as long
as the amplitude of the light field is not too large. On the other hand, shining in a strong
laser field with a frequency, that is resonant to an atomic transition, certainly leads to a large
population transfer. In this case, one cannot apply perturbation theory. Instead, one limits
oneself to two atomic states and treats their interaction with the light field exactly. In the case
of a classical light field, one speaks of the Rabi model, since it was introduced by Isidor Isaac

Rabi in the context of magnetic resonance.

4.4.1 Treatment of Rabi Model

We approximate an atom by a two-level system, which consists according to Fig. 4.8 of the
ground state of energy F, and an excited state of energy F,, so that the atomic transition
frequency is given by

E. - E,
— -
Provided that the atom is irradiated with a light field of the frequency w, this leads to the

detuning

wo = (4.128)

A=w—uwp. (4.129)

The underlying Hamiltonian decomposes according to

A

H(t)=HO + HP(1). (4.130)
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Figure 4.8: Sketch of Rabi model containing the two energies E,, F. as well as the atomic

transition frequency (4.128), the light frequency w, and the dentuning (4.129).

Here the Hamiltonian of the two-level system reads
H = E,|g) (9] + Ecle) (e] , (4.131)
where the states |g), |e) are supposed to be orthonormal:
{glg) =1 = (ele) , {gle) = 0= (elg) . (4.132)

And the Hamiltonian, which describes the interaction of this two-level system with the light
field, is given in dipole approximation due to (4.21) by

HW(t) = Vocos(wt), Vo= —d-Ey. (4.133)

Accordingly, the time-dependent Schrodinger equation must be solved:

i () = [HO + BV )] o) (4.134)

Since only two atomic levels are considered, the general ansatz for the wave function is of the

form
(1)) = cg(t)e P |g) + ce(t)eF/ M e) . (4.135)
In case that the system is in the state |g) at time ¢ = 0, the initial conditions read
c,(0)=1, c.(0) =0. (4.136)
Inserting the ansatz (4.135) into the time-dependent Schrédinger equation (4.134) we obtain
A acgt(t) o~ tEqt/h lg) + hacae( ) o—iEet/h le)
= ¢, (t)Vo cos(wt) e Bt/ | g) + ¢, (£)Vy cos(wt) e Bt/ |e) . (4.137)

Multiplying with (g| and (e| projects (4.137) to the corresponding contributions of the ground
and the excited state, respectively. As a result we obtain a closed system of two first-order

differential equations, which determine the dynamics of the expansion coeflicients c,(t), c,(t):

n 280 costan) (01Tl o) + ol Ty o) B e)] (a3
ih aca;i) = cos(wt) [(e| Vo lg) i (Be—Eg)t/h cq(t) + (e Vo le) Ce(t)] ) (4.139)
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For symmetry reasons the matrix elements of the interaction with the same states disappear
(9l Volg) = 0= (el Vole) , (4.140)
and for the non-vanishing matrix elements we introduce for brevity the abbreviations
Vaeg = (el Vo lg) Voge = (9] Vo le) - (4.141)
Furthermore, we conclude from the hermiticity of the interaction (4.133), i.e. Vo = f/OT:
Voge = (Voelg) = (el Vo lg)" = Virg - (4.142)

Taking also the transition frequency (4.128) into account, the system of differential equations,

which has finally to be solved, reads:

il aC;Et) _ VE)*eg COS(wt) e—iwmf Ce(t) ’ (4143)
Zhacaelgt) _ %eg COS(CL)t) eiwot Cg(t) . (4144)

It can be straight-forwardly transformed into

&y(t) = —%L Vi, [0t 4 emiloreo] ¢ (p), (4.145)
Go(t) = _%1 Voeg [0t 4 emilomwol] ¢ (1) (4.146)
In the vicinity of the resonance w ~ wy we recognize that there is, on the one hand, a slow

+i(w—wo)t

time dependence due to the term e and, on the other hand, a fast time dependence

+ilwtwo)t - The latter is neglected within the framework of the rotating wave

due to the term e
approximation, yielding:

. l * (w—w

Cg(t) = _2_h VE)eg e o)t Ce(t) ) (4147)

(t) = —%L Voeg €0 ¢ (4. (4.148)
Now the expansion coefficient ¢,(t) is eliminated, resulting in a single differential equation of

second order with constant coefficients for c.(t):

[Voeg|”

Ce(t) +i(w — wp)ée(t) + Ah2

c(t) = 0. (4.149)

The exponential solution ansatz c.(t) = e then leads to the characteristic equation
Ay [Voel”
N4 inn 4 Mol 4.150
+iAXN+ e , ( )
where we used the detuning defined in Eq. (4.129). This quadratic equation has the following

two solutions for the characteristic exponents:

=tloas A2+M (4.151)
+ 2 h2 . .
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Here the Rabi frequency

occurs in the difference of both characteristic exponents according to
Ap — A =1i0g,

so that (4.151) reduces to

?

At 5

(—A+Qp) .

BY MATTER

(4.152)

(4.153)

(4.154)

The general solution for c.(t) follows now from a linear combination of the two fundamental

solutions
ce(t) =AM+ A Mt

From c.(t) we then obtain ¢,(t) from (4.148) and (4.155) according to
2ih

%eg Oeg

cq(t)

Implementing the initial conditions (4.136) yields from (4.155) and (4.156)

2ih
Cg(o) - %
eg

c(0) = A +A =0

A Ay, +AA)=1,

B G (t) = 2in e (Ap AL e+ A AT

(4.155)

(4.156)

(4.157)
(4.158)

They represent a linear inhomogeneous system of equations for the yet unknown expansion

coefficients Ay, A_

2ih 2th
Ty 2 A, 1
‘/Oeg %eg A — y
1 1 - 0

which has due to (4.153) the solution
2ih

1 - A
<A+>_ Voeo Voes <1>_voeg<
2R\ — M 2ih 2K0)
A ih(Ay ) 1 At 0 R

%eg
Thus, the expansion coefficients are determined by
AJF — ‘/Oeg ’ Ai — ‘/E)eg )
2h R 2hR

Inserting (4.161) into (4.155) we yield for the amplitude c(¢)

Voeg i Y
ce(t) =1 hOT:; e 1A gin <7Rt) .

(4.159)

(4.161)

(4.162)
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Figure 4.9: Probability (4.164) to find the atom in state |e): a) Oscillations occur with half
the Rabi frequency (4.152); b) Decreasing the detuning A increases both the period and the

amplitude of the Rabi oscillations.

With this we obtain for the amplitude ¢, () according to (4.156):

. Q A Q
_ iAt/2 R s : R
cy(t) =€ [cos <—2 t) Z—QR sin <—2 t)} . (4.163)
The probability, that the atom is in state |e), is then given by
Voeo|\ > Qgt
P.(t) = |e.(t)* = (%) sin? (TR) (4.164)

and oscillates at half the Rabi frequency (4.152), see Fig. 4.9a). Furthermore, we can discuss the
dependence of these Rabi oscillations on the detuning A. To this end we get for the amplitude
of the Rabi oscillations from (4.164) by taking into account (4.152):

|VOeg|>2 1
— . 4.165
( Wn ) T4 (0D Vo (4.165)

Thus, for smaller detuning both the amplitude and the period of the Rabi oscillations becomes

larger as is indicated in Fig. 4.9Db).

In the resonance case, where the detuning disappears, i.e. A = 0, we decompose the dipole

matrix element into absolute value and phase according to
Voeg = |Voeg| €99, (4.166)

and read off from (4.162) and (4.163):

cy(t) = cos (|V2b;g|t> : co(t) = ie™0es sin <|‘§;g|t) : (4.167)
Thus, after the time ¢, = 7h/|Vje,4| the atomic population is in the excited state:
¢y (tz) =0, Ce (ty) = €™ (4.168)
which corresponds to the probabilities

Py(ty) = |eg(t))* =0, Pu(tr) = |e(ts)]? = 1. (4.169)
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In the context of nuclear magnetic resonance (NMR) this represents a m-pulse. On the other

hand, considering the time ¢z = 7h/2[Vie,|, we obtain instead

i
¢ (t5) = Nk ce (t3) = Nok e (4.170)
which leads to the probabilities
2 1 2 1
Pg(tg) = ‘Cg(tg)‘ = 5 Pe(tg) = ‘Ce(tg” = 3 (4.171)

This means that the both states |g) and |e) are equally occupied:
1 )
tx)) = —( et |e ) , 4172
(tz)) 7 |9) ) (4.172)
and one then speaks of a m/2-pulse. Such 7- and 7/2-pulses are standard methods for manip-

ulating spin states not only in NMR but are also applied in many atomic and ionic systems.

The non-perturbative treatment of the Rabi model goes over into the perturbative result of

Section 4.2 in case of a weak light field, where we have

Voe
% < A. (4.173)

Then we get from (4.152) approximately Qr ~ A, so that the amplitudes (4.162) and (4.163)

reduce to
, At At
c,(t) ~ B2 [cos <7> — isin (7)] =1, (4.174)

, At
ce(t) = z’% e "B gin <7> . (4.175)

Thus, the expansion coefficients (4.174) and (4.175) agree with the previous results (4.43) and
(4.48), where in the latter case the detuning (4.129) has to be taken into account. Indeed,
the coefficient (4.175) is small because |Voe,4| /h is assumed to be small in comparison with the
detuning A according to (4.173).

4.4.2 Translation of Rabi Model into Spin 1/2 System

As we consider the atomic system to be a two-level system, its two states |g) and |e) can be

formally identified with a spin down and a spin up state as follows:

0 1
|g>=<1>, |e>=<0>. (4.176)

Correspondingly, projecting the Hamilton operator HO onto these two states, it can be repre-
sented by a 2 x 2-matrix H®. To this end we take advantage of the fact that the unit matrix

and the Pauli matrices together represent a basis in the space of complex-valued 2 x 2-matrices:

10 01 0 —i 1 0
—= , = s = 5 == . 4177
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Figure 4.10: Unperturbed energy levels of the Rabi model a) before and b) after the shift of
the zero-point energy according to (4.179) and (4.180).

At first we consider the unperturbed Hamiltonian of the Rabi model (4.131). The projection
onto the two states |g) and |e) leads to the following 2 x 2-matrix:

HY HEY HO HO E. 0
o = (e He ) el o le) (el H o ) ) . (4178)
Hge"  Hgg (gl H™ |e) (g H™ |g) 0 E
It can be decomposed into the basis of 2 x 2-matrices (4.177) as follows

E.+F 10 E.—F 1 0 E.+FE hwg
HO — ¢ 9 —e 79 == g — 4.179
5 (O 1)+ 5 <O _1> 5 oo + 5 78 ( )

where we used the atomic transition frequency (4.128). The first term in (4.179) corresponds
to the energy in the middle between the two energy levels, see Fig. 4.10a). In the last section
we have seen that this energy is physically irrelevant for the dynamics of the Rabi model.
Therefore, we can also shift the energy scale by this value and identify the Hamiltonian (4.179)
just with

hw
HO = TO o, (4.180)

as is sketched in Fig. 4.10b). Now we also project accordingly the interaction Hamiltonian
(4.133) to these two states |g) and |e):

o [ HE @) HY @)\ (el Vole) (el TVhlg)
H()“)‘(f@?@) apw ) =il @il )0

Taking into account the matrix elements (4.140)—(4.142) reduces Eq. (4.181) to

0 Voe
H® () = 9| cos(wt). (4.182)
Vieg 0

This 2 x 2-matrix could be represented with the help of o and o9 matrices due to (4.177). But

it turns out to be advantageous to introduce instead the raising and the lowering Pauli matrices

1

: 01
oy = 5(0’14‘202):(0 0), (4183)

1 . 0 0
o = 5(01—202):<1 O)’ (4.184)
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which have the properties

()1 () e
(-0 D) e

With this the interaction (4.182) is described as follows:

1
H®P)\(t) = (Voeg o4 + Voeg o_) 3

Now we consider the underlying time-dependent Schrodinger equation

(e +e7™") . (4.187)

0
thoy [9(1)) = H(t) [¥(t)) (4.188)
with the Hamiltonian
% M (eiwt + e—iwt)
Ht)=HO + HO )= | ., 2 2 e (4.189)
% (eiwt + efiwt) _TO

In a first step we simplify this problem by transforming it into a system rotating with some

frequency w. To this end we introduce a general time-dependent unitary transformation:

() = S(t)[¥(t)) . [ (1)) = STt [0 (1)) SH(t) = 87'(t)., (4.190)

so the transformed time-dependent Schrodinger equation then reads

ih S0} = (1) () (4.19)
with the transformed Hamiltonian
H(t) = St)H(t)S'(t) + mag—f)sf (). (4.192)

Let us specialise to the following time-dependent unitary transformation

) iwt/2 0 e—iwt/Q 0
_ ioswt/2 __ € t _
S(t) = etonet/2 = ( R ) .Sl = ( o ) . (4193)

e

which has the properties

S (t) I e 0 aS(t) S
, _ 2 ; () = 2 4.194
ih ot 0 o—iwt/2 ’ i ot 1) 0 Tw (4.194)
2
as well as
Ty Voeg (1 + e%iet)
SHHM)S () =| 1 2 2 : (4.195)
Oeg — 2wt hug
—Z (1 + e 2 -
2 2
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Thus we obtain for the transformed Hamiltonian (4.192):

h . |
o[ 3 Yo (14 i) o
H(t) = X . 4.196
@ —2iwt _fL _
9 (1 4o Bt) (o~ w)

Within the framework of the rotating wave approximation one neglects the rapidly oscillating
terms and obtains with the detuning (4.129) the approximate time-independent Hamiltonian:
~ hA

1
H(t) = 5 03t 3 (Voeg 0+ + Vioeg o) - (4.197)

Decomposing the dipole matrix element into absolute value and phase according to (4.166), a

side calculation leads to

Voeg 04 + Vieg 0— = [Voeg| [COS(%eg) 01 — Sin(Poeg) 02} : (4.198)
so the transformed Hamiltonian (4.197) results to

e hA
M sin(ngeg) 09 — —O03. (4199)

]f[(t) — |‘/089‘ 5

5 cos(Poeg) 01 —

Taking into account the explicit form of the Pauli matrices (4.177) we finally get

- h
H(t)=w- 4 (4.200)
with the angular frequency vector
Voe
ol o)
= Voeg| . . 4.201
@ = el (4.20)
—A

The transformed Hamiltonian (4.200) formally corresponds to the Zeeman interaction of the
magnetic moment of a spin 1/2-particle with a magnetic field, which is proportional to the

angular frequency vector (4.201).

4.4.3 Relation to Optical Bloch Equations

We now describe the state of the two-level atom or the effective spin 1/2-particle by a density
matrix p, which is also represented by a 2 x 2-matrix. Here we exploit again the fact that the
unity matrix o and the three Pauli-matrices o; in (4.177) form a basis in the space of complex

valued 2 x 2-matrices by considering the decomposition of p in terms of the Bloch vector s:

1
=5 (09 +so) . (4.202)
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In component notation this decomposition reads

1 1 —
p:—< s 282). (4.203)

2\ sy+1sy 1—s3
As the normalization property
Trp=1 (4.204)

is fulfilled, p from (4.202) describes, indeed, a density matrix. Furthermore, the decomposition
(4.202) suggests that we assign to each Bloch vector s a density matrix p and, vice versa, for
each density matrix p a corresponding Bloch vector s. In order to explore the latter case we

calculate the expectation value of the Pauli matrices with respect to the density matrix.
(o) =Tr(op). (4.205)

Although this can be evaluated by using the explicit representation of the 2 x 2 matrices in
(4.177), we will use instead a more elegant approach, which takes both the commutator and the
anticommutator relations of the Pauli matrices into account. Namely, based on their explicit

representation (4.177), it can be shown that they represent a Clifford-Algebra
[0, aj]+ = 0,0; + 00, = 20;;0 (4.206)
and at the same time also a Lie algebra
04, 05]_ = 0,05 — 0j0; = 2i€;,0% . (4.207)

Here €y, denotes the three-dimensional Levi-Civita tensor, which has the value €153 = 1 and

is anti-symmetric with respect to two of its three indices:

Eklm = —€lkm = —€mlk = —€kml - (4.208)

Adding both relations (4.206) and (4.207) one obtains the useful result that the product of two

Pauli matrices can be reduced to Pauli matrices according to the prescription
0,05 = 5@'0’0 + Z‘Ez‘jkzak’ . (4209)

Thus, we evaluate the expectation value of the Pauli matrices (4.205) with the density matrix
(4.202) by taking into account (4.209) and obtain at first

(0;) = Tr (oyp) = %Tr (0i00 + 8j0,0;) = %Tr [al- + (6;500 + i€;j50%) sj] i (4.210)
Due to the trace properties
Tr (0g) = 2, Tr(o;) =0 (4.211)
following straight-forwardly from (4.177), this reduces to the result

s= (o) . (4.212)
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This means that the Bloch vector s can be interpreted as the expectation value of the vector

of Pauli matrices o for a given density matrix p.

Now we investigate how the property, that the density matrix p describes a pure state, affects

the Bloch vector s. To this end we consider the square of the density matrix (4.202)

1
P’ = 2 (00 + 280 + 5;5;0,0,) (4.213)

and simplify it by taking into account (4.209):
1 1
p2 = Z [O’O + 2s0 + 5iSj (5ij0-0 + iEiijk)] = Z [0’0 (1 + S2) + 250'} . (4214)
Evaluating the trace of (4.214) with the help of (4.211) then yields

1 2
Tr (p?) = ;S . (4.215)

In case that a pure state is present, i.e. the density matrix p fulfills the property (3.159), this

corresponds to a Bloch vector s with the absolute value
Is| =1. (4.216)

The Bloch vector s is thus located on the surface of sphere with unit radius, which is called
the Bloch sphere. As a first example let us consider the density matrix (4.203) describing the

ground state

0 00 1 1+4s3 s —isy
) B 01) o 1 , 4.217
p=19) (9| <1>( ) <0 1) 2(51—1—2'82 1 —s3 ) ( )

which corresponds to the Bloch vector
Sy = 0 . (4.218)

In the second example we scrutinize the excited state, which reads in terms of the density
matrix (4.203)

1 1 0 1 1 —1
p=le) (e] = (1,0) = e (4.219)
0 00 2\ sp+isy 1—s3

so its Bloch vector is given by
se=1| 0 [ . (4.220)

Thus the pure state of an atom being in the ground (excited) state is represented on the Bloch

sphere by its south (north) pole, see Fig. 4.11. Consequently for a mixed state, which is defined
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Figure 4.11: Ground and excited state of the two-level system correspond due to (4.218) and
(4.220) to the south and the north pole on the Bloch sphere (4.216), respectively.

by a purity with Tr (p?) < 1, then follows |s| < 1, i.e. the Bloch vector s lies within the Bloch

sphere. For instance, the origin of the Bloch sphere
1
s=0 = p=500 (4.221)

represents a maximally mixed state, since then the purity Tr (p?) = Tr (0p/4) = 1/2 is minimal.

We now examine the temporal evolution of the Bloch vector, which is induced by the Hamil-
tonian (4.200). To this end one can optionally use either the Schrédinger or the Heisenberg
picture, in which either the states or the operators are time dependent, while the expectation

values coincide. For instance, the expectation value for the Pauli matrices in both pictures read

s(t) =Tr (p(t)o) = Tr (po(t)) . (4.222)
In the Heisenberg picture the dynamics of the expectation value is determined by the Heisenberg
equation for the vector of Pauli matrices

m% o(t) = [a(t), F[(t)} B (4.223)

Due to the equality of the expectation values in both pictures (4.222) we then conclude for the
Schodinger picture that the dynamics of the expectation value follows from the evolution of the

density matrix p(t), which is governed by the von Neumann equation

ih % p(t) = [ﬁ@), p(t)] B (4.224)

Note that the right-hand sides of (4.223) and (4.224) differ by a minus sign. In the following
we derive the equation of motion for the Bloch vector s(¢) within the Schrédinger picture. For

the von Neumann equation (4.224) of the density matrix (4.202) we obtain for the Hamiltonian
(4.200):
0

ih 5 p(t) = EL w;oj, % {00 + sj(t)aj}} = Zwisj(t) loi,05]_ . (4.225)

Taking into account the Lie algebra of the Pauli matrices (4.207) then leads with (4.202) to

ih%ﬂ(t) = Z Wi$j<t) 22’61'3‘1{01{ = % €ijkWiS;) (t)ak = % ék(t)gk ) (4.226)
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With this we have derived the optical Bloch equations:

ds(t)
g — WX s(t) . (4.227)

They state that the Bloch vector s(t) precesses around the angular frequency vector w defined

in (4.201) with a precession frequency, which is given by its absolute value

_Wasl® s
wl =1 T A= (4.228)

and turns out to coincide with the Rabi frequency (4.152). Due to the precession (4.227), the

length of the Bloch vector s(t) is preserved during the dynamics:

ds(t)* ds(t) _
BT 2s(t) - — = 2s(t) - [w x s(t)] = 0. (4.229)

This means that a pure state at the beginning ¢ = 0, which obeys [s(0)| = 1, remains a pure
state for all times t > 0, i.e. |s(t)| = 1 holds.

4.4.4 Solution of Optical Bloch Equations

In component notation the optical Bloch equations (4.227) turn out to represent a linear system
of first-order differential equations

ds(t)
dt

= Ms(t). (4.230)

Its solution is based on determining the eigenvalues of the matrix M, which follow from the

characteristic equation:
det (M — X)) =0. (4.231)

On the one hand, we note that the matrix

Voeg| .
0 A __‘ %g’ Sm(‘POeg)
M= A 0 B |V0{g| c05(70e,) (4.232)
Voeol . Voe
% Sin(@oeg) | (7)1g| c08(Poeg) 0

is anti-symmetric, i.e. it holds M7T = —M. Due to the latter property we conclude for D = 3

dimensions
det (M — XI) = det (M — AI)" = det (M” — \I) = det (—M — \I) = —det (M + \I) , (4.233)
so we deduce from the characteristic equation (4.231)

det (M + M) = 0. (4.234)
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Due to (4.231) and (4.234) we read off that with X\ also —\ is an eigenvalue of the matrix M.
On the other hand, the characteristic polynomial det (M — AI) = 0 consists of real coefficients,
so the eigenvalues are either real or conjugate complex to each other. However, real eigenvalues
are not possible as then there would always be a solution which exponentionally increases with
time and, thus, does not respect |s(t)| = 1. Therefore, since the characteristic equation (4.231)
is a third-order polynomial, we finally obtain that we have two complex conjugate eigenvalues

and one vanishing eigenvalue:
A =€), A = —1€), A3 =0. (4.235)

In fact, the characteristic equation (4.231) reads explicitly

M2+ AT+ Voo ) _ 0 (4.236)
h? - '
which has, indeed, a solution of the form (4.235)
A =g, Ay = —iQg, A3 =0 (4.237)

with the Rabi frequency (4.152).

At first we determine the eigenvector s3 to the eigenvalue A3, which leads to the homogeneous

linear system of equations

[Voeg| .
0 A ——— sin(©ge
h (900 9) S O
A 0 _’VLI;H costong) | | 52 | = 0 (4.238)
WVoe . Voe S33 0
Woenl i) Y00 o) 0

Since the three equations are linear dependent, we can restrict ourselves to the first two equa-

tions without loss of generality:

|‘/Oeg|

Voeg| . = c08(¢Poeg)

As3y — % sin(@peg)sss = 0 7

e ——— sin(yge

—Asg) — cOS(Poeg) 533 = 0 h Poeg

—-A

Demanding the normalization of the eigenvector yields with (4.152) and (4.201)

1 w
|S3| =N3Qr =1 — Ny = — — Sg3 = —. (4240)

Or Or

Thus, the angular frequency vector w points in the direction of the eigenvector s3 of the eigen-

value A3 = 0. Since we have A3 = 0, the eigenvector s3 does not change in time during the
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Figure 4.12: Hlustration of the stationary states (4.241) of the optical Bloch equations (4.227)
and the rotation angle (4.243).

precession of the Bloch vector s, there are two stationary states on the Bloch sphere

Voe Voe
_% COS(QOOeg) |hOT}g{| COS(SOOCQ)
on_ @ |Voeg| . 2 W [Voeg| .
Sy = —— = 17 0egl , sy =— = | _1"Y%4l , (4.241
3 On o sin(@oeq) 3 On o sin(@oeg) ( )
A A
QR QR

which are depicted in Fig. 4.12. In the limit |Vj.,| — 0 these two points on the Bloch sphere
reduce with (4.152) to

sél) — Se, s - Sg . (4.242)

The angle ¥ between the direction of s, and sél) is determined by taking into account (4.152):

(1) A V1—cos?d Vol

Se - S3 :cosﬁ‘:Q—R = tan v = p— PA

Now we calculate the state vectors corresponding to these stationary Bloch vectors. For a pure

(4.243)

state, the following applies in general:

po= 1) (Wl =(eslg) +ccle)) (c;<g|+c:<e|)=<cec§i CZCi)

CgCe  CyCy

_ l 1+83 Sl—iSQ (4244)
5 . .

81+i82 1—83

Provided that the Bloch-vector s is given, then follows from the diagonal elements of (4.244)

1
(14 s3) , e, = 5 (1=53) (4.245)

=

[

N | —

so the normalization holds

lco)* + |e|” =1 (4.246)

1 ’ 1— ,
Ce =4/ % e, Cg = ”ng e, (4.247)

and we can conclude
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From the off-diagonal elements in (4.244) and from (4.247) we then obtain by taking into
account (4.216):

2 2 - 2 2
¢yt = 2V, 312‘" 52 gilpg—pe) — 51 2282 v 812+ 52 yivo , (4.248)

which finally reduces to

Yo = arctan (8—2) = g — Pe - (4.249)
S1

For the first steady state (4.241) we read off from (4.245)

1 A /
ESIE 5 (1 + Q_R) EUE 1 — Q_R (4.250)

and we get from (4.249)

1 _ 1) — (1)

P’ = —Poeg + T — o) = —poeg+m, o =0, (4.251)

Py

so the pure state results in

1 71
W) =M e) + MV g) = 1/ 1+Q—R 1/5 1—— oo |g) . (4.252)

Correspondingly, the second steady state (4.241) yields with (4.245) and (4.249)

A /
] = 1 — Q_R |c<2>} = 1 + Q_R (4.253)

0@ = o = g , <2>:¢Oeg, (4.254)

‘/ 1+— \g (4.255)

Thus, in the limit |Vj.,| — 0 we read from (4.252) and (4.253) in agreement with (4.242):

which leads to

0) = 1e) + 1g) =[5 (1= 4 e

[ ) = e}, ) = 1g) . (4.256)

Furthermore, (4.250) together with the normalization (4.246) suggests to introduce as an ab-

breviation the mixing angle 6 via

1 1
cosf = Q_R sinf = 5 1—— , (4.257)

which satisfies the trigonometric Pythagoras sin? 6 + cos? 6 = 1, so we obtain

sin(20)  2sin6 cos ‘%eg’
cos(20)  cos?f —sin®f  hA

tan(20) = (4.258)
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Thus, comparing (4.243) and (4.258) we yield 6§ = /2, i.e. a rotation in coordinate space with
the angle ¥ corresponds in spin space to a rotation around the angle § = /2. This observation
is characteristic for a spin 1/2-system. For instance, performing a rotation in coordinate space
yields for the Dirac field that the corresponding spinor is rotated with just half the angle [21,
Section 9.3].

In addition, we read off from (4.252) and (4.255) that the stationary states |e) , |g) for |Voeg| —
0 can be mapped into the stationary states [p(V) | |[¢p®) for Vg, # 0 by applying a linear
transformation U, which contains the mixing angle 6.

My B) _ cosf sin 6 ¢'#oes
( @) ) v l9) )’ U=l sinfe s cosd ' (4.259)

It turns out that this linear transformation is unitary:

oty - | cos 9 — sin @ e?¥Poes | cosf | sin @ e#oeg _ 10 - (4.260)
sin 0 e~ *Poeg cos 6 — sin 0 e~ *F0eg cos 6 01

Now we determine the eigenvector s; to A\; = i{)g:

Voeq| .
—iQgr A —M sin(@oeg)
h s 0
Voo 11
—-A —iQg —% c08(Poeg) s;p | =1 0 |. (4.261)
0
Voeo| . Ve . o
[Vocy| sin(@peg) | %g| c0S(Poeg) —1QRr
From the first equation follows immediately
A Voegl .
S11 = —iQ—R S19 + 1 |h?2;| Sin(@oeg) 13 (4.262)
therefore we get from the second equation
A Voe Voe
—A —iQ—RSm +1 |th;‘ sin(go()eg)slg} — iQRS12 — | Ohg| co8(oeg)s13 = 0, (4.263)
which reduces to
. hQ) A
S1p = it |:COS((poeg) +i— sm(go%g)} 513 - (4.264)
‘VOeg’ QR
Choosing the third component according to
Voe
s13 = N | %g| (4.265)

then fixes immediately the other components:

s12 = Ny [1Qr co8(Poeg) — Asin(poeg)] s11 = N1 [A cos(@oeg) + i82r sin(poeq)] - (4.266)
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Thus the eigenvector s; to the eigenvalue \; = i)y is given by

A COS((’OOGQ) + ZQR Sin((pOeg)
s; = N1 | —Asin(poeg) + iQ2r cos(Poeg) | > (4.267)

[Voeg| /7
where the normalization constant is fixed by

1
V20,

The complex conjugate then yields the eigenvector sy corresponding to the eigenvalue Ay =
—’iQRZ

s;-s1=1 == Ny (4.268)

) A cos(poeg) — 182R Sin(Poeg)
Sg = 8] = 730 —Asin(@oeg) — 1Q2r coS(Poeg) | - (4.269)
: [Vaeg| /7

In fact, the three eigenvectors si, sq, s3 are orthogonal to each other:
sy s3 =0, s5-s3 =0, s;-sp=0. (4.270)

The general solution for the dynamics of the Bloch vector is then a superposition of all three

fundamental solutions:
S(t) = A1S1€)\lt + A2$2€)\2t -+ A3S3€)\3t . (4271)
Inserting the concrete form of both the eigenvalues and the eigenvectors then yields

M A cos(Poeg) + 120R SIN(Poeg)
1

S(t) = \/§Q -A Sin(SOOeg) + ZQR COS(‘pOeg) eiQRt (4272)
R
[Voeg| /1
[Voeg| c08(Ppeg)
A A COS(QOOeg) - Z.QR Sin((;OOeg) A h SOOeg
2 . . —iQgt 3
+ —Asin(ppe,) — 1R cos(Ppe e R4 — eql .
\/§QR (QDOG/)Y | /hR (900 g) QR _| %9| SlIl(QOOeg)
Oe
! —A
As the Bloch vector is reel, i.e. s*(t) = s(t), we conclude that
Ay = A} (4.273)
must hold. The initial condition to be in the ground state
0
s(0) = 0 (4.274)
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implies additionally
Ay = Ay (4.275)

Combining (4.272)-(4.275) we get for the unknown coefficients

\/§A |Vbeg|/h Al o 0
( VAl A ) (A3 ) - ( 0 ) | 2

which leads to the following solution:

A | Voeg| — [Voey |
A\ 1 - ~n 0 ) _ V2RO
_ y — o (4.277)
As V202 | \/§| Oeg | JIA —Og A

Thus, inserting (4.273) together with (4.277) into (4.272) yields for the dynamics of the indi-

vidual components Bloch vector the result

A [Voe Voeg| . .
s1(t) = ’—029| coS(Ppeg) [1 — cos(Qrt)] + [Voe| sin(@peg) sin(Qrt) , (4.278)
95 hQr
A Voed| . Voe .
So(t) = —# sin(pgeq) [1 — cos(Qrt)] + |hOTg| coS(Ppeg) SIN(QR1) , (4.279)
R R
A |Voe|”
t) = —— — —2 Qgt). 4.2
S3< ) 912:{ (hQR)Q COS( R ) ( 80)

In order to check this finding we compare it with the corresponding dynamics found for the
Rabi model in subsection 4.4.1. To this end we have to consider how the Rabi model was

mapped onto the spin 1/2-model via the following steps:

e At first we have to take into account that the energy was shifted by going over from
(4.179) to (4.180). To this we go back to (4.135) and rewrite E, = (E. + E;)/2 — hwy/2
as well as B, = (E. + E;)/2 4 hwy/2, yielding

W(t» — efi(Ee+Eg)t/2h Cg(t)efiwot/Q ’g> + Ce(t)eiwot/Q ‘€>] . (4.281)

e Afterwards the unitary transformation (4.190) and (4.193) is performed, which leads with
the detuning (4.129) to

() = e EFENG (1) |g) + 2 (t) [e) | (4.282)
where the respective transformed coefficients read

Cy(t) = cy(t)e' ™2 |g) Ce(t) = ce(t)e 22 Je) . (4.283)
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e Inserting the solution of the Rabi model (4.162) and (4.163) in (4.283) then yields for the

transformed coeflicients

eq| Qgrt
G(t) = —i%ewoeg sin (%) , (4.284)
. Qgt A [Qgt
Gy(t) = cos (T) — ZQ—R sin (T) : (4.285)

e The density matrix corresponding to the pure state (4.281) turns out to not depend on

the physically irrelevant energy scale £, = (E. + E,)/2:

(O E(t)E(t)
Gt (t)  1e,t)) ) (4.286)

On the other hand the density matrix must also be of the generic form (4.203):

M;;( L+ sa(0) sl(t)—i82(t))' (4287

50 = () (1) = (

2 Sl(t) + ZSQ(t) 1-— Sg(t)

Combining (4.284)—(4.287) a straight-forward algebraic calculation then shows with taking into
account the Rabi frequency (4.152) that the components of the Bloch vector s(t) coincide,
indeed, with the Bloch vector (4.278)-(4.280).

4.5 Jaynes-Cummings Model

We now treat the quantum electrodynamic version of the Rabi model, i.e. we study a two-level
system, which is coupled to a quantised electromagnetic field. For this purpose we assume for
the sake of simplicity that we can restrict ourselves to a single mode of the electromagnetic
field. This seems to be an unrealistic model, since a free atom interacts with all field modes,
as we saw in the treatment of spontaneous emission. On the other hand, it is possible to
construct environments for an atom through cavities in such a way that the density of states
of the electromagnetic field deviates significantly from the one of free space. Thus, microwaves
or optical cavities are able to select only single modes or multiple modes with large frequency
separations. In such cases, it is therefore quite appropriate to consider the interaction of a

two-level system with a single light mode.

4.5.1 Derivation of Model Hamiltonian
The starting point of the description is thus a Hamilton operator, which consists of three parts:

H=H +HD +HP. (4.288)

atom
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Figure 4.13: Unperturbed atomic energy levels a) before and b) after the shift of the zero-point
energy by the ground-state energy £, according to (4.293).

In the Hamiltonian of the electromagnetic field we neglect the vacuum energy, so it is given by
a0 = hwafa, (4.289)

and the Hamiltonian of the two-level system reads
Hytm = By 19) (9] + . le) (el - (4.290)

Formally, the two atomic states |g) and |e) can be identified with a spin down and a spin up
state according to (4.176). Thus, the Hamiltonian of the two-level system can be represented

by a 2 X 2-matrix:

i E. 0
HY),, = ( . E ) , (4.201)
g

which is equivalent to

. 10 10
Hi?iszg(O 1>+(E6—Eg)<0 0)' (4.292)

Shifting the energy zero point by the ground-state energy E,, as depicted in Fig. 4.13, then

R N 1 0 10
g — g% _ g = hw : 4.293
atom atom g 0 1 0 00 ( )

where we have introduced the atomic transition frequency (4.128). We now exploit the fact

leads to

that the unit matrix and the Pauli-matrices (4.177) form a basis in the space of complex-valued
2 x 2-matrices: To this end we consider the raising and lowering Pauli matrices (4.183) which
have the properties (4.185). With this we obtain

gm_(“)(OO)_(”), (4201)
00 10 00

so the Hamiltonian of the two-level system (4.293) reduces to

7O

atom

= hwyo 10— (4.295)



130 CHAPTER 4. EMISSION AND ABSORPTION OF LIGHT BY MATTER

From (4.66) and (4.67) we know that the interaction of the two-level system with an electro-

magnetic mode is given in the Schrédinger picture by

. [ hw
HP — d-e(a—al 4.2
i Ve e (a—a'), (4.296)

so the projection of the electric dipole moment d in the direction of the polarisation vector e

occurs. Now we translate this interaction operator into the spin language and project it onto
both the ground state |g) and the excited state |e):

HE HG (el AP e) (e AP gy \ _ . [hw (0 dy (a—ah
7 g (gl H®) |e) (g| AP |g) 2Vey \ di, 0 ’

where we used the dipole matrix element

duy = (e|d - elg) (4.297)

as an abbreviation. Thus, the raising and lowering Pauli matrices (4.183) occur also in (4.297):

A ] hw « .
H® = Ve (degos + dZyo-) (a — aT) : (4.298)

Multiplying out the two brackets yields in total four interaction terms:

~ hew
= —iy| 5 (degora — degoa" + diyo_a — djo_al) . (4.299)
0

Now we switch from the Schrédinger to the Heisenberg picture and discuss the resulting time

dependence of the respective operators. To this end we consider the Heisenberg equations for

the dynamics without interaction:

m% = [a, ﬁg‘;{d] = hw [a,a'a] = hwa, (4.300)
o .
iﬁ% = |:0-+7H§‘?())m:| = hwo oy, 040-]_ = —hwoo . (4.301)

From (4.300) we conclude for the dynamics of the field operators
a(t) = a(0)e™" at(t) = a'(0)e™™", (4.302)
and, correspondingly, we read off from (4.301) for the dynamics of the spin matrices
oy (t) = o (0)e ™t o_(t) = o_(0)e™", (4.303)

This gives qualitatively the following time dependencies for the four interaction terms of (4.299)

in the Heisenberg picture:

H(p) (t) ~ efzwgtezwt . efzwotefzwt + ezwotezwt . ezwotefzwt ) (4304)
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Figure 4.14: Illustration of the elementary interaction processes (4.307) between atomic two-
level system and cavity mode in the Jaynes-Cummings model: a) Absorption of photon and
excitation of two-level system as well as b) relaxation of two-level system and emission of

photon.

In the context of the rotating wave approximation, both the second and the third term can be

neglected because they oscillate rapidly, yielding approximately

. hw
AP = —iy [ ——— (dgoras — dio-al) (4.305)
€o

With this we are able to introduce a complex quantity ¢, which characterises the strength of

the light-matter interaction and has the physical dimension of a frequency:

hew hew
hg = —iy\| =——d., , hg* =1 a. . 4.306
977 2ve, T I = ave, M (4.506)
Thus, the interaction operator (4.305) is then given by
HY = hgo a+ hg*o_al. (4.307)

Here the first term means that the absorption of a photon yields a transition of the atom from
the ground to the excited state, whereas correspondingly the second term describes an atomic
transition from the excited to the ground state giving rise to the emission of a photon, see
Fig. 4.14. As a result we obtain the model suggested by Edwin Jaynes und Fred Cummings in
1963, which is described by the Hamilton operator [41, 42]

Hyc = hwa'a + hwooo_ + hgopa + hg'o_a' . (4.308)
In the following we investigate the properties of this model analytically. It should be noted
that the Jaynes-Cummings model can also be solved exactly without the rotating wave approx-
imation used here [43, 44].

4.5.2 Eigenvalue Problem of Model Hamiltonian

First of all, let us characterise the underlying Hilbert space. It is spanned by the basis states

{lg) IN),le) |IN)}, N=0,1,.... (4.309)
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This means that the two-level system is either in the ground or in the excited state and that
a certain number of photons NV is stored in the electromagnetic mode. These basis states are

already eigenstates of the non-interacting Jaynes-Cummings Hamiltonian:

(hwa'a + hwooro_) |g) |N) hwN |g) |N) (4.310)
(hwa'a + hwooro_) |e) |N) = (hwN + hwy) |e) |N) . (4.311)

This observation raises the question how the basis states (4.309) are affected by the interaction

operator (4.307). The observation
hgo.alg) [N) = hgV'N |e) [N = 1) , hg*o_a'|e) [N = 1) = hg"VN|g) [N)  (4.312)

suggests that the two-dimensional subspace, which is spanned by |g) |N) and |e) [N — 1), could
possibly be an eigenspace of the Jaynes-Cummings Hamilton operator (4.308). In order to

explore this further let us consider the operator
N=adla+le)(e| =a'a+ o0, (4.313)

which measures the number of polaritons, i.e. the number of excitations at which the two-level
system and the light field are coupled together. The operator (4.313) has the property to be
already diagonal with respect to the basis states |g) |[N) and |e) |N — 1) of each two-dimensional

subspace:
Nlg)|N) = Nlg) [N}, Nley|N=1) = Nle)|N - 1) . (4.314)

Furthermore, we can explicitly show that the polariton number operator (4.313) commutes with

the Jaynes-Cummings Hamiltonian (4.308):
[N, PAIJC} = [dT& + oo ewi'a + hweero_ + hgo a + hg*a_&q B

= hg <[de, d] oyt [oro 04 d) + hg* ([de, dw o_+ojo_,0]_ &T>
= hg(—aos +0.a)+hg* (a'lo_ —a'o_) =0. (4.315)

This means that N and Hjc have a common set of eigenstates. They can be characterised by
the quantum number N of the polariton number operator N. In the special case N = 0 the

following applies:
Hic|g,0) =0. (4.316)

On the other hand in case of N = 1,2,3,... there is a two-dimensional subspace that is
spanned by the states |g, N) and |e, N — 1). Therefore, the Jaynes-Cummings Hamiltonian
is diagonalised in this two-dimensional subspace. Let us consider the matrix elements of the
Jaynes-Cummings Hamiltonian (4.308) in the two-dimensional subspace
O _ ( (e, N —1|Hycle,N —1) (e, N — 1| Hyclg, N) )
JjC 5

! ! (4.317)
(9, N|Hycle, N — 1) (9, N|Hjc lg, N)
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Figure 4.15: Polariton branches (4.323) of the Jaynes-Cummings model as a function of the
detuning A.

which reduce to

Y = ( hw(]\;g_*\l/)% fio hgw‘/g ) . (4.318)
For the eigenvalues of the 2 x 2-matrix
Det (H%) - E> - ‘ huo(N _FL;):/LNMO -k hf?V\/—NE —0 (4.319)
we get with the detuning (4.129) the quadratic equation
E? — (2hwN — hA) E + hwN (hwN — hA) — B2 |g|* N = 0. (4.320)
Its solution yields
Eny = hwN — % + SRN(A) , (4.321)

where we have introduced the generalized Rabi frequency

Ry(A) = /A2 +4]g]* N . (4.322)

Thus, there exist two energy eigenvalues for each polariton number N, namely the upper
polariton branch Ex, and the lower polariton branch Ey_. In view of a suitable graphical

representation we rewrite (4.321) as follows:

Eni — hwN A A2
N — ( )+N. (4.323)

hlgl 2]l 219

In Fig. 4.15 we depict that the polariton energies (4.323) as a function of the detuning A
represent hyperbolas that asymptotically approach the red lines. We observe that no energetic
degeneracy occurs and that we have a non-linear dependence on the polariton number N due to
generalised Rabi frequency (4.322). Therefore, the Jaynes-Cummings model has a much more

complicated dynamics than the Rabi model, as we will now reveal step by step.
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4.5.3 Vacuum Rabi Oscillations

We first consider the special case of resonance w = wy, where the detuning vanishes, i.e. we have
A = 0. The Jaynes-Cumming-Hamiltonian (4.308) then reduces with the polariton operator
(4.313) to:

Hyc = hwN + hgo.a + hg*o_a' . (4.324)

In the following we determine the solution of the corresponding time-dependent Schrodinger

equation

0 .
th o [¥(t)) = Hic (1)) (4.325)
for the initial state
[(0)) = i) =le,N) ; N=012,.... (4.326)

Due to the Jaynes-Cummings Hamiltonian (4.324), this initial state |¢) is only coupled to the

final state
lfYy=1l9,N+1). (4.327)
Therefore, we perform the solution ansatz
[¥(8) = cit) [1) + e, @) [f) (4.328)
so that the initial condition (4.327) translates into
c(0) =1, cr(0) =0. (4.329)

Inserting the solution ansatz (4.328) into the time-dependent Schrodinger equation (4.325), we
get at first

ihés(t) i) + ihés (1) 1) = Hyc[es(®) i) + ¢, 8) 1) ] (4.330)

Projecting (4.330) to the initial state |i) then leads to

ihé;(t) = ei(t) (i| Hyc i) + ¢;(t) (3] Hyc |f) (4.331)
which reduces to
ihé;i(t) = hw (N + 1) ¢;(t) + hgV' N + 1 cs(t) . (4.332)

Correspondingly the projection of (4.330) to the final state | f) results to

ihég(t) = ci(t) (| Hyc |i) + cp(8) (| Hac |f) (4.333)



4.5. JAYNES-CUMMINGS MODEL 135

yielding
ihép(t) = hg"™VN + 1¢i(t) + hw (N + 1) ¢s(2) . (4.334)

Due to the assumed resonance w = wy both differential equations (4.332) and (4.334) are

simplified by transforming into a co-rotating coordinate system:
¢i(t) = &(t)e WL cp(t) = ép(t)e WL (4.335)

The transformed coefficients then satisfy the following two differential equations:

G(t) = —igV N +1&(t), (4.336)
er(t) = —ig"™VN +16(t). (4.337)

Eliminating ¢¢(t) leads to a second-order differential equation for ¢;(t), which corresponds to a

harmonic oscillator:
&i(t) = —igV'N +1é4(t) = — g (N +1) &(t). (4.338)
The general solution of (4.338) reads

&(t) = Acos (\g\ \/N7+1t> + Bsin (]gy Mt) , (4.339)

so we obtain for ¢;(t) the result

&(t) = g\’;% - ”gg| [—Asin<|g|\/mt> +Bcos(|g|mt)] L (4.340)

Incorporating the initial condition (4.329) leads to

G0)=A=1 ¢i(t) = cos (|g| VN + 1t)
% = v (4.341)
cr(0) =i %B =0 ép(t) = —i\/%sin (lg] VN +1t)

With this the probability of being in the initial or final state results in
1
Pt) = |e)? = &) = cos? (|g| VN + 1t) - > {1 + cos (2 9| VN T 1t)] . (4.342)
1
Prt) = |es())? = |er0)]? = sin? (\g\ VN T 1t> = {1 ~sin (2 9| VN + u)] . (4.343)

This means that the probabilities (4.342) and (4.343) oscillate in the same way as in the Rabi
model according to (4.164), see Fig. 4.16. But in the Jaynes-Cummings case the quantum

electrodynamic Rabi frequency reads
Qr(N)=2|g| VN +1, (4.344)

which depends nonlinearily on the photon number N. This means that Rabi oscillations even

occur in the vacuum, which is characterised by having no photon at all, i.e. N = 0. In contrast



136 CHAPTER 4. EMISSION AND ABSORPTION OF LIGHT BY MATTER

1
lt)

> Jlg(N) T

0 \\/ \—:,,

Figure 4.16: Probabilities to be in the excited state (4.342) or in the ground state (4.343)
oscillate with the quantum electrodynamic Rabi frequency (4.344).

to that oscillations in the Rabi model only exist according to (4.164) provided that the electric
field and, thus, the matrix dipole moment is different from zero. The vacuum Rabi oscillations
in the Jaynes-Cummings model have therefore no classical counterpart. Physically, they can
be explained by the fact that the atom spontaneously emits a photon, see Fig. 4.14b) and then
reabsorbs it again, see Fig. 4.14a), which is a reversible process. Such effects can be observed

in atoms in a cavity, where the lifetime of a photon is long enough.

4.5.4 Collapse and Revival

Actually, it is astonishing that a non-classical Fock state as an initial condition of the Jaynes-
Cummings dynamics leads to an oscillation that corresponds to that of the classical Rabi model.
In contrast to that one would rather expect that a coherent state as an initial condition would
lead to a classical Rabi oscillation of the Jaynes-Cummings model. In the following we will
see that this intuition fails and that a coherent state as an initial condition leads instead to a

surprisingly complex Jaynes-Cummings dynamics.

To this end we solve again the time-dependent Schrodinger equation (4.325) for the Jaynes-
Cummings Hamiltonian without detuning (4.324). The most general solution is described by

the following ansatz:

)= 3" [en(0) o) + cenlt) e} ] 1) (4.345)

n=0

Inserting this ansatz into the time-dependent Schrodinger equation (4.325) with the Jaynes-
Cummings Hamiltonian (4.308) leads to:

mZ [gn(t)19) + Cen(t) e} | In) = o> [ncgn(t) g} + (4 1) cen(®) e} | )
+hg Z Vieg(t) le) [n = 1) + hg" > " v+ Tean(t)|g) In+1) . (4.346)

Here we perform in the last two terms the resummations n’ = n—1 and n’ = n+1, respectively,

so that they turn out to be of the same form as the rest of the terms. This makes it possible
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to project (4.346) onto the states

g) In) and e} [n):

ihcgn(t) = hwncg,(t) + hg'v/ncen—1(t), (4.347)
ihten(t) = hw(n+1)cen(t) +hgvn + Legnia(t). (4.348)

As expected from the general structure of the Jaynes-Cummings Hamiltonian, we obtain for

cgn(t) and c,—1(t) a closed system of differential equations:

en(t) = —iwncg,(t) —ig" v/ncen—1(t), (4.349)
Cen1(t) = —iwnce,—1(t) — igy/ncg(t) . (4.350)

Since the detuning is assumed to disappear, also this system of differential equations simplifies

considerably when we transform into a corresponding co-rotating system according to
con(t) = Egn(t)e’i‘”"t , Con—1(t) = Con_1(t)e ™. (4.351)
With this (4.349) and (4.350) are converted into

En(t) = —ig"/Néen1(1), (4.352)
C;enfl(t) = _Zg\/ﬁégn(t) (4353)

Eliminating ¢.,—1(t) we obtain a second-order differential equation for ¢, (t):
() = —i9"Ven1(8) = — g ngn(2). (4.354)
This represents the differential equation of a harmonic oscillator, which has the general solution:
Cqn(t) = A, cos (|g| V/nt) + By, sin (|g| v/nt) . (4.355)

The corresponding general solution for ¢, 1(t) then reads

= _Lé —i /L -4, sin n cos n
Conet) = ) = iy [ L [~y (o] Vit) + Bycos (ol vir)] . (4350

Let us consider as the initial state |1/(0)) the most general possible pure state, which consists

of the atomic state

‘watom> = Cy ’Q> + ce |€> (4357)
and the field state
‘wﬁeld> = Z Cn ’n> (4358)
n=0

via the factorization

9(0)) = [Yatom) [Vfe1a) - (4.359)
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This has the following consequences for the initial values of the coefficients ¢, (t) and c.,(t):
an(O) = 6gn(o) =A, = CyCn s (4.360)
Cen(0) = En(0) =iy /LBy = ceca, (4.361)
g

B, = —iy/ g CeCr_1 - (4.362)
g

With the coefficients A,, and B,, determined according to (4.360) and (4.362), the solution of
the initial value problem follows from (4.355) and (4.356):

where we conclude from (4.361)

() = fj{H [cecncos(|g|mt)—@\/; cgcnﬂsm(|g|mt)}|>

Femtwnt {cgcn cos (|g] v/nt) — i\/gcecn_lsin (Ig] \/ﬁt)} l9) } In) . (4.363)

Thus, we read off from (4.363) that an initial pure product state of light and matter (4.359)
becomes a mixed state of light and matter due to the Jaynes-Cummings dynamics.

In the following we restrict ourselves to the special case ¢, = 1, ¢, = 0 and obtain

[9(8)) = [¥e(t)) |€) + [1h4(1)) |9) (4.364)

with the atomic wave functions

o0

[Gelt) = Y e e, cos (lgl Vit 1t) fn) (4.365)

n=0
() = —z'\/% 3 el sin (| glVnT u) n+1) . (4.366)
n=0

As a crosscheck, we note that the subsequent specialisation ¢, = 6,y leads, indeed, to the
vacuum Rabi oscillations (4.335) and (4.341) discussed in the previous section. But without
this further specialisation we obtain a quite complicated dynamics. For the probabilities of

being in the excited state and in the ground state, respectively, we get

Pt) = (el(t) Zm cos? (Va+1lglt) . (4.367)

o0

J(1) = (W) = 3 lealsin? (Vi Tglt) | (4.368)

n=0

so that the atomic occupation inversion results in

W(t) = P.(t) = Py(t) = 3 leal? cos (2\/n 1] t> . (4.369)

n=0
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Figure 4.17: Collapse and revival dynamics of the atomic occupation inversion (4.371) sketched
for an average photon number (n), = 5. Collapse time ¢, and revival time ¢, are determined
below in (4.386) and in (4.391), respectively.

As a concrete example, we now consider as an initial state the most classical of all quantum
states of light, namely a coherent state |«), which is Poissonian distributed with respect to the
Fock states according to (3.190), see Fig. 3.7:

2n
[ol” o (4.370)

a” 2
_ ~lal?/2 Po— e =
Cn = € ) n = [Cn| =
Vil i
In fact, we have checked in (3.198) that the Poisson distribution (4.370) is normalised. Further-
more, the average photon number led in (3.199) to the result (n), = |af?, so that the Poisson
distribution (4.370) can also be rewritten according to (3.202). With this we obtain for the

atomic occupation inversion (4.369)

n

W(t) =e Ma f: a o (2\/71 + 1| t> : (4.371)

n!

n=0
We read off that the fully quantised dynamics represents a superposition of Rabi oscillations

with the quantum electrodynamic Rabi frequencies (4.344) and, thus, differs strongly from a

classical Rabi oscillation as is illustrated in Fig. 4.17:

e At the beginning, the Rabi oscillations seem to be damped, which is called a collapse.

This was already noticed early on in the analysis of the Jaynes-Cummings model.

e Only a few years later, after the computer programs ran longer, it was discovered that

after a certain rest period the Rabi oscillations begin again, which represents a revival.

e At even later times, one finds a sequence of collapses and revivals, with the revivals

becoming less pronounced as time progresses.

Let us at first roughly estimate the collapse time. To this end we note that the dominant
contribution in the series comes from that summand n, which coincides with the average photon

number (7). The corresponding quantum electrodynamic Rabi frequency (4.344) is:

Qr((),) = 219l /() + 15 2[g[ /() - (4.372)



140 CHAPTER 4. EMISSION AND ABSORPTION OF LIGHT BY MATTER

The physical origin for the collapse is a dephasing due to a superposition of Rabi oscillations,

which occur in the interval [(n),, — An, (7)., + An] with the frequency uncertainty
AQr = Qg ((R), + An) — Qg ((n), — An) . (4.373)

In case of a large average photon number, i.e. (1), > 1, we conclude from (4.372)

(), An) = 2[g] /() 1+ 1?A”~2|g|r( So) . s

so that the frequency uncertainty (4.373) amounts to

A
AQg = 2 |g| — . (4.375)
(7)o
As a coherent state has the property An = /(n), according to (3.201), the frequency uncer-
tainty (4.375) reduces to
AQg = 2]g| . (4.376)

The collapse time can then be crudely estimated from the uncertainty relation between time
and frequency:

1
21g] "

Thus, the collapse time in case of (1), > 1 turns out to be independent of the mean photon

te- AQg ~ 1 — te = (4.377)

number (7)., and is only given by the light-matter interaction strength g.

Now we aim at determining the collapse time more precisely. Here we are guided by the idea
that all summands n contribute in the immediate vicinity of (n),, so that n — (n), can be
regarded as a small quantity. This allows us to approximate the quantum electrodynamic Rabi
frequencies (4.344) involved as follows:

On(n) = 2[glvn+1=2|gl\/(A), + 1+ (n—(A),) =2lgl\/(7) \/H +1

— (M),
2 (i), + 1)

Q
[\
=)
2
+
—

{H ] 2ol S+ 1+ Jg] a4 37)

<n>a +1

In this approximation, the atomic occupation inversion (4.371) is given by

iy, N () Ig|t Igl
W(t) = e ™a < lexp + 2i |g| o 1t — + h.c.| .(4.379)
HZ:O 2n/! V(R)
Now the series can be evaluated explicitly
SERp iglt \|" ilg|t
— | (), exp | T—F/—— = ex exp | t——— 4.380
;n! [( ) p( <ﬁ>a+1> p[() p( RS (4.380)
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Inserting (4.380) into the atomic occupation inversion (4.379) we obtain

Wi(t) = {exp [ (2\gh/ LT 1- ]g] >t+<ﬁ>a (e\/%—l)

With the help of the Euler formula

i—lglt t t
e Vet — Ccos [L + 7sin [L (4-382)
() +1 () + 1

this leads directly to the final result

W(t) = cos [<2|g| (n), +1— |g| )t+<ﬁ>asin< <7|;;|t+1>

X exp {— (n), [1 — cos (%) } . (4.383)

Now we analyze (4.383) in view of the collapse, which occurs for small times t. Therefore, we

- h.c.} (4.381)

assume that the inequality

lg|t

— <1 4.384
W, 41 o

is fulfilled, so that the atomic occupation inversion (4.383) reduces to

() 9|t

2((n)g +1)

Here, the first factor describes, indeed, a classical Rabi oscillation with the quantum electrody-

W (t) =~ cos (2 lg] \/(7), +1 t) exp [ (4.385)

namic Rabi frequency (4.372), which comes from the mean photon number (7). The second

factor, however, represents a Gaussian envelope from which the collapse time can be read off:

(4.386)

At first we note that the obtained collapse time (4.386) does, indeed, satisfy the approximation
of small times demanded in (4.384). Namely it holds

lgte

2
V), +1 \ (),

provided that the mean photon number (n), is large enough, i.e. (n), > 1 is fulfilled. Fur-

<1 (4.387)

thermore, we conclude in this limit (1), > 1 that the collapse time (4.386) is approximately
independent of (n),:

5
V2 (4.388)

9]
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This result agrees with that of the above rough estimate (4.377) except for the numerical factor.

Let us now roughly estimate the revival time. To this end we recall that the atomic occupation
inversion (4.371) is a superposition of Rabi oscillations with the quantum electrodynamic Rabi
frequencies (4.344). In case that two neighbouring terms have the phase (2k + 1) 7 or 2k7 with
k € N, then the largest possible destructive or constructive interference occurs. Thus, a revival

occurs provided that
[ (@), + 1) = O (7)) ] te = 26 (4.389)
is fulfilled, since the summand with n = (), makes the dominant contribution. Using (4.374)

with An =1 or An = 0 we deduce from (4.389)

Ty 2
|g|/\ — 2]{7_‘_ :> tr — <n>a
() 9l

In the case of (i), = 5, this leads to the revival time ¢, = 2mv/5/ |g| ~ 14/ |g|, see Fig. 4.17.

2k . (4.390)

Subsequently, we also calculate the revival time more precisely. To this end we go back to the
previous result (4.383) and directly apply the approximation of a large mean photon number,
ie. (n), > 1. The first factor in (4.383) describes then the dominant fast oscillating Rabi
oscillation with the frequency (4.372). The second factor, however, represents the envelope,
which leads for small times to the result (4.386) for the collapse time. For large times, however,

the envelope is periodic and the maximum amplitude occurs at

iy, + 1
I VA L e Y (4.391)
(Ao + 1 1

In case of (n), > 1 this is consistent with the above rough estimate (4.390). Furthermore,
provided one knows that the photon statistics leading to Jaynes-Cumming collapse and revival
dynamics stems from a coherent state, measuring collapse and revival time (4.386) and (4.391)
allows to reconstruct both the mean photon number according to
P2
(ny, =2 (?) (4.392)
and the light-matter interaction strength via

21 2
g] = —VQL;Q” (4.393)
In this context we mention that Ref. [45] analyzes the collapse-revival dynamics (4.371) of the
atomic occupation inversion in the Jaynes-Cummings model in more detail on the basis of the
Poisson sum formula (2.217) introduced in Subsection 2.17.3. On the one hand it becomes
possible to determine the collapse and the revivals for a general photon distribution by approx-
imately evaluating the involved integrals in case of a slowly varying photon distribution. This
approach is illustrated by dealing with the examples of both a coherent and a squeezed photon
distribution. On the other hand this also allows to reconstruct the underlying photon statistics

of the quantized field by measuring the atomic collapse of a single revival.
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4.5.5 Dressed States

There are many methods available for determining the dynamics of the Jaynes-Cummings
model. So far we have directly solved the underlying Schrodinger equation for some initial
wave function of both the two-level atom and the electromagnetic mode. By doing so, we have
restricted ourselves to a vanishing detuning in order to reduce the complexity of the calculation.
Now, however, we work out another important approach to unravel the dynamics of the Jaynes-
Cummings, which is based on the stationary states of its Hamiltonian. For reasons, which
become clear shortly, these eigenstates are called dressed states. And for this dressed states
approach we do not demand a vanishing detuning but we consider the more general case of a
finite detuning and go back to the Jaynes-Cummings Hamiltonian (4.308). In Subsection 4.5.2
we have seen that the underlying Hilbert space is spanned by the basis states (4.309) and that

it decomposes into the ground state |g,0) and an infinite set of two-dimensional subspaces
{lg, N),le, N — 1)} | N=12.... (4.394)
Each one of these two-dimensional subspaces is spanned by the states
[Yiv) = le, N = 1), [Van) = |9, N) (4.395)
which are orthonormal
(Vin|tin) = 0ij . (4.396)

Projecting the Jaynes-Cummings Hamiltonian (4.308) into such a two-dimensional subspace
leads according to (4.318) to a 2 X 2-matrix:

: hwN — hA  hgv' N
<H§]C\:[)zj> = (W%’N‘ Hjc WjN>> = < hg' VN gw\/]\f_ ) : (4.397)

In Subsection 4.5.2 we have determined its energy eigenvalues (4.321), which depend via the

generalized Rabi frequencies (4.322) on the detuning (4.129). But now we determine the cor-

) o 0
(HJC,z‘j - 5ijENi> e = 0 . (4.398)

responding eigenstates:

2
Thus, we have to solve the following set of linear homogeneous equations:
h h
—§A:F§RN(A) hgv'N < civ’i ) < 0 )

B g L . (4.399)

hg*vV'N 5 AF 5 Ry(d) €y’

As both equations are linear dependent, we can restrict ourselves to one of them without loss
of generality. For the upper polariton branch, which corresponds to the case ”"+7, we take the
first one from (4.399)

A = 2gV/ NN+
At = [RN(A) + A} Nt

h

- (4.400)

[A + RN(A)] At 4 hgYNet =0 =
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The normalisation condition yields:

2 eisoN o+

\/2RN N(A)+A]

(4.401)

With this the eigenstate for the upper polariton branch finally reads with the generalized Rabi
frequency (4.322) and g = |g| "¢

ANt = 29\/_€Z¢N By(A) - A oi(#N T Heg) (4.402)
' V2RN(A) [Ry(™) + 4]\ 2RN(A) ’
R (A) + A . Na
N+ _ N ip 4.403
“ 2Rn(A) € (4.403)
For the lower polariton branch, which is characterized by the case ”-”, however, we take the
second equation from (4.399)
h " = [Ry(A) + Al N
hg*VNe) ™ + Z[A+ Ry(A)] ey =0 — . Fin(A) + 4] . (4.404)
2 Cy = —2g*\/NcN’*
The subsequent normalisation yields the normalisation constant
2 2 il
AR T \cgv- =1 = &= ‘ (4.405)
V2RN(A) [Ry(A) + A
Thus, the eigenstate for the lower polariton branch reads
_ Rn(A)+ A o~
AR et ey $L 4.406
Cl 2RN(A) € 9 ( )
—2g*V/Nei#™™ Ry(A) = A jn-
CéV,— _ gV Ne S —N( ) ei(#V—wa) | (4.407)
V2RN(A) [Ry(A) + A 2RN(A)
Indeed, both eigenstates are orthogonal
AT e T =0, (4.408)
Thus, the coefficients c * define a linear transformation with the matrix
BN(D) A o) [BvB) £ A
2RN(A) 2RN(A)
U(A,g) = v &) il . (4.409)
M eitpN’i RN SDg‘f‘SO
2RN(A) 2RN

which maps the bare states [i;x) defined in (4.395) to the dressed states |N, £):

( ;]]\\; 3 ) = U(A,g) ( :z;g; ) . (4.410)
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Figure 4.18: The relative position of the bare energy levels corresponding to the bare states
defined in (4.395) depends on the sign of the detuning: a) A < 0 and b) A > 0.

Now we still have to fix the phases p™* from the normalisation constants (4.401) and (4.405).
To this end we note that the relative position of the bare energy levels depends on the sign
of the detuning A as is sketched in Fig. 4.18. Furthermore, we specialize the transformation
matrix (4.409) for vanishing coupling, i.e. ¢ = 0, so that the generalized Rabi frequencies (4.322)
reduce to Ry(A) = |Al:

|A| — A (cpq+<.0N+> |A| +AewN,+
2|A| 2|A|
U(A, g =0) = (4.411)
|A[+A A 1Al — A Jilpg—e™)
20A 2|A|

In the case A < 0, i.e. A = —|A|, the matrix U(A, g = 0) coincides with the identity matrix

provided that the phase o™'* are fixed according to
(PN7+ = —Pg QONV_ =gt (4.412)

With this the transformation matrix (4.409) turns out to the manifestly unitary form

N 1 N —ipg
U(A,g) = o ij ),. sin (3 li (4.413)
— sin (7) ¥y cos (7)
due to the identification
PN Ry(A) — A N Ry(A) +A
on _ v\ _  [ENB) TS 4.414
cos < 2 ) oRy(A) T TP\ 2 2Ry (A) (4-414)

Indeed, the trigonometric Pythagoras is fulfilled

cos’ <¢7N> + sin? (%V) =1. (4.415)

Furthermore, the angle ¢y is determined via

sin(on) 281n(¢”)cos(¢N) _ 2[g|N

tan(on) = cos(dn) T cos2 (¢é\f) sin (¢N) —A

¢n = arctan <2|_g|AN) .(4.416)

Thus, the dressed states, which are also called the Jaynes-Cummings doublet, coincide for

vanishing coupling g = 0 with the bare states. Conversely, the bare states at g = 0 split into
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Figure 4.19: The interaction between light and matter changes the bare states |¢;n) at g = 0
into the dressed states |V, £) at g # 0.

the dressed states at g # 0, see Fig. 4.19. This is a kind of Stark shift, which is often called
the AC or dynamic Stark shift.

Note that in the limit of an exact resonance, where the detuning A vanishes, the bare states
(4.395) are degenerate, but the splitting of the dressed states remains due to (4.321) and
amounts to Ry(A = 0) = 2|¢g|N. In this limit A = 0 the angle (4.416) is given by ¢y = 7/2

and the unitary matrix (4.413) turns out to be independent of the absolute value of the coupling

lgl:

U(A = 0,g) = = ( 1 e ) . (4.417)

—el¥g 1

The concept of the dressed states turns out to be quite useful for determining the dynamics of
the Jaynes-Cummings model even for non-vanishing detuning, i.e. A # 0. In order to explore
this notion in detail, we assume the initial condition that the two-level atom is in the excited
state and allow any configuration of the electromagnetic field mode. Taking into account the
bare states (4.395) we thus have

[W(O0) =1le) Y enIN) = > enale, N =1) =) ena [drn) - (4.418)

N'=1

Inverting relation (4.410) between the bare and the dressed states yields due to the unitarity

of the matrix U(A, g)
WlN) _ ‘N’ +>
( o > =U'(A, g) ( N ) ) , (4.419)

so we get with (4.413) in particular

|Y1n) = cos (Q%N) |N,+) — sin (%V) e "9 |N,—) (4.420)

and the initial condition (4.418) reads finally

|4(0)) = Nich_l {cos (%) |N,+) — sin (%N) e "9 |N, —>] : (4.421)
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The time evolution of the state is determined by applying the Jaynes-Cummings time evolution

operator to this initial state:

(1)) = e Het/m [y (0)) . (4.422)

Here we can use the fact that the dressed states |N,+) are by construction eigenstates of the

Jaynes-Cummings Hamiltonian:
e ot | N 1) = e BNt N 4 (4.423)

Thus, combining (4.421)—(4.423) the time-dependent state reads

[e.9]

[(t)) = Z CN_1 [cos <¢N> “EN N 4) — sin (%V) e"Wa TN N Y| (4.424)

N=1

Now we insert therein the relation between the bare and the dressed states, which follows from

(4.410) and (4.413)
IN,+) = cos (¢N) |t1n) + sin <¢2N> e~ [ hyn) (4.425)

Vo) = i () o)+ cos (50 o) (1.426)

and obtain with this

= B e () e fom () o o (5 )]
— sin (Q%N) e~ WaeT BN ~t/h [— sin (%V) %9 by ) + cos ( ) \ngﬁ } . (4.427)

Taking into account the energy eigenvalues (4.321) then gives

W) = 3 y_ye N o { { (%N ) RTINS, (%N ) eiRN(W} Ban)

N=1

+sin (¢2N) cos (%V) e~ s [e_iRN(A)t/Q — eiRN(A)t/Q} |an) } : (4.428)

Applying the Euler formula leads to

Nio:l CN—1€_i(wN+A/2)t{ [ ((3082 (%\7
—1 (COS2 <¢7N) — sin? (%\])) sin
—2¢sin (Q;N) (%) e~ %9 sin <RN2(A> t) |Yan) } . (4.429)

oo () (242
(n42)

9 ’wlN>
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Figure 4.20: Vacuum Rabi oscillation with generalized Rabi frequency (4.322) for vanishing

and non-vanishing detuning A.

Using the generalized Rabi frequencies (4.322) and the definition (4.416) of the angle ¢y trigono-

metric identities yield in case of A < 0:

cos’ <¢—N> — sin? (¢—N) = cos(¢py) = = = ! __—Aa , (4.430)
2 2 V14 tan?®(¢n) /14 4\gA|22N Ry(A)
. [ ON onY) _ tan(¢n) _ 2[g| VN
2sin (7) Ccos (7) = sin(¢y) = k(o) = Ry(A) (4.431)

which implies:

(D) = icNeWHHA/Q]t {[COS(RN+21(A) t) ”RMAl(A) w (RN+21(A)t>}|e, )

N=0
2¢*VN +1 | <RN+1(A)) }

22V T i (SR ) g, N+ 1) b 4.432
TN 5 g ) (4.432)

This result is of the generic form (4.364) with

’we(t» _ i CNefi[w(NJrl)JrA/?}t |:COS (RN+1(A)t) +i A sin (RN-H(A)t)} ‘N> :
N=0

2 "Ry (D) 2
t = cye wNH)+A/2)t gV T sin <+— N+1). 4.433
) = 3 e i 2= vy (1.433)

Thus, the atomic population inversion W (t) = (¢ (t)|1e(t)) — (y(t)|0,(t)) vields with the
generalized Rabi frequency (4.322)

%0 A2+ 4g]> (N + 1) cos (\/A2+4|g|2(1\7+1)t>
W)= lenl’

N=0

; (4.434)
A2 +41g|" (N +1)

For vanishing detuning A = 0 we observe that Eq. (4.434) recovers the previous result (4.371).
Furthermore, in the limit of large detuning, i.e. A — oo, we obtain for the atomic population
inversion (4.434) the result W(t) — 1, i.e. the system remains in the excited atomic state

irrespective of the photonic distribution. Finally, we mention the interesting special case to
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consider an initial Fock state, which corresponds to restricting (4.434) to one term and leads
to a vacuum Rabi oscillation with the generalized Rabi frequency R,;1(A) defined in (4.322),
see Fig. 4.20. We recognize that for increasing detuning A the vacuum Rabi oscillation occurs

with a larger frequency and a smaller amplitude.

4.5.6 Density-Matrix Approach

So far we have always assumed that, initially, the field and the atom are in a pure state. In
general, however, one or both subsystems may initially be in a mixed state. Then, it becomes
mandatory to determine the dynamics of the Jaynes-Cummings system from the point of view
of the density matrix. To this end we start with the underlying Hamiltonian at resonance

w = wp, i.e. A =0, given in (4.324) and decompose it according to

Hyc = H\Y+ AY (4.435)
into the unperturbed term
ﬁ}o) = hw (de +oi0-) (4.436)
and the perturbation
]315%) = hgoya+ hg*o_a' . (4.437)

In the following we use this decomposition (4.435)—(4.437) of the resonant Jaynes-Cummings
Hamiltonian and calculate the corresponding dynamics of the density matrix perturbatively.
But instead of truncating the perturbation series at any finite order we will show that it is
possible to sum it up to infinite order and, thus, to obtain the Jaynes-Cummings dynamics

exactly.

At first we deduce the evolution equation for the density matrix

p(t) = [¥(t)) (¥ (1)l (4.438)
of a pure state. Combining the Schrodinger equation and its adjoint
.0 ~ 0 A
o) = B, i ()] = ()] (1.439)
we straight-forwardly obtain
N U S
ihsp(t) = [H,p(t)}_ . (4.440)

This von-Neumann equation describes the evolution of the density matrix also when not a
pure but a mixed state is considered. As the Schrodinger equation and its adjoint (4.439) are

formally solved with the time evolution operator

() = e p(0)) (4.441)
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and its adjoint

WO = @O, (4.442)
the evolution of the density matrix p(t) = |¢(¢)) (¢(t)| of a pure state reads

pt) = e tHtM p(0)etHI/N (4.443)

with the initial condition p(0) = |1(0)) (¢(0)|. A differentiation with respect to time shows

that (4.443) solves, indeed, the von-Neumann equation (4.440) also for a mixed state.

In the second step we work out how to proceed in perturbation theory within the Dirac inter-
action picture. The starting point is that the Hamiltonian decomposes like in (4.435) according
to

H=H9+H® (4.444)

Schrodinger and Heisenberg picture are then defined by a time-dependent state vector [i(t))
and a time-independent state vector [¢)(0)), respectively, which are related via (4.441). This
implies a corresponding relation for their respective operators, where conversely the operator
in the Schrédinger picture Og is time-independent and its counterpart OH(t) in the Heisenberg
picture gets time dependent. To this end we use the fact that the expectation values in both

pictures coincide

(W ()| Os [1(1)) = ((0)] /" Oge ™M [45(0)) = (1(0)| On(t) [(0)) | (4.445)
so the operators transform via
Ou(t) = et/ Og et/ (4.446)

Now we introduce the Dirac interaction picture by transforming the operators not with the full

Hamiltonian H but only with the unperturbed one HO:
Op(t) = et/ Og e H Ot/ (4.447)
As also the expectation values in the Schrodinger and the Dirac interaction have to coincide
(¥ (8)] Op(®) [¢n(1)) = (o ()] ™" Og M i (£)) = (4(1)] Os (1)), (4.448)
this leads to the following transformation of the state vector:
() =T () () = T () (4.449)

Thus the evolution equation for the state vector in the interaction picture reads

Zh% lvp(t)) = euf[(t))t/h H® (1)) = f{]()p) (t) o (1)) . (4.450)
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From (4.449) and (4.450) we conclude that the perturbed Hamiltonian in the Dirac interaction
picture is defined like in (4.447)

[j[](jp) (t) = Ot/ fr(p) o—ilOt/h (4.451)

and, therefore, carries in general an explicit time dependence. Solving formally (4.450) yields

the time evolution of the state vector in the Dirac interaction picture

[4n(t)) = Un(t) [¥n(0)) (4.452)

with the time evolution operator UD(t) and the initial state is given by the corresponding one
in the Schrodinge picture due to (4.448):

[¥p(0)) = [¥(0)) - (4.453)

In order that (4.452) solves (4.450), the time evolution operator Up(t) must fulfill the initial
value problem
0 ~ . N
i Un(t) = HP () Up(t), Up(0) = 1. (4.454)

The dynamics of the density matrix in the Dirac interaction picture is given for a pure state
due to (4.452) by

po(t) = [n(8)) (U (t)] = Un(t) [(0)) ((0)| Uh(t) = Un(£)p(0)UL(1) (4.455)
But (4.455) turns out to hold also for a mixed state.

Thirdly, we specialise these general relations to the resonant Jaynes-Cummings model (4.435)—
(4.437). To this end we start with determining the time dependence of the respective operators

in the Dirac interaction picture:

e The time evolution of the photon annihilation operator in the Dirac interaction picture
follows from (4.436) and (4.447):
0)

R . ( ~ 170 P VI PN
(ZD(t) — e'LHJCt/hae iH55t/h plwa atae iwa'at (4456)

In order to simplify (4.456) we determine the corresponding equation of motion:

0 . O O e
Zh&d]}(t) _ hwezwaTat [&’ &Td}, efuuafat _ hwezwaTataefzwaTat — hw&D<t> . (4457)

Thus, integrating (4.457) yields
ap(t) = e “tq — alh(t) = e“tat (4.458)
so that ap(t) and al(t) turn out to fulfill the bosonic equal-time commutation relations:

[dD(t),dD(t)] :[@TD@),aTD(t)] —0, [aD@),aTD(t)} —1. (4.459)

This means that also in the Dirac interaction picture ap(t) and @l (¢) represent an anni-

hilation and creation operator for a photon, respectively.
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e In the same way we obtain also the dynamics of the raising operator of the Pauli matrix
in the Dirac interaction picture from (4.436) and (4.447):

0)

A o) ) »
O'+D<t> _ ezHJCt/h oLe iHyqt/h _ ezwa+o,to_+e iwoyo_t ] (4460)

Again we simplify by differentiating (4.460) with respect to time, yielding due to (4.301):
0

ihamr])(t) = hwe™ 7o, 0,0 ] e T = —hwe 7 lg e T = _hwo,p(t) . (4.461)

Thus, integrating (4.461) we conclude

oip(t) =e“lo, — o_p(t)=e™o_. (4.462)

With this we can now calculate the perturbed Hamiltonian (4.437) in the interaction picture
(4.451) as follows:

]:]]gp}c(t) = (i3t (hgoia+ hg*o_a') eIt — hgo,p(t)ap(t) + hg*o_p(t)ak(t) . (4.463)
Inserting (4.458) and (4.462) in (4.463) leads to
ﬁg?c(ﬂ = hge™to e a4 + hg*e “lo_e™'al = hgoia + hg*o_al = ﬁ}z&) ) (4.464)

Thus, due to the assumed resonance, the perturbed Hamiltonian in the Dirac interaction picture
turns out to be time independent. As a consequence, the initial value problem (4.454) for the

time evolution operator in the Dirac interaction picture reduces to

0 ~ IR A
ihy Up(t) = AP Uy (t) Up(0) =1, (4.465)
which is solved by
UD(t) — e—iﬁgg)t/h — e*i(QO’-‘—&‘i’g*O’_&T)t ) (4466)

Thus it remains to evaluate an exponential function
Up(t) = e O (4.467)

involving the operator

. 0 ga
O=go,a+ga = ( e 90 ) : (4.468)

via its Taylor series. To this end we decompose the latter into even and odd powers of the

operator O according to

" o T
o 4 S g 4.469
I ZO (2n +1)! (4.469)

o) = o0+ 3 (‘27?)
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The first powers of the operator (4.468) yield

. aat 0
o* = g " ), (4.470)
0 a'a
R A 0 aata
0 = 020=1g . . ), (4.471)
grataal 0
. s aat)? 0
Ot = 0202 =g/ (aa') e (4.472)
0 (aTa)
From (4.470) and (4.472) we read off via complete induction that the even powers of O result
in
R aal)" 0
o — g (@ .y 4.473
o ( ) (@) (1.473)
whereas the odd powers follow from (4.468) and (4.471)
R 0 a(ata)”
o+t g 7 9 (ala)" ) | (4.474)
gral (aaT) 0

Inserting (4.473) and (4.474) in (4.469) we get in total

2
(1 (ol tv/aa )" = (—1)" (gl tvala )
1 —itga
i +Z 2n)! 9 ) 5 )
Up(t) = n=1 m n=0 om . (4.475)
& (0 (ol 1aaT ) = (~1)" (lgl tvaa )
—itg*a 1
nga nz% 2n+1)! = 2n)!
so we recover the Taylor series of trigonometric functions:
0 (_1)nx2n SIHZE 0 n 2n
= ~ L 4.476
cosz =) 2n)! Z 2n + 1) (4.476)

n=0 n=

Thus, the resulting time evolution operator in the interaction picture is of the form

Up(t) = ( é<t; () ) (4.477)

with the respective operator-valued entries

) = cos(|g|t\/d&T>, é’(t):(:os(|g|t\/€ﬂ&> (4.478)
+  sin (|g| tV ddT> sin |g| t\/aTa)

§(t) = —iy/Lat : —i[ZLa . (4.479)
g Vaat g* Vata

The adjoint of the time evolution operator in the Dirac interaction picture (4.477) then reads

Uh(t) = ( _i?t) _C‘,Sgg) ) . (4.480)
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The time evolution of the density matrix in the interaction picture (4.455) results due to

(4.477)(4.480) in
oy [ Et) S (1) —=8(1)

irrespective of the particular choice of the initial density matrix p(0). Let us assume that the

initial density matrix factorizes according to
p(0) = pa ® pr (4.482)

and that both the atomic and the field part represent a mixed state. In case of the two-level

system the states

[¥a) = cele) +¢qlg) (Yl = (el ez + (gl ¢ (4.483)

lead to the density matrix

pa = [9a) (al = cect le) (e + cocl |g) (el + cecq le) (gl + cocy 1g) (9] - (4.484)

In the spin 1/2-notation for the two-level system this amounts to

|e><e|=<;)<1,o>=<é g) |g><g|=<f)<o,1>=<8 (1’) (4.485)
0 0 0 1 01
|g><e|=(1><1,o>=<1 0>, |e><g|=(0)<o,1>:(0 O) (4.456)

resulting in the 2 x 2 matrix

a = ( CeCe  Cey > . (4.487)
CyCy CyC
Correspondingly we characterize the field by the states
[p) = ealn) . (el = cn(nl, (4.488)
n=0 n=0

so that its density matrix results in

e = le) (el = D23 el lm) (] (4489

n1=0n2=0

Inserting (4.482), (4.484), and (4.489) into (4.481) has now the following consequence:

R B c(t)y §(t) \ . CeCh o CeC c(t) —§(t)
polt) = ( sty &) ) & < el ol ) ( —5(t) () )
_ e(t) 8'(t) \ . [ ceChe(t) — ceCpd(t)  —cechs'(t) 4 coci (1)
( s(t) &(¢) ) pr < CgChe(l) — cgChd(t)  —cyctd!(t) + cyeid (1) ) ' (4.490)
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A trace over all Fock states of the field yields the atomic reduced density matrix:

0 DA DA
poa(t) = Tre[pn(t)] = > (n] po(t) (gDAZ; ZDQAEZ) (4.491)

n=0

with the respective components

P () = Gl poa®) i) s i=g,e. (4.492)

Due to the normalisation of the reduced density matrix we conclude

Ta[ooa()] = 22O + R0 =1 = PR =1-RN0).  (4.493)

Thus, the atomic population inversion results from
W(t) = pPA(E) — pPA (1) = 260P4(8) — 1. (4.494)
In order to determine W (t), we only have to calculate pPA(¢), which follows due to (4.490) from
P21) = cecielO)prel) — cucyilprs) + el (Dprd(t) — e, (Opralt)  (4.495)

via tracing out the Fock states of the field. At first we consider the case c. = 1, ¢, = 0, which

yields

o0

peDe ( ) TrF pee Z pFC |77,> : (4496)

n=0

Taking into account (4.489) we get

P ( Z Z Z Cny Cny, (] €() 1) (2] €(2) [n) (4.497)

n=0 n1=0 n2=0

where the matrix elements follow from (4.478)

(n|e(t) In1) = 0, cos (Jg|tv/m +1) , (4.498)

finally leading to
W(t) =23 feal cos’ (|g| tn + 1) 1= e’ [2c032 (|g| tv/n+ 1) - 1] . (4.499)
n=0 n=0

This reproduces the previous result (4.371), which reveals vacuum Rabi oscillations as well as
the collapse and revival dynamics as discussed in Subsections 4.5.3 and 4.5.4, respectively. In

the second case ¢, = 0, ¢, = 1 we get instead

P (t) = Tre [pr(D)] = = ) (n &'(8)pe3(1) In) . (4.500)

n=0
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so using (4.489) we obtain

DA = =5 S S (] €(6) ) (mal 30) ) (4.501)

n=0 n1=0 n2=0

Due to the matrix elements following from (4.479)

(n5(t)[n1) = =iy /= Onny—1sin(|glty/ny) (4.502)

(ng| 3(t) [n) = —i nw+1$1n<|g|t\/n+ ) (4.503)

%%

this leads to
pEA) = coachyy sin? (Ig! tv/n + 1) = leal*sin® (Jgltv/n ) . (4.504)
n=0 n=0
The resulting atomic population inversion

Z\cn| [QSIH (lgltv/n) —1} Z|cn] cos (2]g] tv/n) (4.505)

does not reveal a vacuum Rabi oscillation. Thus, a necessary condition for a vacuum Rabi
oscillation is ¢, # 0. This conclusion is supported by the physical explanation of the vacuum
Rabi oscillation at the end of Subsection 4.5.3. Nameley, this intriguing quantum phenomenon

can only occur once the atom is able to spontaneously emit a photon, which implies ¢, # 0.

4.5.7 Large Detuning: Dispersive Interaction

So far we have discussed the Jaynes-Cummings model for a vanishing or a small detuning
(4.129). Now we deal with such a large detuning that a direct atomic transition does not
occur as is discussed below Eq. (4.434). Instead we find here that, nevertheless, an effective
dispersive interaction between a single atom and a cavity field does occur, i.e. the bare states
remain to be energy eigenstates but are shifted energetically. In order to obtain this result we
use again perturbative methods, but in case of a large detuning we do not manage to sum up

the perturbative series to infinite order, so we have to truncate it at a finite order.

Thus we consider in the following the full Jaynes-Cummings Hamiltonian (4.308), which also

decomposes according to (4.435). But here the unperturbed part reads
A = hwata + hwyo o (4.506)

and the perturbed part is again given by (4.437). In the previous subsection we have deter-
mined the time-dependent photon operators and Pauli matrices in the Dirac interaction picture.

Whereas the result (4.458) for the photon annihilation and creation operators remains to be
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valid also here, we have to change the time dependence for the raising and lowering Pauli ma-
trices in (4.462) by subsituting w by wy due to (4.506). Using this the perturbed part of the

Jaynes-Cummings Hamiltonian (4.437) reads in the Dirac interaction picture
H®)(t) = hgoop(t)an(t) + hg“o_p(t)ah(t) = hge o a+ hg'e™o_al . (4.507)

Thus, a non-vanishing detuning implies an explicit time dependence of ]:I]()pJ)C(t). In that case
the time evolution operator in the Dirac interaction picture solving the initial value problem
(4.454) reads [21, Section 10.6]

ﬁD(t)sz{eXp[ h/ dt' ) (t )” (4.508)

where the symbol T denotes the time-ordering operator. Given two time-dependent bosonic

operators A(t) and B(t'), their time-ordered product reads

T [A(t) z%(t')} —O(t—t)At) B(t') + O(t' —t) B(t") A(t), (4.509)
where we have used the Heaviside function
1: t>0
O(t) = ’ ) 4.510
(t) { 0; t<O0 ( )

A Taylor expansion of the exponential function in (4.508) yields up to second order the following

perturbative expansion:

~

7 3 ~
UD(t):1+%/O dt' O (t) ( ) /dt/dt”T (S AGE] + .. (4.511)

Due to the definition of the time-ordering operator (4.509) the time evolution operator (4.511)

reduces to

Up(t) =1— ' / dt' HP) () (4.512)

t t
o2 {/ dt’ / dt” | H ADJC Ag}c@”)} +/o dt,/ dt” [H]g]?c(t/,)ﬁg}c(t,)] } +o
t/

The last term can be rewritten as follows:

/ dt’ / dt" HP) (" AP (¢ / dt" / At AP (¢ HP) (¢ (4.513)

Here we use the fact that the upper triangle in Fig. 4.21 can be integrated in two ways. Either
we first integrate over t” and then over ¢’ or, conversely, first over ¢’ and then over ¢”. Exchanging
both integration variables at the right-hand side of (4.513) we conclude that the two integrals

in the second line of (4.512) turn out to coincide, yielding

TR (4.514)
0

. t - t
o) = 1=+ [ () [1 5 [ g
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Figure 4.21: The upper triangle can be integrated in two ways, where the red solid (dashed)
line corresponds to the integration on the left- (right-)hand side of Eq. (4.513).

The inner time integral in (4.514) can now be performed explicitly by taking into account
(4.507), yielding

t (o) ; efiAt’ —1 A i 61’At’ -1 "
/0 dt HDJC(t ) = hgTU+a+hg TO'_CL . (4515)
Inserting (4.515) into (4.514) the time evolution operator has the following intermediate form:
2 ' iAt At Pt ’9’2 At t
_ / LAY s A - —iAt At a
— — i — _ LA — _ .
Up(t) 1+/ dt ige ora—igteto_a' + A [(1 e )0 oyd'a (4.516)
0
1 At PN ig? —2%A¢ —iAt\ 222 ig*? 2iAY iAY\ 2 ~t2
—(1—e 040_aa N e —e oLa +T e —€ o-a +...
In the limit of a large detuning A we argue that the exponential functions e** and e**4" in

the first and second perturbative order are oscillating so fast that their time integrals vanish

approximately:

t t
/ dt’ e ~ 0, / dt’ e*28" ~ 0. (4.517)

0 0
Thus, we see that the rotating wave approximation is not only applicable for a fast oscillating
external classical electric field but can also be applied for a time-independent quantum system,
once a transformation in a co-rotating reference frame leads to fast oscillating terms. With the

rotating wave approximation (4.517) the time evolution operator (4.516) reads

2
Up(t) ~ 1 — it% (0r0_ad" —o_oiaa) +... . (4.518)

For large detuning A the dynamics in the interaction picture described by (4.518) can even fur-
ther be approximated by identifying it with the time evolution operator of a time-independent

Hamiltonian
Up(t) v e~ Hent/h (4.519)
where we have introduced

Heg = h=— (0r0_aa' —o_oid'a) . (4.520)



4.5. JAYNES-CUMMINGS MODEL 159

1,
‘s 3 ﬁ_A'SL ()
ST Wi ) _ o & - ‘
Aol e 0
o u bW
i g, P = e o "
p
a) 9£0,8<0 9=0 - 20, p> O
J'/ ! 190
e : A
=y 4 = R )
"ﬁ/{t}l ——le, 07 "
R hive
- il - oo SR
J#0 =0 9£0, 4> 0
30 840 ) )

b)

Figure 4.22: Shift of bare energy levels for large detuning according to (4.521): a) in the

presence and b) in the absence of photons in the cavity.

Due to the commutation relation of the photonic operators (3.11) the effective Hamiltonian

(4.520) can be rewritten as
Hep = hx (040_ + 03aa) | (4.521)
where we have introduced the abbreviation

lg|’
_ 9 4.522
X = (4.522)

and have used the following identity among the Pauli matrices (4.177), (4.183), and (4.184)

1 0
O3 =0,0_—0_ 0y = ( 0 1 ) : (4.523)

Thus, the energy levels |e) and |g) are so far out of resonance with the quantized electric field
that there are no direct transitions between them. Therefore, the bare states are not coupled

to dressed states and they turn out to be also eigenstates of the effective Hamiltonian (4.521):

Tale,n) = hx(n+1)le,n), (4.524)
‘[;Ieﬂ|ga ’I’L> = _th|gv TL> : (4525)

Only a dispersive interaction occurs in the sense that the bare energy levels are just shifted as
described by (4.524), (4.525) and illustrated in Fig. 4.22a). Note that term hyo,o_ in (4.521)
induces an energy shift of the bare excited atomic state, which is even present in the absence
of photons in the cavity, see Fig. 4.22b). As it depends quadratically on the light-matter

interaction strength g due to (4.522), it represents a kind of cavity-induced atomic Kerr effect
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raising or lowering the energy of the bare excited atomic state depending on the sign of the

detuning A.

Now we investigate exemplarily, which consequences the effective Hamiltonian (4.521) has upon
the dynamics of particular states. Let us consider first the case, where the light field is initially
in a Fock state, so that applying (4.524) and (4.525) yields

emiHent/n g Y = eint|g n) (4.526)
RGP (4.527)

—iﬁeﬁt/h

e le,ny =

Evidently nothing interesting happens, irrespective of having the two-level atom in the ground
or in the excited state, only unmeasurable phase factors emerge. But this changes drastically
in the case, where the light field is initially in a coherent state. In the case that the atom is in

the ground state the effective Hamiltonian (4.521) yields
e fert g, ) = |g) €X' |a) (4.528)

In order to evaluate this further, we have to remember that a coherent state consists according
to (3.187) and (3.190) of a Poisson distribution of Fock states:

oo
an

o) =Y~ NG el 2 |y (4.529)

|
n—o V1.

Combining (4.528) and (4.529) we get

ivatat - (aeixt)" —|aeixt 2/2 ixt
ex a) = e n) = |ae™™) , 4.530
) n§:0 = n) = |ae™) (4.530)
so that we obtain finally
¢~ iHent/h lg, @) = |g, ™) . (4.531)

Correspondingly we have in the case that the atom is in the excited state
e~ iert/h le,a) = e7 X7+t ) e~ixalat la) = ™™ |e, ae™™Xt) | (4.532)

We notice that the coherent-state amplitude is rotated in phase space by an angle xt, but that
the rotation direction depends on the state of the two-level atom. This can be best illustrated
by the Husimi function (3.160), which is given for a coherent state by the isotropic Gaufl
function (3.182). Thus, provided that the two-level atom is in the ground state (excited state),
the coherent state amplitude rotates in the mathematical positive (negative) sense in phase
space. Let us suppose now that the initially prepared state factorizes into an atomic state and

a coherent state according to

%(0)) = [¢a) @) (4.533)
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Figure 4.23: Phase space representation of a photonic reduced density matrix revealing entan-
glement between light and matter: Two coherent states according to a) (4.539) at time ¢ and
b) (4.542) at time ¢y = 7/2x.

where the former is in a superposition of the ground and the excited state:

[¥a) = ¢qlg) +ccle) . (4.534)
Then we obtain the following dynamics
() = e/ 0)) = ¢ |g, ae™) + o e, aeNY | (4.535)

which reveals in general entanglement between the atom and the field. In order to determine
the corresponding Husimi function, we have to calculate first the density matrix (4.438) and

then to trace out the atomic degrees of freedom. The resulting photonic reduced density matrix

pe(t) = Tra [5(0)] = (g1 5(2) 19} + (el 5) ) (4.536)
corresponding to (4.535) then reads:
pr(t) = leg|” [ae™) (ae™!| + |e.|” |ae ™) (ae™| . (4.537)
From this we read off the corresponding Husimi function
Qpeco(a0) = — {aol pe() lao) = — [l ? [taolac™) [ + e [{aolae 7], (4538)

which simplifies due to the scalar product between two coherent states given in (3.169) according
to

Qe (0) = [\cg|26‘|“°‘°‘e“‘t T e 2 e laomae 2] . (4.539)
m

Let us illustrate the result (4.539) in phase space. Whereas initially the Husimi function

represents a Gaufl function located at a due to

—lag—al?

1
Qpr(o)(@0) = —¢ : (4.540)

for times ¢ > 0 it splits into two Gauf functions centered around ce™X!| see Fig. 4.23a). Thereby

the centers of all Gauf} functions lie on a circle of radius «, which is given by the initial mean



162 CHAPTER 4. EMISSION AND ABSORPTION OF LIGHT BY MATTER

Figure 4.24: The though experiment of Schrodinger consists of a cat, a flask of poison, and a
radioactive source, which are all placed in a sealed box. If an internal monitor as, for instance,
a Geiger counter detects radioactivity in form of the decay of a single atom, the flask is broken,

releasing the poison, which kills the cat.

photon number due to (3.199). But the GauB function for the ground and the excited state is
rotated with the angle xt and —x¢t, respectively. Note that initial atomic amplitudes ¢, and c,
2

determine the time-independent weights |¢y|? and |c.|* for the corresponding Gaufl functions.

The most extreme situation occurs at time tg = 7/2x due to
eFixto — oHim/2 — 4y (4.541)
so we get
Qpr(to) () = % [Icglze"%‘m'Q + e e““0+m'2] . (4.542)

Thus, in this phase space picture we have two coherent states, which are maximally separated
by 180°, see Fig. 4.23b). Provided that |a| > 1 holds, i.e. the mean photon number is large
enough according to (3.199), there is essentially no overlap between both coherent states and
they are said to be macroscopically distinguishable. Therefore, this entangled state of light and
matter represents an example for a Schrodinger cat being in an entanglement between life and

death and a non-decayed or decayed radioactive microscopic atom:
|1(t)) = ¢, |atomnot decayed) |cat alive) + ¢, |atom decayed) |cat dead) . (4.543)

Note that Schrodinger’s cat is a thought experiment in quantum mechanics, which was devised
by Erwin Schodinger in 1935 in order to illustrate the paradox of quantum superposition. Due
to the Copenhagen interpretation of quantum mechanics the thought experiment implies that
a hypothetical cat may be considered simultaneously both alive and dead as a result of its fate
being linked to a random atomic event that may or may not occur, see Fig. 4.24. When one
looks in the box, one sees that the cat is either alive or dead, but one never observes the cat to
be both alive and dead. This poses the question of when exactly quantum superposition ends

and reality resolves into one possibility or the other.
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4.6 Cavity Quantum Electrodynamics

Now we discuss a particular experimental realization of quantum optical phenomena, which are
due to the interaction of an effective two-level atom with a quantized electrodynamic field mode
in a cavity. Thus, we deal with an experiment in the realm of cavity quantum electrodynamics
(cavity QED) [46]. Although strictly speaking this experiment is not optical as it works with
microwaves, it realizes nevertheless the Jaynes-Cummings model. To this end we focus on
a single Rydberg atom in a microwave cavity, where photons live long enough. In order to
quantify the latter statement one uses in quantum optics the quality factor or () factor, which
is a dimensionless parameter describing how underdamped a resonator is. It is defined as the
ratio of the resonator frequency w and the bandwidth Aw, i.e. we have @ = w/Aw. A resonator

with a high quality factor ) has low damping, thus the photon lifetime is larger.

4.6.1 Rydberg Atoms

A Rydberg atom is an alkali atom, where the single valence electron is excited to a state of
very high principal quantum number n. An example is provided by a rubidium atom with the
valence electron being in an excited state n of the order of 50 or higher. The electronic binding
energy of a Rydberg atom is given by

Ry
(n—§)?
with the Rydberg energy (C.13)—(C.15) and the angular momentum quantum number [ =

En = (4.544)

0,1,...,n — 1. Here the quantum defect §; describes the deviation of the binding energy from
a purely hydrogenic situation and depends on the angular momentum quantum number /. For
small [ it turns out that ¢; is of the order of unity, but for larger [ the quantum defect ¢, is quite
small. In order to describe a Rydberg atom, whose binding energy resembles most closely that
of a hydrogen atom, one has to choose the largest possible angular quantum number [ =n — 1
with the magnetic quantum number m = —(n — 1),...,n — 1. Note that states with the
maximal magnetic quantum number |m| = n — 1 are known as circular Rydberg states as they
describe in the classical limit an electron in a circular orbit. Cavity QED relies on using such
circular Rydberg states. There are various properties of circular Rydberg states, which make

them suitable candidates for cavity QED experiments:

(1) They represent a close approximation of a two-level system. The one-electron dipole
transition of a circular Rydberg state is restricted to involve another circular Rydberg
state. The reason is that the dipole moment selection rules Al = +1, Am = 0, £1 favour
the transition from n,l =n—1, |m|=n—1ton—1,1 =n—2, |m| = n — 2, see also

Appendix F.

(2) The dipole moments of the allowed transitions are large, so the coupling of circular Ry-

dberg states to a single-mode cavity field can be quite large. Indeed, the dipole moment
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between two circular Rydberg atom states n and n’ = n — 1 scales like

d=(n|d|n—1) ~ ea, , (4.545)
where the classical radius of the Rydberg atom scales a,, like (C.7) with the Bohr radius
an.

Circular Rydberg states have a quite large lifetime. To this end we remind that the rate
of spontaneous emission, whose reciprocal value defines the lifetime, is given according to
(4.102) by

2,3
_ d*wy
3meghc?

(4.546)

Here wy denotes the frequency of the radiation emitted in a transition. As the quantum
defect 9; is negligibly small for a circular Rydberg state, we obtain from (4.544) for

n—n'=1:

Ey—Eu Ry [ 1 17 Ry[1 2 17 2Ry 1
e (PO ) R S PO ) B T [ e O
o h h {(n—l)2 nQ} h |n? +n h n3 (4:547)

Thus, inserting (4.545), (4.547), and (C.7) into the rate of spontaneous emission (4.546),

it scales like
T~ (n2)* (n7%)° Ty = 5T (4.548)

with the rate Ty ~ 10°1/s following from (4.104). This means that the spontaneous
lifetime of about 79 = 1/Ty = 107%s is scaled for a circular Rydberg state of n = 50 to
the value 7 = 1/T" = n°1y ~ 0.1s. Note that for n = 50 the transition frequency amounts
to vy = wo/2m ~ 36 GHz, which corresponds to the wavelength A\ = ¢/1y ~ 8 mm and,
thus, represents microwave radiation. This wavelength sets the scale for the distance of

the two mirrors in the cavity to support a standing microwave field.

Atomic state detection is possible due to selective ionization by applied electric fields. In
a Rydberg atom the valence electron is typically far away from the hydrogenic cave due
to (C.7). As a consequence its binding energy is relatively small, so the valence electron
can easily be ionized by an external applied field. As the Coulomb law implies due to

(C.7)

o e _& o e
 drega? nt’ 07y 27
0ay, TEoap

(4.549)

the ionization rate I(n) goes like n=*. Then the ionization rates of two adjacent circular
Rydberg states n —n' = 1 differ by

[(n—l)—[(n)w;—ixi(1+é>—i:é. (4.550)
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Figure 4.25: Experimental atomic state detection via field ionization: The red arrow indicates
the flight direction of Rydberg atoms, which are ionized by an electric field gradient. In this way
the detectors A and B detect circular Rydberg atoms with n = 50 and n = 49 corresponding
to the excited state |e) and the ground state |g), respectively.

On the one hand this is a quite small difference for n = 50 compared with low-lying states
of about n = 5. On the other hand it is still large enough for state-selective measurements
to be performed by field ionization via the experimental set-up shown in Fig. 4.25. The
atoms encounter first detector A, which has a smaller electric field to detect the atom
with principal quantum number n corresponding to the excited state, and then detector
B with a larger electric field to be sensitive for the principal quantum number n — 1
representing the ground state. Obviously, the detection of the field-ionized electron in

one of the detectors constitutes the selective atomic-state detection.

4.6.2 Experimental Realization of Jaynes-Cummings Model

The experimental realization of the Jaynes-Cummings model was pioneered by Gerd Rempe at
the Max-Planck Institute for Quantum Optics in Munich [48] and by Serge Haroche at the Ecole
Normale Superieur in Paris [49] together with their respective research groups. A typical set
up for a cavity QED experiment is shown in Fig. 4.26. The electric field stems from a source S
of classical microwaves, a so-called klystron, is then transported via a waveguide W, and finally
yields a coherent state in a cavity C. The latter consists of two curved mirrors separated by
about 30mm and has a high Q factor of about 108 in order to allow for a long enough lifetime
for the photons of the cavity field. The Rydberg atoms stem from an oven O and are then
prepared in the apparatus P in the excited state, velocity selected, and then directed into the
cavity C. The selective ionization detectors A and B, see also Fig. 4.25, yield the statistics for
the atomic population inversion as a function of the interaction time, which itself is controlled

by the initial velocity selection.

Due to the temperature of the cavity walls of about 1 K there are on average about 0.7 microwave
photons in the cavity. If one sends ground state atoms through the cavity, they absorb photons
and, thus, reduce the average microwave photons to roughly 0.1. This represents an effective

cooling mechanism.

The storage time for circular Rydberg atoms in a microwave cavity is determined by their veloc-
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Figure 4.26: Experimental set-up for realizing the Jaynes-Cummings model consists of mi-

o]
-

crowave source S, waveguide W, cavity C, oven O, state preparation P and detectors A, B.

ity and amounts to about 1 ms. This is shorter than the atomic decay time due to spontaneous
emission, which amounts to about 0.1s as we have estimated below (4.548). But it is larger
than the atom-field interaction time, which is about few us for the speed of atoms injected in

the cavity.

Let us briefly mention some results of the experiment in the Haroche group from Fig. 2 of
Ref. [49], where the dynamics of the transfer rate from the excited to the ground state shows
clearly several oscillations. A more detailed analysis of the data reveals that the signal exhibits
discrete Fourier components at frequencies proportional to the square root of successive integers.
This provides direct evidence of field quantization in the cavity. For coherent fields of increasing
mean photon number, a collapse followed by a revival is evident. This represents the collapse

and revival dynamics of the Jaynes-Cummings model, which was discussed in Subsection 4.5.4.

Note that the collapse and revival dynamics of the Jaynes-Cummings model is realisable exper-
imentally with different platforms [9]. For instance, apart from a cavity QED set-up also the
centre-of-mass motion of trapped ions [50] can be used. Furthermore, a collapse and revival
dynamics of different physical origin was also observed for matter waves by dealing with a
Bose-Einstein condensate confined by a three-dimensional optical lattice, where each potential
well can be prepared in a coherent superposition of different atom number states, with constant
relative phases between neighbouring lattice sites [51].



Chapter 5

Quantum Mechanical Equations of
Light Field and Atoms

In the previous part of the lecture, we treated only the light field in second quantization, in
order to have access to describe an ensemble of photons. In contrast to that for the matter we
only considered one atom and approximated it to a two-level system, which could still be dealt
with in first quantization. But in order to be able to describe a laser, which consists of many
laser-active atoms, we have to switch gears and consider an ensemble of atoms, which needs
then also to be described within the realm of second quantization. Thus, we deal here with
a bosonic second quantization for the light field and, due to the description of the electrons
in the atoms, with a fermionic quantization for the matter. With this framework we derive
the corresponding equations of motion of the photon and the electron operators for a closed
system, so that both losses and pumping are not taken into account. To this end we consider the
second quantized operators of light field and matter in the Heisenberg picture. In particular,
we treat the interaction between light and matter within the dipole approximation and apply,
subsequently, the two-level approximation for the atoms and the rotating wave approximation.
The resulting model Hamiltonian turns out to be a sum of Jaynes-Cummings Hamiltonians

with respect to different field mode and atomic degrees of freedom.

5.1 Quantization of Light Field

In Chapter 2 we worked out in detail the quantization of the electromagnetic field. In order
to simplify the description we have chosen the radiation gauge. This means that the scalar
potential vanishes, i.e. p(x,t) = 0, and that the vector potential fulfills the Coulomb gauge,
i.e. div A(x,t) = 0. Although the radiation gauge is not manifestly Lorentz invariant, it has the
advantage that the remaining two degrees of freedom of the Maxwell field are the transversal
ones. The second quantization of the Maxwell field in vacuum determines the operators of both

the vector potential and the electric field according to (2.136) and (2.168), respectively. Going
167
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over from the vacuum to a cavity with finite volume V', the substitution rule (4.63) applies and

yields in the Heisenberg picture for the field operator

A(x,t) = ZZ,/Qvfowk{e(k,A)eikxz;k,A(t)+e*(k,A>e—%’kszLA(t)} (5.1)

A=%£1 k

and correspondingly for the operator of the electric field

E(x,{) = @'ZZ,/;‘;“’:O {e(k,A)eikxISk,,\(t)—e*(k,)\)e‘ikxISLA(t)}. (5.2)

A=%1 k

Here we have assumed for simplicity that the cavity of volume V has a box shape so that its
mode functions are just given by plane waves. In view of the laser, however, we need instead
a more generic notation, which is valid in principle for any cavity shape. To this end we use
from now on instead of plane waves general cavity basis functions uy(x) for the transversal
electrodynamic degrees of freedom. Here we have summarized all quantum numbers into the

vector A and we assume the following orthonormality relations to hold:

/d3ZL’ U;(X) ’LL)\/(X) = (S)\)\/ . (53)

Indeed, the cavity with box shape is included in this more generic notation by identifying the
vector of quantum numbers with both the wave vector and the helicity, i.e. A = {k, A}, as well

as the basis functions with the plane waves according to
1 ikx

uy(x) = 7 e(k, \)e™™, (5.4)

which fulfills (5.3). Thus, the decompositions (5.1) and (5.2) for the vector potential and the

electric field operator, respectively, go over into

Axt) = 34/ 262; {ur(ba(t) + us (B0 } (5.5)
B(x,t) = iy \/% {u)\(x)é)\(t) - u;(x)z;;(t)} , (5.6)

where wy denotes the resulting dispersion of the electromagnetic field in the cavity. The op-

erators ISA(t) , l;;(t) represent annihilation and creation operators for photons in the quantum
state A and obey the bosonic equal-time commutation relations

A1), bv(t)] =Bk, Bw] =0, [0, 0] = (5.7)

Determining with the more general decompositions (5.5) and (5.6) the second-quantized Hamil-
ton operator of the electromagnetic field according to similar steps as in Section 2.12 finally

yields

Hga = Y hwab} (£)ba(t) (5.8)
P\
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5.2 Quantization of Electron Field

Within the second quantization also the first quantized electronic wave functions ¥ (x,t),

1*(x,t) become operators z@()g t), zZAJT(X, t), which obey the fermionic equal-time anti-commutation

relations

[t D] = [, P ] =0, D), BT D] =dx—x). (5.9)
- + +

For instance, the second equal-time anti-commutation relation in (5.9) includes the Pauli prin-

ciple that two fermions can not be at the same space point:
VT2 (x,t) = 0. (5.10)

Provided that the interaction between the electrons can be neglected, this second-quantized

Hamiltonian is given by

ﬁelz/d?'xq;‘f(x,t){—%A+v<x)}f@(x,t). (5.11)

Note that we applied here the sandwich principle for performing the transition from first to
second quantization. Namely, in case of an observable the second-quantized operator follows
from the corresponding first-quantized operator by multiplying it with QZJT(X, t) from the left as
well as @@(x, t) from the right and then performing the spatial integral. Let us choose as an

appropriate basis the eigenfunctions of the first-quantized Hamiltonian

{7 84 V00 a0 = Bt .12
which fulfill the orthonormality relation
[ 630 () = (5.13)
and the completeness relation
S i x)a(x) = d(x — ). (5.14)

Then the electronic field operators can be expanded in the Heisenberg picture into this basis

W)= Ynin) = a0 = [Ernin. 6.1
P =Y nmdn e dn= [Peniin. (610

Using (5.15) and (5.16) we deduce from the fermionic equal-time anti-commutation relations
(5.9) that also the expansion operators ay(t), al, (¢) fulfill fermionic equal-time anti-commutation

relations:

an(t), ()], = |ah(0), al(®], =0, |an(t), al(1)] | = dumr. (5.17)
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Figure 5.1: Schematic illustration of identical atoms indexed with p at different positions x,,

and their quantum numbers i.

Thus, we conclude that the expansion operators ay(t), al, (t) represent operators annihilating or
creating an electron in state n. For instance, the second equal-time anti-commutation relation
in (5.17) corresponds to the Pauli principle that two fermions can not occupy one and the same

quantum state:
al2=0. (5.18)

Furthermore, we obtain from (5.12), (5.13) and (5.15), (5.16) that the second-quantized elec-

tronic Hamiltonian (5.11) goes over into
]f[el = Z Endl(t)&n(ﬂ : (519)

With this description we may refer not only to electrons of one atom but also to electrons
of other atoms. In the following we will assume that we have N identical atoms at positions
Xy, Xpy, -+ - Thus, we decompose the quantum numbers n into the quantum numbers i within
each atom and the position index p: n = {i, u}, see Fig. 5.1. Provided that the atoms are far
enough away from each other it is justified to assume that the electronic wave functions of the
different atoms do not overlap. This means that the electrons belonging to different atoms are

considered to be distinguishable. Thus the orthonormality relation (5.13) reads now
[ #2000, = G0 (5.20)
and the completeness relation (5.14) goes over into
D) e X)) = d(x —x') . (5.21)
i

Correspondingly, the decomposition of the electron field operators has the form

D) =Y Uia(X)a(t), Pi(xt) = Z > Wi (x)al, (1) (5.22)

i

with the equal-time anti-commutator relations

u0), ) = [l 0 b, 0] =00 @), 8 0] = b (523)
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Furthermore, the second-quantized electronic Hamiltonian (5.19) reduces to

Ho =Y Eaf,(t)a,(t), (5.24)
M

i

where the energies E; do not depend on the atom index p, as we assume to have identical

atoms,

5.3 Interaction Between Radiation and Electron Field

In Section 4.1 the interaction of light and matter was described such that the atom was dealt

with in first quantization. In dipole approximation this led to

~

Hy = —d - E(x, 1) (5.25)

with the electric dipole moment of the electron (4.20). Thus, applying the sandwich principle
to the first-quantized interaction Hamiltonian corresponding (5.25) yields its second-quantized

counterpart:
o == [ ot d - B i), (5.26)

Inserting the respective expansions (5.6), (5.22) for all second quantized field operators yields

Hie = —i ; ; %: \/% af,,(t) {Ii,u,x,i',wi?x(t) - Ji,u,A,i',#’l;TA(t)} ayw(t),  (5.27)
where we have introduced the two matrix elements
it = [ 00,04 us (b0 (). (5.28)
Jipri = /d3x 1/):‘“()() d - uj(x) Yy (%) . (5.29)

The first matrix element (5.28) vanishes for different atoms as the corresponding electronic

wave functions are assumed to not overlap:

Ii,/.t,)\,i’,p/ = (5#7#/ /d?’x ¢:u(X)U)‘(X> . diﬁi/’“(X) . (530)

As the electronic wave function vy ,(x) is localized around the nucleus at space point x,,, we
can apply the dipole approximation discussed in Subsection 2.18.6. This means that we can
approximate the slowly varying cavity mode function ux(x) in the integral (5.30) by ux(x,)

and put it in front of the integral, yielding

Ly = 0pwun(xy) - diy (5.31)
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Here the dipole matrix elements

diy = / Pz iy, (x) d iy (%) (5.32)

no longer depend on the atom index p as we assume to have identical atoms. Taking (5.31)
into account the second matrix element (5.29) follows from the first matrix element (5.28) and

we get

B ={ [ E005, 004 w000 | = B poni =i )i (539
Due to the hermiticity of the dipole matrix elements (5.32) we have
dy; = diy, (5.34)
o0 (5.33) reduces to

JiV/“’ﬂ}Vi/vM/dell/ u*)\ (Xﬂ)di7i/ . (535)

Inserting the results (5.31) and (5.35) for both matrix elements in the interaction Hamiltonian
(5.27) leads finally to

mt—ZZZZ 052 e i {05 (1) = (5,) BA (0} L, (1) (1) (5.36)

5.4 Equations of Motion in Heisenberg Picture

The previous considerations finally yield the following Hamiltonian for the second-quantized

description of light and matter:
H = Hgaq + Ho + Hyy . (5.37)

The dynamics of any operator O(t) in the Heisenberg picture follows from its Heisenberg equa-

tion
9 6m =L 7r.00)] (5.38)
ot h -

Let us start with determining the Heisenberg equation for the photonic creation operator:

9 ) = [ 040

Inserting (5.8) and (5.36) into (5.39) we have to evaluate
0 i A . . i
S0 = > hux [bg, ()b (1), bi(t)] Y (5.40)
A/ Aid i I

hw)\/
260

i L
:ﬁ[Hﬁeld+Hint,b;(t)} . (5.39)

$(=1) )52 g [ne ) (1) — 0k, () B, (0, B5(0)]a,(0) (1)
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Applying the ABC-rule for commutators (2.61) and the bosonic equal-time commutation rela-

tions (5.7) the Heisenberg equation (5.40) reduces to

%b*() iwab} (1) 2220 ZZZd ¢ ua(x,) af, () ay (1), (5.41)

In order to obtain a closed set of equations, we have now also to determine the dynamics of the

bilinear operators diT () ay ,(t). Their corresponding Heisenberg equations read

9 AT A Ul st - Ll oAt N
Sl a0 = 1 [Bal,0a 0] =5 |+ Budl, 0,0 . 542

Thus we have to evaluate:

gﬂu ZZE[ g (1), @, (1), (1)) + zzzz (5.43)

B g Loua o) B (1) — w3 A0 } [ () g (61,8, (1) amt)]

260

x (i)

Note that the first commutator in (5.43) is a special case of the second commutator. In order

to evaluate the second commutator, we apply first the ABC rule for commutators (2.61)

[ RO W [ e R PR (5.44)
Then we use the ABC rule for anti-commutators
[AB, C] =A [B, C] — [A, (J} B, (5.45)
- + +

so that we finally obtain with the fermionic equal-time anti-commutator relations (5.23)
[aT g, al ay ] = Oy (6 val ay, — Oysal ay ) (5.46)
ju! ANTE) i i'p 127% L) Mt Y72 i'p P ipye | o .

Inserting (5.46) in the Heisenberg equation (5.43) yields

gtAI“ FLZE [ iy, ()i (t) — Oyyi ne )aj“(t)} (5.47)

hZ \/j RCANORE }Zdu (63 (1)gul0) — O35, (1) (1))

Introducing the atomic transition frequencies

E; — Ey
Qii’ = = ! 4
. (5.48)
the Heisenberg equation (5.47) finally reads
9 ()ag,(t) = iQal (#)ay, () (5.49)
8t i Jp - D 17) p
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5.5 Two-Level Approximation

Now we approximate each atom by a two-level system. This means that the indices i, i, j can
only assume the values 1 and 2. Furthermore, due to parity, we assume that the dipole matrix

elements (5.32) simplify, i.e. the diagonal ones vanish
diy =dyp =0 (5.50)
and the non-diagonal ones fulfill due to the hermiticity (5.34)
dy =dj,. (5.51)

With this the Heisenberg equation for the photonic creation operator (5.41) reduces to

%bu t) = iwabl (t) + 4 /2heo ZU‘)‘ X,) dlgalu( )ao,(t) + d21a2#( )an,(t )] . (5.52)

In order to obtain a physical interpretation, let us calculate the second-quantized polarization

operator

P(t) = / Bz (x, 1) d d(x, 1) (5.53)

where again the sandwich principle was used. Inserting the expansions for the electronic field

operators (5.22) yields
=X A, o l0) [ 007,0) d e (). (5.54)
which straight-forwardly reduces with the help of dipole matrix elements (5.32) to

= 22023 duwd, (i, (t). (5.55)

Thus, modeling the atom by a two-level system, the second-quantized polarization operator

decomposes according to
P(t) =) P,t), (5.56)
o

where the respective atomic contributions are given by
P, (t) = diaél, (t)az,(t) + daidd, (£)a(t) . (5.57)

From (5.52) and (5.57) we read off that the dynamics of the photonic creation operator b} (t)

is driven by the atomic polarization operator P, (t) according to

i () &
Eb (t) = iwab) ( e, ZuA (x,)P (5.58)
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Let us now consider separately the dynamics of both operator contributions defining the atomic

polarization operator (5.57) by specializing (5.49) correspondingly:

o o A
o7 WDz (t) = i, (1) (t +Z,/ %EO A(x,)b uA(xu)bL(t)} dord, (t), (5.59)

Salal,(t) = mmL(t)aL<t>+;,/% uA<xM>6A<t>—u3<xu>EL<t>} dizd, (1) . (5.60)

Here we have introduced as a further abbreviation the atomic inversion operator

A, (1) =l (Ditg(1) — al, ()i, (1) (5.61)

Also the dynamics of both operator contributions in (5.61) follows from specializing (5.49).

Taking into account the atomic polarization (5.57) yields

9 i (0inlt) = Z\/g [ua06,)b (1) — w3 ()B4 (1)

x| dipal, (s, (1) — dal, ()i ()] | (5.62)
GO0 = =3 [52 [usba (0~ uilx,)i50)

X [:121@;#(15)&1#@) —dlzdh(t)&gu(t)} . (5.63)

From (5.62) and (5.63) we deduce for the dynamics of the atomic inversion operator (5.61)

22 V 26;120 wx(x)ba (1) = s ()L (0)| [dizatd (Ditau(t) — daral, (D, (1)] - (5.64)

Thus we have obtained a closed set of equations for the operators of the light field and the

atoms in the Heisenberg picture.

5.6 Rotating Wave Approximation

Let us now investigate more carefully the dynamics of the involved operators. To this end we
focus upon the case, where the interaction between light and matter vanishes, which formally
corresponds to a vanishing electric dipole moment matrix element, i.e. dy; = 0. The dynamics

of the photon operators (5.58) is then determined according to
bl (t) ~ et ba(t) ~ et (5.65)
both contributions of the atomic polarization operator (5.57) evolve in (5.62) and (5.63) via

al,(az () ~ e Al (Oa(t) ~ (5.66)
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with the atomic transition frequency being defined in case of Fy > E; as

Ey — By
Q=—- 5.67
h ? ( )
and for the atomic inversion operator (5.61) we get from (5.62) and (5.63)
al, (O (t) ~ 1,  ab,(t)as(t) ~ 1, d,(t) ~1. (5.68)

Thus, in the equation (5.52) for b} (t) the term d;udlu(zﬁ) but not the term dhdzu(t) has ap-
proximately the same time dependence as b;(t). Within the rotating wave approximation we

can therefore neglect the term dh&gu(t) and obtain from (5.41):

%bT( t) = iwxbi(t) \/ 2h60 ZHA (X d21a2u( Jai,(t) . (5.69)

Here we can define a coupling constant, which characterizes the strength of the dipole interaction

between the Ath resonator mode and the p th atom:

C[w
Iap = ﬁ)‘o ux(x,) - da . (5.70)

Furthermore we introduce the atomic polarisation amplitude operator
(1) = al, (D (1) (5.71)

With this the dynamics of the photonic creation operator (5.69) reads concisely

0

7 0 bl (1) = iwabh (t) + Z g uO‘ (5.72)

and, correspondingly, we get for the photonic annihilation operator

9.
5 ba(t) = —@w)\bA —1 Zg)\ M (5.73)

Similarly, in the equation (5.59) for the atomic polarisation amplitude operator (5.71) the term
ba(t) but not the term b} (t) has approximately the same time dependence as G, (t). Within
the rotating wave approximation we can thus neglect the term b (¢) and obtain from (5.59) by

taking into account (5.70)
0
o7 Gn(t) = —iQ2,(t +ngMbA (5.74)

Correspondingly the evolution of the adjoint atomic polarisation amplitude operator dL(t)

follows from

d )
o &l (t) = iQa,(t) ZgMbT t)d,,( (5.75)
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Figure 5.2: Closed system of differential equations for the operators of light and matter in the
Heisenberg picture. Color coding: (5.72) in blue, (5.73) in red, (5.74) in black, (5.75) in green,
and (5.76) in grey.

Finally, the equation (5.64) for the atomic inversion operator (5.61) consists of four terms,
where only ISA(t)@L(t) and bl (t)a,,(t) have approximately the same time dependence as d,(t).
Thus, together with (5.70), we end up with

9 0u0) = 2 [, 5000 — ax 0} (D2 (1)] (5.76)

We conclude that the rotating wave approximation led us to the last five equations, which
represent a closed system of nonlinear differential equations determining the operators of both
the light field and the atoms. Such a self-consistent interdependence between the relevant
degrees of freedom as illustrated in Fig. 5.2 is exemplary for a circular causality, which is
omnipresent in physics, natural sciences, and even beyond [52, Chapter 11]. In contrast to that
one can characterize the working principle of mathematics with a linear causality as generically

lemmas and theorems are directly proven on the basis of certain definitions and assumptions.

At this point the question arises whether those five equations constitute Heisenberg equations,
which follow straight-forwardly from a corresponding Hamiltonian. To this end we have to
express the original Hamiltonian of light and matter (5.37) in terms of the operators by (t), bl (t),
ay,(t), & (t), ciﬂ(t) and apply the atomic two-level as well as the rotating wave approximation.
Whereas the field Hamiltonian (5.8) has already the correct form, the electronic Hamiltonian

(5.24) depends on the occupation number operators &J{M(t)&lu( ) and agu(t)&gu(t):

Ha=" | Bral (), (0) + B, (1o (1)) (5.77)

In

Provided that each atomic two-level system p describes just one electron, we conclude that the

occupation number operators dh(t)dlu( ) and aw(t)&gu(t) fulfill the two equations (5.61) and
b, (H)az,(t) +al ,(t)ay () = 1. (5.78)

Thus, both occupation number operators can be expressed in terms of the respective atomic

inversion operator (5.61) according to

i) = 3 [1-du0)] . Bt = 5 [1+dun)] (5.79)
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With this the electronic Hamiltonian (5.77) reads due to (5.79)

. Ei+FEy  hQ) -
=Y |2 ] (5.50)
o

where the constant can be dropped in view of calculating the Heisenberg equations. Corre-
spondingly, the atomic two-level approximation together with (5.50) and (5.51) reduces the

interaction Hamiltonian (5.36) to

fu = 50 /2 [ o) 6) — w05 0] [dt) + ()] - (58)

Thus, the subsequent rotation-wave approximation eliminates the two non-resonant terms

ba(t), (t) and b (¢)al,(1):

ZZ i)y e o2 [ual) - daba03L(0) — w3 ) - dfh (0,0] - (552

Introducing the coupling constant (5.70) between the Ath electromagnetic mode and the uth

atom finally leads to

m—zz[mm () + g3, bl (D ()] (5.83)

Taking into account (5.8), (5.80), and (5.83) the resulting Hamiltonian of light and matter
(5.37) reads

H =" huxb\(1)bat) + ) ? du(t) + Z Z [hgm L(t) + hgy, DL (H)a (t)] . (5.84)

Indeed, it turns out that the Heisenberg equations corresponding (5.84) lead to the closed
set of differential equations (5.72)—(5.76). But to this end one has to take into account the
respective equal-time commutation relations between the atomic operators dy,(t), &/(t), d,(t),
which follow from the fermionic anti-commutation relations (5.17) and the definitions (5.61)

and (5.71):

60),du(®)] = =20,000(8), @t du(®)] = 20uu(),  [da(t), du(t)] =0.(5.86)

5.7 Analogy with Jaynes-Cummings Interpretation

In case that each two-level atom just contains one electron, we conclude from applying the

anti-commutation relation (5.23)

-t o N N PSSP PO
as,, JMakualu ay,, |Oik — Ay, G5y | Q1 = Ok, Qry (5.87)
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as the successive application of two creation or two annihilation operators at one atom g has to
vanish. Thus, for each two-level atom p we have then the following additional anti-commutation

relations between the atomic operators dy,, a, ciu defined in (5.61) and (5.71):

S e S ~ o]
Gy, = G,09,01,0s, = 01201,Gz, = 0 — &y, Oy +—0, (5.88)
N R S e T o st oat] =
Q)" = Gy,01,05,01, = 6120y,01, = 0 = a, &, +—0, (5.89)
oot At A ot s S B TIPS APPSR R S
[a#,au .= Qy,,00,, G5, 1y + A, 01,01, 00, = Q7,01 + 85,0, = 1, (5.90)
v 1 At e ata ot A ] _ata s oAt oa ot
[O%du L [&ma%,ama% — ay,a1y LT Qy,, (200,02, + Ay,,G2,,07, 02,
P e T P T e
—0y,,49,,01,01, — Ay,G1,01,G1, = Gy,02,, — Q1,02 = 0, (5.91)
al.d,| = |ab,an,al,a0, —al .| = ab,a.al, a0, + al,a0.05,0
o R n 2u%1py Yo %2 1u%1p i 2u1p2, %2 2u2pt2, Ylp
N S N O VI e e
—Gy,01,,01,G1y — 1,010,081, = Q5,01 — 5,01, =0, (5.92)
as well as
o (st s ot A At oa ot N _atoa At s At oa At oa ot o oaf -
dﬂ = (aQuagu—aluam) (aQuagu—alualu —aQMagualualu—l—alualualualu—alualua%agu
—ad ag,al ay, = ab s, +al dg, =1 — dy,d,| =2 (5.93)
220910 %1 — “2,, %20 1plp — uvu+— : :

All those commutator and anti-commutator relations (5.85), (5.86) and (5.87)—(5.93) imply
that a single electron in a two-level system is formally equivalent to a single spin-1/2. Due to
the above assumption Fy > E; the indices 1 and 2 correspond to the ground and the excited
state of the two-level system, which could be identified with the spin down and the spin up of
the spin-1/2 system, respectively. This leads inevitably to the following identifications for the

corresponding operators:

Oty = Ogy + 10y, = dL = A;H&m ; (5.94)
O_py = Ogp — Z'O-y,U« <— A“ = AL;,CAIQ}L , (595)
O = d, = &Qudzu — &Lﬂm . (5.96)

Indeed, the non-trivial commutators from (5.85), (5.86) go over into

[JJFM, U_M] = O, [Uﬂ“ azu} =204, [U_M, Jzu} =20y, (5.97)

which is equivalent to the Lie algebra (4.207) of Pauli matrices. In the same way the anti-

commutators (5.88)—(5.93) are converted to
aiu = (7%# =0, [0+u,a,“}+ =1, [J+H,024+ = [a,u,azu]+ =0, agu =1, (5.98)

which corresponds to the Clifford algebra (4.206) of Pauli matrices. Note that (5.97) and (5.98)

could also directly be deduced from the corresponding matrix representation

01 00 1 0
Oy = <0 0) : o_, = (1 0) , O = (0 _1> . (5.99)
p p p
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Due to this formal equivalence the Hamiltonian for light and matter with rotated wave approx-

imation (5.84) can also be cast in the form
H= Z Feoabl (£)ba(t) Z 2 ) + 3 [thul;A(t)aw(t) + hgi,bh(®)o_u(®)] -(5.100)
A

Thus, this Hamiltonian corresponds to a sum of Jaynes-Cummings Hamiltonians (4.308). Fi-
nally, for the sake of completeness, we also write down the closed set of Heisenberg equations
of light and matter (5.72)—(5.76) in the spin 1/2 notation:

0

Eb*( ) = iwabi(t) +ng>\uU+u (5.101)
0 -
%b*() = —iwxba(t) —’LZgAMU_M (5.102)
0 . .
57 0-n(t) = —iQ0_u(t) +ng)\ub>‘(t)aw(t), (5.103)
0
o Oeult) = Q0 (t juy,zgmbA fo.u(t), (5.104)
0 . .
5 Cenlt) = 222[g,\ub;(t)a—u(t)_gkubk(t)g—w(t)] : (5.105)

A



Chapter 6

Quantum Mechanical Equations of
Light Field and Atoms with Baths

In the laser the cavity modes and the electrons in the atoms do not only interact with one
another as described in Chapter 5, but also with their respective surroundings. For instance,
the cavity field is coupled to mirrors and scattering centers, whereas the electrons are pumped or
interact with lattice vibrations or suffer from atomic collisions leading to non-radiative atomic
transitions All these external sources acting on the electromagnetic field and the electrons
are called heat baths or reservoirs. In general, the heat baths are large systems compared
to the subsystems of the laser. Therefore, one can assume that these heat baths are kept at
their individual temperatures, which may differ from each other appreciably. For instance, the
temperature of the pump source is much higher than that of the lattice vibrations. A heat bath
has simultaneously two effects on the Heisenberg equations of the second quantized operators
describing light and matter. On the one hand they lead to damping or pumping terms in the
respective operator-valued equations of motion. However, such a damping or pumping alone
would have the effect that the canonical equal-time commutator and anti-commutator relations
between the second-quantized operators would decrease or increase with time. Therefore, a
heat bath also has the second effect of giving rise to operator-valued stochastic forces, which
are tuned in such a way that the canonical commutator or anti-commutator relations between
the second-quantized operators are preserved during the dynamics upon a bath average. The
aim of this chapter is now to derive those so-called quantum Langevin equations for the second-
quantized operators of light and matter and to check those quantum mechanical consistency

relations upon a bath average.

6.1 Heat Bath For Light Field

In principle, each cavity mode of the electromagnetic field is coupled to an individual heat

bath. Therefore, we drop the cavity mode index A for the time being and restrict the following
181
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Figure 6.1: Hlustration for the coupling of a photon operator to a bath of harmonic oscillators

at frequencies w, where the bilinear interaction is characterized by complex strengths g,,.

consideration without loss of generality to a system which consists of one single cavity mode of

frequency wy:
Hg = hwob! (£)b(2) . (6.1)

The heat bath itself is modelled by an infinite number of harmonic oscillators

A

Hp = anBT B, (t), (6.2)

where the bath operators él, B, fulfill the usual equal-time bosonic commutator relations:

~ A

B.(0).Ba()] = (Bl BL®] =0, [Bu®).BL®)] =d.u. (63)

The interaction between the system and the bath is now assumed to be bilinear in the system

and the bath operators:
Hsg = b'(t) > hguBu(t) + > hgs BL1b(E) . (6.4)

Thus, the annihilation (creation) of a bath quantum of energy fw occurs simultaneously with
the creation (annihilation) of a photon of energy fuwy and g, denotes the corresponding complex-
valued interaction strength at frequency w. This system-bath model is illustrated in Fig. 6.1

and is described by the total Hamiltonian
H = Hg + Hg + Hsp (6.5)

determining the Heisenberg equation of any operator. On the one hand the evolution equation

for the light field operator turns out to be
8 /\T Z‘ 2 AT . A'i' . 3 AT
L) = [H, b (t)] = iwobl(£) +1 > giBL(1) (6.6)

and the dynamics of the bath operators follows from

9 B =+ [ABL0] = Bl g (). (6.7
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The latter represents an inhomogeneous linear differential equation of first order determining
Bl(t), which can be solved with standard procedures as follows. At first, the homogeneous

differential equation is solved with

(t) = Bl (to)e™ ") (6.8)
Then a particular solution is obtained with the method of varying constants

| part (1) = C(£)e 7). (6.9)

Inserting the ansatz (6.9) in the inhomogeneous differential equation (6.7) yields a differential

equation for the function C(t):

aC(t)
ot
which can straight-forwardly be integrated

— ig,bf (t)e~w(t=t0) (6.10)

t
() = ig. / dr b (7)e o) (6.11)

to

Adding now homogeneous and particular solution (6.8) and (6.9) with (6.11) yields the general

solution for the dynamics of the bath operators:

t
Bl (t) = Bl (t)e™10) 4 4g, / dr b (1)e =) (6.12)

to
Inserting this general solution for El(t) into the evolution equation (6.6) for the photon creation
operator bf(t) yields

% b (t) = dwob! (t) + FT(t) + T (2). (6.13)

The term from which the damping will emerge reads
t
Fi) == S Jauf” [ drbf(rene. (6.14)
w to

Now we allow for both positive and negative frequencies and perform the limit of having a
continuum of bath degrees of freedom, so that the sum over the frequencies leads to an integral.
Furthermore, we assume that the constant g, which describes the coupling between the system
operator b" and the bath operator é:[,, does not depend on the frequency w, see Fig. 6.2. With
this we get

t o]
Fi(t) = —1g)? / dr b (7) / dw (=) (6.15)
to —00

and the frequency integral yields a delta function

F(t) = =27 |g|? /tt dr b ()6t — 7). (6.16)
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Figure 6.2: Strength of interaction g, between photon operator and bath operators at different

frequencies w: a) Discrete and b) continuum case.

For the evaluation of the integral it must be noted that the delta function has the property

/Otha(t—T):%. (6.17)
Thus, finally we yield the damping term
Fi(t) = —rb'(t) (6.18)
with the damping constant
k=m|g|* . (6.19)

This damping describes photon losses, which are due to semi-transparent cavity mirrors or an
interaction with scattering centers. Correspondingly the last term in the evolution equation
(6.13) for b(t) reads

Di(t) =i g Bl(to)e™ ). (6.20)

This represents an operator-valued fluctuating force. The reason is that the effect of the op-
erator éL(to) at the initial time ¢, is not known precisely. If we assume that the heat bath is

initially at equilibrium with some temperature 7', it is described by the thermal density matrix

1 N
g = 7 L (6.21)

with the bath Hamiltonian (6.2) and the partition function

Zp = Trg e PHe (6.22)
Any thermal average over the heat bath is then defined by

(o) =Trg (ppe) - (6.23)

With this we obtain immediately from (6.20)—(6.23) that the heat bath average over the fluc-

tuating field operator vanishes

(T7(t))p =0, (L(t)) =0 (6.24)
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due to the property

(BL(to))s =0, (Bu(to)) = 0. (6.25)
Correspondingly the correlation functions of the fluctuating field operators yield
IO = D lgul* e (1), (6.26)
COTI )y = D gl e ™ 1 +n,(T)] (6.27)
which is independent of the initial time ¢y due to the property
(Bl(to) B (t0))g = Suwwiin(T), (6.28)
<Bw(t0)3l, (to))g = Ouww [1+7,(T)] . (6.29)

Here 7, (T") denotes the occupation number of the bath mode corresponding to the frequency
w of the heat bath at temperature 7. Also in (6.26) and (6.27) we allow the coupling constant
to the bath g, to be independent on the frequency w, so that performing the limit of having a

continuum of bath degrees of freedom converts the sums over the frequencies to integrals:
(LD )y = gl / dw e, (T) (6.30)

Ty = |g|2/_oo dw e 1 4 7,(T)] (6.31)

As the thermal occupation 7, (T) of the bath mode is supposed to vary slowly around the
frequency wy of the photonic harmonic oscillator, it can be approximated by 7, (T"), so by

taking into account the damping constant (6.19) we get:
T OT())g = 2870, (T)5(t — 1), (6.32)
O ) = 26 [1 + T, (T)] 0(t — ). (6.33)

We read off from the delta function in time that the heat bath has a very short memory, which is
called a Markov property. As the Fourier transform in time would lead to a constant in frequency
space, such a noise is called to be white. Furthermore, the strength of both correlations (6.32)
and (6.33) are proportional to the damping constant x and is, thus, intimately connected with
the dissipation. This represents an illustrative example of the seminal fluctuation-dissipation
theorem that the strength of fluctuations is determined by the strength of the dissipation.
In view of later purposes, we also obtain from (6.32), (6.33) for the bath average over the

commutator of the operator-valued fluctuating force

<[f(t), fT(t')] >B — 2wd(t —1'). (6.34)

Now we show explicitly how the fluctuating field operators restore quantum mechanical consis-
tency. To this end we solve the evolution equation (6.13) for bf(¢), which reduces due to (6.18)
to

0

o b (t) = (iwo — k) b (t) + T (¢) | (6.35)
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and obtain

t
bi(t) = bf(0)elio—m)t 4 / dr T (7)elio=m) =) (6.36)
0

Correspondingly the dynamics of B(t) is given by

t
b(t) = b(0)el w0t / dr T(7)el"wo=r) (=) (6.37)
0

With this we can calculate how the equal-time commutator of b(t) and b (£) changes with time.
Within the heat bath average we find due to (6.24)

<[6<t>,8*(t>]_>3 - [é(()),iﬂ(())] o2t (6.38)

t t
" / dr / d7f<[f(7>,f*<r'>} > el =Rt o)),
0 0 ~/ B

With the initial canonical bosonic commutator

[13(0), 8*(0)} —1 (6.39)

and the heat bath average of the commutator of fluctuating field operators (6.34) this reduces

to
(o] )

Evaluating the remaining elementary integral

t 2kt __ 1
/ dr e = & (6.41)
0 2K

t
= e 2t ¢ 2/<ae_2'“/ dr e* . (6.40)
B 0

we obtain the intriguing result that the equal-time commutator relation is preserved with

respect to the heat bath average for all times:

< [B(t), BT(t)] _> —1. (6.42)

B

In a similar way we can also determine from (6.36) and (6.37) the heat bath average of the

photon number operator:
A A ~ ~ t ¢ A A . / .
(B (0)b(6)) = b ()B(0)e > + / dr / a7’ (P (1) P(r))y, elio =) emE=) | (6.43)
0 0

Due to the above correlation function of the fluctuating field operators (6.32) this reduces to

A~

(0 (1)b(t)) g = bT(0)b(0)e™ 2 4 2k, (T)e =2 / Cgr e (6.44)
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Taking into account the elementary integral (6.41) this finally yields for the time evolution of

the heat bath average of the photon number operator

(BT (1)b(1)) g = T (T) + [6*(0)6(0) — Ty (T) | €72 . (6.45)
Thus, this heat bath average evolves exponentially starting from the operator-valued initial
value
lim (61 (1)b(1)) 5 = b1(0)5(0) (6.46)
to its long-time limit
Tim (B (1)b(t))g = T (1), (6.47)

which is just a c-number and corresponds to the occupation number of the bath mode corre-
sponding to the cavity mode frequency wq of the heat bath at temperature T'. Furthermore, we
observe from (6.46) together with (6.24), (6.36), and (6.37)

(BT (D)b(E)) — (BT (1) (b()) = Ty (T) (1 — €72) (6.48)
Thus, the variance of the photon number operator with respect to the heat bath average

increases monotonously from the initial value zero to the the occupation number 7, (7T") of the
bath mode.

6.2 Heat Bath For Electron Field: Deterministic Part

In an analogous way we now treat also the heat bath for the electron field. As the respective
atoms are assumed to be distinguishable, we restrict ourselves to the heat bath of one single
atom, so we can drop the atom index p. The starting point is again a total Hamiltonian H
of the form (6.5). But this time the system Hamiltonian consists of non-interacting electrons

with dispersion Fj:
Hs =) Fiaa; . (6.49)

T

i

a; of the electron field is coupled to its own bath operator Bijw according to

Hsp =Y _ajash»  gyuBiw + > b ghBh,alas, (6.50)
w i,j w

ij

Each operator a

where g3, denotes the respective coupling strength. And the bath Hamiltonian is again mod-

elled by harmonic oscillators

Hg = Z Z hwBj, By . (6.51)
ij w
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Note that also the bath operators B1 " Bijw for the operators diT&j of the electron field fulfill

the usual equal-time bosonic commutator relations:

A A~

| Biolt), Buyr ()] = [ Bu(0), Bl (0] =0, | Byult), Bl ()] = by . (6.52)

At first we determine the Heisenberg equations for the operators &Idj:

J .+. iAot i ta ata
5 —ala; = 7 [H,agaj}_ = ZEi/ [a;r,ai/,agaj]_ (6.53)
i A R At s
—i—ﬁZ[aiT,aj/,ataJ] hzgle 1J’w+hzhzguw 1JUJ|: ‘;f/ 1’7a;raji|_ '
i/’j/

Applying the above derived commutator relation (5.46) yields together with the atomic transi-
tion frequencies (5.48)

gﬁﬂ& = 04 aJ—l—zZa aJZg“w Vi Za ay ZgJJ 5w (6.54)
+iZngj/wBﬁ,wA aj — zZZgle Uw& ay .
j’ w

And the Heisenberg equations for the bath operators yield

QBT == [H Bl } = jwBl; +Z'gijwdzdj- (6.55)

ot T lw ijw ijw

The solution of this inhomogeneous linear differential equation of first order reads

t
Bl (1) = Bl (fo)e™™ + igg, / dr & (7)ay () =) (6.56)

to

with the correspondingly adjoint dynamics

A A

¢
Biju(t) = By (to)e ™) — g / dr aj(7)as(r)e ) (6.57)
to
Inserting the dynamics of the bath operators (6.56) and (6.57) back into the Heisenberg equa-
tions for the electron field (6.54) yields
9 af t ot —iw(t—7)
8t 1 <t>a‘J (t) = ZQlJa’ _'_ i Z CL Z g zw gl w dr CLi (T)a’i/ (T)e

to

t
— Z CAldei/ Z gji/w(—i)g;i/w / dr diT, (7)a; (T)e—zw(t—q-)
i w to
" Z Z v 9 / draf (r)ay (7)e™ 7 al, (t)a;(t)
_Zzzgljwzglyw/ ( )aJ(

)et=al (Hay (t) + Ty(t) - (6.58)

dTa/ ;
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Here the fluctuating field operators read

fij(t) = ’LZ Zgl i Biriw tO —zw(t to) Z Zngw » t(] —zw(t to)
+1 Z Zgu Bl w zw(t to) T —1 Z Z gl i le zw(t to) A T(t)al (t) . (659)

The discussion of their correlations is relegated to the subsequent section. Here we focus
on identifying the respective deterministic terms in the Heisenberg equations (6.58) of the
electronic operators. To this end we assume for the electron field bath that the coupling
strengths g;;, do not depend on the frequency w and perform the limit of continuously many
bath degrees of freedom similar to the photon bath case illustrated in Fig. 6.2. The resulting
frequency integral leads to a delta function in time, which can be directly evaluated. With this
the Heisenberg equations (6.58) reduce to

0 .+ e A
5 — alag = iVala; + - Z [ Vi + Vi) G azalay — (5 + mr) aiTai/ai,aj} + T, (6.60)

where we have introduced the damping constants
i = 27 |gyl” (6.61)

As we restrict ourselves to the description of one electron, the product of four electronic oper-
ators is further simplified according to (5.87). The evolution equation (4.138) thus simplifies
to

_ aT&J = ZQU@ aj + = Z [ Vi T 713) 035 j (731 + 711) :F i| + Fij- (662)

We distinguish now two cases where the quantum numbers i and j are different and coincide,

respectively:
. d i, : Vi TV ata | p
i7j: o aja; = (ZQU - 21: JT) aja; + Iy, (6.63)
0 .
i=j: o oy = Y ywadhay — > ywaja;+ Ly (6.64)

Now we approximate each atom by a two-level system, so the indices i, j can only assume the
values 1 and 2. In case of identifying i, j with 1, 2 and 2, 1, respectively, we obtain from (6.63)

the dynamics of the atomic polarisation amplitude operator (5.71):

J .

5= (=i =~y )a+T, (6.65)
and its adjoint

(6.66)
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Figure 6.3: Schematic illustration of gains and losses for the occupations of both atomic levels:

Rates 712 and 79, describe pumping processes and non-radiative atomic transitions, respectively.

which have the fluctuating operator

A A

I, = Iy, (6.67)
rt = 1, (6.68)

Here the transversal relaxation parameter

1
VL= B (711 + Y12 + Y21 + Y22) (6.69)

characterizes the line width of the frequency 2 in the two-level atom, which is caused by the
decay of atomic dipole moments. Correspondingly, in case of identifying i=j with 1 and 2 leads

in (6.64) to the dynamics of the population of the respective levels:

J .+, ot U

o ajay = Amabas — yzalay + T, (6.70)
J .+, At U

a1 bty = —ybdan +M20]ar + T (6.71)

The deterministic part describes gains and losses for the respective occupations as sketched in
Fig. 6.3. The rate ;2 quantifies the pumping process, which can either be achieved with a
separate light source or, as in case of the He-Ne laser, by a scattering of the two-level systems
of Ne atoms with excited He atoms. The rate v9; describes non-radiative atomic transitions
which are due to interactions of the laser-active atom with the solid-state matrix. Thus, the
resulting dynamics for the atomic population inversion operator (5.61) yields

0 .

It d= (12 — Y21) — (712 + Y21) d+ I'q, (6.72)

with the fluctuating operator
Ty=Tp-Tu. (6.73)
Introducing the unsaturated population inversion

dy = 2~ (6.74)
M2 + Y21
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and the longitudinal relaxation parameter

Y= "12 + V21 (6.75)

the dynamics of the population inversion operator (6.72) is finally of the form

9 . N .
d= (do—d)+Tu. (6.76)

Note that dy represents the population inversion in equilibrium, which adjusts itself in the
absence of any interaction with the light field under the mutual impact of pumping and inco-
herent decay processes described by 712 and 21, respectively, see Fig. 6.3. And ) denotes the

relaxation time for the population inversion to reach equilibrium.

6.3 Heat Bath for Electron Field: Stochastic Part

In this section we determine the correlation functions of the fluctuating field operators for the
electron field. To this end we assume that also the bath operators By, (o), é;fjw(to) at the
initial time ¢, are distributed according to the equilibrium density matrix (6.21) with the bath
Hamiltonian (6.51). Thus, the thermal average (6.23) of the bath operators vanishes:

~

(Bijw)g =0, (B}

ijw

) =0. (6.77)

So far, the bath of the electron field has the same properties as the bath of the photon field. But
the first essential difference is now that the energies of the bath operators of the electron field
are supposed to be much larger than the photon field and the room temperature. Therefore,

we conclude that the bath modes are approximately not occupied:
<ngw(t0)éi’j’w’ (t0)>B = 5ii’§jj/5ww’ﬁijw(T> ~0. (6.78)

In view of the calculation of the correlation functions of the fluctuating field operators for the
electron field this has the consequence that only terms contribute which contain an expression
of the form

(Bijuo(to) Bl (t)) y = 61O 0ur [1 4 Mijeo(T)] & GG (6.79)
But there is also a second qualitative difference between the bath of the electron field and the
photon field. In case of the photon field the fluctuating field operators describe an additive
noise. This means that I'(¢), I'(¢) do not depend on the photon operators b(t), bf(t) as can
be seen from (6.20) and its adjoint. In contrast to that the fluctuating field operators of the
electron field describe multiplicative noise as fij (t) depends explicitly on the electronic operators
al(t),a;(t) according to (6.59). This makes the evaluation for the fluctuating field operators
more complicated for the case of the electronic field. But we use a time scale argument in

order to determine the correlation functions at least approximately. Whereas the fluctuations
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of the bath operators occur on a very short time scale, the response of the electronic degree of

freedom is quite slow. This suggests to factorize the bath average as follows:
(electron operators - bath operators) = (electron operators)y, - (bath operators), . (6.80)

Taking into account (6.59) and (6.77) we conclude from (6.80) that the bath average of the

fluctuating field operators vanishes

(L(1))5 = 0. (6.81)

Subsequently we calculate the correlation function of the fluctuating field operators:

Ty (T () (6.82)

Inserting therein (6.59) we obtain in total 16 terms from which only four terms survive due to

(6.78). Applying for each of them the factorization approximation (6.80), this yields
SN [(dﬂ(t)&j(t)&;(t')&y (') i Girjrr (Brcico(t0) Bl (f0)) , €710 e/ (7 10)

+ (@] (t)anc(D)afy (¢)ay (1) Gikew i (Bieo(t0) Bl (o)) €110t (7 10)
— (af (1) as()al, (t)ay (1) g GiwTiner (Buus(to) Bl (to)) €10 7710)
— (af (Dane(t)a, (¢ ) (1)) g GikewTierjror (Bt (t0) Blyrr (t0)) e—iw“—m)eiw/(t’—fﬂ . (6.83)

Inserting the thermal average for the bath operators (6.79) reduces the correlation function
(6.83) to

3 [0 0 B v+ 001 () el
—Z[dift&jtdi(t’)a () g |ginel® + (@l (t)ag (t)al, () a5 |9MH i) (6.84)

Assuming as usual that the coupling strengths g;;,, do not depend on w and allowing positive
as well as negative frequencies yields in the thermodynamic limit that the correlation functions
are proportional to the delta function:

(D () Dy () = Diguyo(t — 1), (6.85)
Thus, the fluctuating field operators of the electron field do not have any memory, which is

called the Markov property. With the definition (6.61) of the electronic damping constants we
obtain for the operator-valued weight in (6.85):

A~

Py = Z[yki(sij/ (@l 6300, aac) g + Vsl (@l el iy )y,
k

Lag)g - (6.86)

—Yiri (&I,djdfdeB — 55 (@
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Provided that the electronic operators just describe one electron, the product of four operators

reduce to two operators according to (5.87), which simplifies (6.86) to
Ty =) <7ki5ij’ (g + Y <d;rd.i'>B> Oug — iy (@) — Yy Oy (@lay)g - (6.87)
K

Special cases of (6.87) read

Dy = Y (’Vki (afn)g + Y (0] ) > O — i (abaw) p — v (afas)y, | (6.88)
K

Dy = 0, i£i, (6.89)

fii’i’i = Z (’Vki <&L&k> + Yk (@ j >B> , i#£i. (6.90)
K

Note that (6.88)—(6.90) coincide with [8, (IV.5.29)—(IV.5.31)]. Now we implement the two-level
approximation, so that the indices i, i’ can only assume the values 1 and 2. With this we read
off on the one hand from (6.88)

Tiin1 = Dooe = Y21 <d;d2>3 + 712 <&Id1>B = T2 = —Toa1 - (6.91)

Thus, we conclude for the correlation amplitude of the fluctuation operator of the population

inversion operator (6.73) due to (6.85)

A A

(La®)Lat))p = <f2222 + Do — Fise — f2211) o(t —t') (6.92)
with the amplitude following from (6.91):

F2222 + F1111 - F1122 - F2211 =4 (721 <a2a2) + Y12 < 1 >B> . (6-93)

Provided that each atomic two-level system describes just one electron both occupation number
operators di&l, &;dg can be expressed in terms of the respective atomic inversion operator d
according to (5.79). Taking into account the longitudinal relaxation parameter (6.75) and the
unsaturated population inversion (6.74) we get for the amplitude (6.93)

2222 + Dt — Tz — Doony = 2 (1 —dp (@B) : (6.94)

On the other hand we obtain for the correlation of the fluctuation operator of the atomic
polarisation amplitude operator (6.67), (6.68) from (6.90)

(Fa(t)
(CL(1)

>
Q
=

L) = Tiamid(t—t), (6.95)
o)) = Tonad(t—1), (6.96)

’ﬂ>

where the respective amplitudes are given by

Tiomr = i1 {alan) g + v21 (@ban)g + y21 (afan)g + 722 (@l (6.97)
F2112 =712 <5L a1)p + Vo2 <d az)p + M1 (CAL;CAL2>B + 712 (@
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Introducing again the atomic inversion operator d according to (5.79) and using (6.69), (6.74),
and (6.75) yields

1A11221 = 7L (1 - <CZ>B> - % (dO - <d>B> ) (6-99)
Pors = yi,(1-k<d>B) +»%} (do-<d>B) . (6.100)

In addition we read off from (6.87)
o1 = =21 (@] o)y = —Tioee, Toi11 = 2 (@dar)y = —Tares . (6.101)

From the definitions (6.75), (6.74) we straight-forwardly obtain the relations

Ydo = Y12 — 721} PN Y2 = (1 +do) /2 (6.102)
Y = T2 + Y21 o1 =y (1 = dp) /2
which thus yields due to (6.67), (6.68, and (6.73) the correlations
(Ca®Ta(t))y = @@m—fmgau—y% (6.103)
(T (OTu(t)y = @hm_fmgaa—w (6.104)
with the amplitudes
IA11222 - IA11211 = 279 (a J{ g = (1 —do) (&) , (6.105)
Toroo — Torin = =212 (@lan)y = — (1 + do) (a@T)y5 - (6.106)
Correspondingly we also read off
D12 = 72 (ala 2)p = ~Tao10, 121 = —721 (Gba g = ~To21 (6.107)
so we also deduce the correlations
(Ca)Ta()y = <f2212 - f‘1112) ot —1), (6.108)
<fd(t)fjx<t/)>13 = (f2221 — 1;1121) ot —t). (6.109)
with the amplitudes
Tyo12 — T = — (14 do) {&)g , (6.110)
Tooo1 — T = v (1= do) (&) . (6.111)

Thus, the correlation functions obey the symmetry relations

0t = ([F0r]) - Eaoren, = ([fota)]') . e

We conclude this section with the observation that also for the electron field the strength of
fluctuations is determined by the strength of the deterministic forces describing dissipation and

pumping, so that the fluctuation-dissipation theorem is also valid here.
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6.4 Heat Bath for Electron Field: Consistency

Now we show explicitly that the fluctuating operators, whose properties were determined in
the previous section, restore quantum mechanical consistency. To this end we formally solve at
first the quantum Langevin equations of the electron field operators (6.65), (6.66), and (6.76):

t
&T(t) _ df(o)e(m—n)t_{_/ dTFL(T)e(iQ—’M)(t_T)7 (6.113)
0
t
alt) = @(0)6(_i9_ﬂ)t+/ dr T o (1)e 7 10)0=7) (6.114)
0
t
) = do+ [d(0) = do| e + / dr Dy(r)e 1= (6.115)
0

Here the respective Langevin forces have according to the previous section the following seven

non-trivial correlation functions with respect to the bath average:

EL)y = (Fal®)y = Falt))y =0, (6.116)
CLOT)s = { (14 O] + 3 [do— de)p] fo—1),  (6117)
CalPLEN s = {70 [1= (0] = 2 [do = d)g| ot -1, (6118)
Ca®a® )y = 29 |1 = do (A1) ] 32~ 1). (6.119)
FOF®ly = ([FOM0)]') =) G@olyoe—1). (G120

(Cal)Ealt))y = <[fL<t>fd<t'>]T>B=—vu (1+do) (@lt) 8t — ). (6.121)

Now we have to check whether all commutator and anti-commutator relations listed in (5.85),
(5.86) and (5.87)—(5.93) remain valid with respect to the thermal average. To this end we focus
on the five non-vanishing commutator and anti-commutator relations and start with obtaining
from (6.113), (6.114) by applying (6.116) and (6.117)

(@'(t)a(t)y = &'(0)a(0)e !

L2t /Ot dr {’YL [1 + <CZ(7—)>B] + %7” [do — <CZ(7)>B} } e2VLT (6.122)

and, correspondingly, by applying (6.116) and (6.118)
(@at)al(t)y = a0)al(0)e

rerit [arfo, 1= dmye] - g [ = o] bersr. - 0a29)

Thus, from combining (6.122) and (6.123) we directly read off the consistency for the anti-

commutator

<[@T(t),d(t)]+>B = [a1(0), 6(0)], e + 2y, 7! /O dr e21eT (6.124)
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by taking into account (5.90) at the initial time ¢ = 0 and the elementary integral (6.41):

<[@T(t),d(t)}+>B ~1. (6.125)

The investigation of the corresponding commutator is more involved as we yield from (6.122)
and (6.123) at first

<[07T(t)>0?(75)]_> = [af(0),4(0)] e 2t

et /0 ir {271 () + 3 [do = (d())] €7 (6.126)

Inserting therein the solution of the population inversion operator (6.115) together with (6.116)

we get

(['.a00]_), = [a'(0).a(0)]_ e

B
t t

Fe— 21t {QVLdO/ dr e + (2v1 — ) [d(o) - do} / dr 6(2”_7”)7} , (6.127)
0 0

so that the remaining elementary integrals are of the type (6.41) and yield with (6.115) and
(6.116), indeed, that the commutator (5.85) holds at time ¢ provided that it is fulfilled at the

initial time ¢t = 0O:

([a'®),a(0]_) = (dt)g - (6.128)

In the same way we proceed for the bath average of the square of the population inversion
operator (6.115), which reads due to (6.116)

(@) = 3+ [d0) —do] e+ 24 [d(0) — do| e "

+2y e 2! /0 “ar [1 —do <J<T)>B] 2N (6.129)

Taking into account (6.115) and (6.116) the second line of (6.129) yields the integral

2y {(1 — @) /0 dren — dy (0) — do) /O dr e”} , (6.130)
whose evaluation with the help of (6.41) yields
(1= ) (1= e™211) = 2dy [d(0) — do] (e — e72n1) . (6.131)
Thus, substituting the second line of (6.129) by (6.131) we finally end up with
(P, =1+ [&2(0) - 1] et (6.132)

so that (5.93) is valid at time ¢ provided it is valid at the initial time ¢ = 0. Subsequently we
deduce from (6.114) and (6.115) together with (6.116), (6.120), and (6.121)

~

(@td(t)y = a)e ) {do + [d(O) - dO] e*WHt}

oy (1= do) el / Car (G (7)) el (6.133)
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and also
(i) = {do+ [d(0) - do| e} afo)el=ir

—y (1 + do) e ) / i (@) )T (6.134)

Thus, inserting therein (6.114) and (6.116) and taking into account the elementary integral
(6.41) yields for the commutator

< [&(t), d(t)} > — [d(()), d(o)} e(ZI2 =)t 4 96(0) (M1 — 1) (7 (6.135)
/s -
Provided that the commutator (5.86) is valid at the initial time ¢ = 0 it remains to be valid at
any time ¢ due to (6.114) and (6.116):

[@(o>,d(o>] —24(0) = <[@(t>,d(t>}> = 2(a(t)),y . (6.136)

Correspondingly we obtain also the adjoint of Eq. (6.136):

[@T(o),d(())] — —24(0) — <[&T(t),d(t)}_> — —2(al(1), . (6.137)






Chapter 7
Semiclassical Laser Equations

At the beginning we review the quantum Langevin equations for the laser, which are too
complicated to solve exactly. Therefore, we perform a series of approximations in order to
be able to study at least roughly some laser properties. In a first step we determine the
expectation values for all system observables, yielding the seminal microscopic semiclassical
laser equations. Afterwards, we specialize to the homogeneous single-mode laser, which leads
to a qualitative understanding of the laser dynamics in form of three macroscopic equations.
Within the third step we adiabatically eliminate the polarization from the description, which
reduces the three macroscopic equations to two rate equations. For the latter we then perform
a linear stability analysis in order to determine both the laser threshold and the frequency of
the laser. And, finally, in the fifth step we work out a nonlinear analysis in the immediate
vicinity of the laser threshold, which allows to derive the underlying order parameter equation
for the nonequilibrium phase transition from the incoherent lamp light to the coherent laser
light.

7.1 Quantum Langevin Equations of Laser

We start with summarizing all the results of the preceding two chapters concerning both the
coherent and the incoherent interaction of light and matter. Thus, we list the coupled equations
for the light and the matter field operators, which represent quantum Lange quations and, thus,

consist of both a deterministic and a stochastic part:

%bT (t) = (iwx—K) )+ ZgMa (t) , (7.1)
%bA( t) = (—iwx —K) —1 ng% +Dua(t), (7.2)
gt AL(t) = (=) — ZZQM )+ FT ( ) (7.3)

199
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% u(t) = (=i =70) au(t) + Y gaudu(t)ba(t) + Tap(t) (7.4)
%c%(t) = [do - ciu(t)] +2iy [giu[;;(t)du(t) — gl (ObA() | + Tau(t) . (7.5)
A

Here the bath expectation values of all Langevin operators vanish:

(Do) = (Coa(t)g = (Th.(0) 5 = (Can())g = (Lau()) = 0. (7.6)

The correlation functions of the Langevin field operators read

(Coa®)Ton (g = (TAOT () =0, (7.7)
(ChAOTox () = 267, (T)6axd(t — 1),
(O] () g = 26[Fwg (T) + 1]oand(t — 1) (7.9)

Here the Kronecker symbol dyx describes the independence of the respective cavity modes.

Furthermore, all correlation functions of the Langevin matter operators are given by

<fdu(t)fdu’ (t/)>B = 27\\ [1 — do <Czu(t)>13] 5##’5(t - t/) ) (7-10)
FapOE 0Dy = e [ 0] = 50 [d0 = @utt)s] il ). (1)
Loy = {1 [L+ @] + g0 [do = (u00] fouite — 1), (112
(Can) (1)) = (TL.O, (1)), =0, (7.13)
(ConOTaw () = Cau(O)Taw )y =7 (1= do) (@) 06t — 1), (7.14)
(L O g () = CauOTL (1)), = = (L+do) (G1,(), Suud(t — ). (7.15)

On the one hand, the Kronecker symbol 9, reflects the distinguishability of the respective
laser active atoms and, on the other hand, the delta function §(¢ — ') represents the Markow

property, i.e. the short memory of the Langevin operators.

7.2 Expectation Values

Performing the bath average upon the quantum Langevin equations of the laser (7.1)—(7.5), we
observe at first that the Langevin operators drop out due to (7.6). Secondly, we use again the
time scale hierarchy that the matter degrees of freedom vary much faster than the field degrees

of freedom, yielding the factorization approximation (6.80). This leads to the following coupled
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evolution equations for the bath expectation values of field and matter operators:

0 B0 = = ) (300 +13 o 610, _
% (o) = (—iwn = k) (ba(t)) — @ ; G (Gu()) 5 (7.17)
% (A0 = (12 = 71) (a),(1), — i EAJQL (du(t))g (RO (7.18)
5 () = (152 = 70) () + > 03 () (r (D) (7.19)
35 0l = 0 [do = (A1) +2 2 (055 (R0 {G0)) s — 93 (A1), (b)) - (7.20)

Note that the bath expectation value of each operator has, in general, still an operator character
concerning the system observable. However, in order to simplify the following discussion further,
we eliminate also this operator character by restricting ourselves to the expectation values of

those operators with respect to the degrees of freedom of the system:

bA(t) = ({ba(1))p) bA(8) = ((BR(D)g)sg - (7.21)
au(t) = ((@u(®)p)s » o (t) = ((61(1))g)g d(t) = ({du(D)g)s - (7.22)

Y

w2

Also for the system expectation value we take advantage of the time scale hierarchy that light
quantites vary on a time scale, which is much slower than the one of the matter quantities, and

assume a corresponding factorization property:
(light operators - matter operators)q ~ (light operators) - (matter operators)g . (7.23)

With this we obtain the field equations from (7.16) and (7.17):

9.

8tb V) = (iwx—rK)bA(E) +1 E Ian,( (7.24)
0

abk() = (—iwx — k) bx(t —zg It (7.25)

The first term describes the oscillation and the damping of a resonator mode in absence of any
light-matter interaction. The second term takes into account that the dipole moments of all
laser active atoms represent the source for the dynamics of a resonator mode. The second set
of evolution equations concerns the matter degrees of freedom. According to (7.18) and (7.19)

the atomic dipole moment changes via

9 .

aau(t) = (IQ—v)a zg Irudy (7.26)
0

Ea“@) = (=i — 1) a,(t —|—ZE Iauba(t) (7.27)
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Figure 7.1: Two mode selection schemes: a) Selection of near axial modes with long lifetime

and b) selection with respect to wavelength according to (7.29).

Here the first term denotes in absence of any light field the transition frequency of the two-
level atom and its damping, where the latter is caused by the interaction of the atom with its
environment. The second term accounts for the fact that any population inversion in presence of
a light field yields an atomic polarization. Finally, the atomic population imbalance is governed
by

0 .
& du(t) = [dO - du<t>] + 21 ; [g;#bﬁ‘(t)oz”(t) - gAua;(t)bA(t)] : (7-28)
The first term describes the relaxation toward an equilibrium population imbalance, which
is set by the competing effects of pumping and losses. The second term deals with the fact
that a polarization in presence of a light field drives the population imbalance. Note that
the semiclassical equations (7.24)—(7.28) also directly follow from describing the light-matter

interaction within the Maxwell-Schrodinger theory.

7.3 Homogeneous Single-Mode Laser

In order to realistically describe the laser in the framework of the semiclassical laser theory
one has to take into account approximately 103 resonator modes and 10'® laser active atoms.
Because of the nonlinearity of the semiclassical equations this leads to such a complexity that

it is not possible to obtain any analytic solution.

But for a more qualitative understanding of the laser it is sufficient to extract from the semi-
classical laser equations a simple but physically reasonable model. To this end we perform the

following physical approximations:

e So far we have already concentrated the description on a homogeneous laser as we always
considered all laser active atoms to be equal. In principle, it could occur, for instance,
that both the transition frequency €2 and the damping constant v, vary from atom to

atom, which would necessitate that they get an additional p-index.

e From now on we restrict ourselves to the case that only one single field mode becomes
dominant in the resonator. In principle, two mode selection schemes by the mirrors are

feasible:
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— Due to the arrangement of the mirrors only light, which is emitted very close to the
axis, remains in the resonator long enough. This represents a mode selection with

respect to the lifetime, see Fig. 7.1a).

— Because of interference effects only such axial modes can survive in the resonator,
which vanish at both mirrors. According to Fig. 7.1b) this yields a mode selection
with respect to the wavelength via

2 T 2L
_ S — ) 2
kn—)\n—n — A et neN (7.29)

e As a consequence of both previous assumptions the coupling constant g, between the

resonator mode A and the laser active atom p does no longer depend in the indices A\, u:
I =9- (7.30)

With these physical approximations the semiclassical laser equations (7.24)—(7.28) reduce to
b(t) = (—iw—rK)b(t) —ig" Y _ au(t), (7.31)

©

aut) = (=i = 71) a(t) + igd, (DB(1) (7.32)
d.(t) = [do — du(t)] + 2i[g"b" () (t) — gas; (£)b(t)] . (7.33)
Due to the assumed homogeneity of the laser we can now introduce macroscopic matter vari-

ables by summing over all respective microscopic matter variables. To this end we define the

polarization
P =" ault). (7.34)
I
the saturated population inversion
D(t) =) du(t) (7.35)
w
and the unsaturated population inversion
Dy = Ndy, (7.36)
where the number of laser active atoms is denoted by

N=>"1. (7.37)

With these definitions and identifying the field mode b(t) with the electric field E(t) we ob-
tain from the microscopic semiclassical laser equations (7.31)—(7.33) the following macroscopic

equations for the homogeneous single-mode laser:

E(t) = (—iw—k)E(t) —ig*P(t), (7.38)
P(t) = (=i —~.)P(t)+igD(t)E(t), (7.39)
D(t) = v [Do— D®)] +2i[g"E*(t)P(t) — gP*(t)E(t)] . (7.40)

Note that we treat here the general off-resonant case that the resonator frequency w and the

transition frequency {2 of the laser active two-level atoms do not coincide.
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7.4 Derivation of Rate Equations

We start with the observation that the evolution equations (7.38)-(7.40) have the following
global U(1)-symmetry involving both the light and the matter degrees of freedom:
E(t) — E(t)e™™, E*(t) — E*(t)e'",
P(t) — P(t)e ™, P*(t) — P*(t)e", D(t)— D(t). (7.41)
It could happen that this global U(1)-symmetry is dynamically broken. In order to take into
account this possibility we transform the respective variables into a co-rotating frame
E(t) = E(t)e™™,  E*(t) — E*(t)e™,
P(t) — P(t)e ™", P*(t) — P*(t)e™, D(t) — D(t). (7.42)

Here the frequency @ of the co-rotating frame corresponds to the laser frequency, which is
currently not known but will be specified below. The ansatz (7.42) converts (7.38)—(7.40) into

BElt) = [—i(w-a)—«&]E({t)—ig"P(t), (7.43)
Pit) = [—i(Q—&)—7.]P{) +igD®)E(®), (7.44)
D(t) = ~[Do— D(@®)] +2i[g"E*(t)P(t) — gP* () E(t)] , (7.45)

where we left out the tilde at all quantities for the sake of simplicity. We remark that in
the resonant case the laser frequency @ can be chosen to coincide with w = €2 and, thus,
the macrosopic laser equations (7.43)—(7.45) turn out to be formally equivalent to differential
equations, which were set up in 1963 by the meteorologist Edward Lorenz as a simplified

mathematical model for atmospheric convection [53].

The typical time scales of the electric field E(t), the polarization P(t), and the population
inversion D(t) are approximately determined by the time scales associated to the respective

damping constants:

1 1 1
k=—, v=—, M= (7.46)
TE TP D

In case of a homogeneous single-mode laser the typical time scales are of the order

5 =10"%s, ™ = 10""%s, ™ = 10715, (7.47)

In a first approximation it is, therefore, justified to assume for so-called class A lasers [54, page

14], as for instance a dye laser or a semiconductor laser, the following time-scale hierarchy
TP LT, TD - (748)

Thus, the polarization P(t) is regarded as a fast decreasing quantity, whereas both the electric

field E(t) and the inversion D(t) are the slowly varying quantities. This time-scale hierarchy
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allows an adiabatic elimination of the polarization P(t), i.e. its time derivate in (7.44) can be

neglected:
Pt)=[—-i(Q—) =] P) +igD(t)E(t) = 0. (7.49)
Solving (7.49) for the polarization yields

P = 7 _g) - DB, (7.50)

Inserting the approximative result (7.50) for the polarization P(t) into the evolution equations
(7.43) and (7.45) for the electric field E(t) and the population inversion D(t) yields

N, g/’
B() = [=ilw=&) = kB0 + ;g% DIE®, (7.51)
Bty = [0y~ DIO) ~ 2P = [E()F D). (7.52)

Equation (7.52) suggests to introduce the photon number
n(t) = [E@) (7.53)

which is a measure for the intensity of the electric field E(t). Thus, the evolution equation for

the population inversion (7.52) is of the form
D(t) = v [Do — D(t)] — 2Wn(t)D(t) (7.54)

with the Einstein coefficient

271

Ao (7.55)

W =g’

Furthermore, decomposing the electric field into both its amplitude taking into account (7.53)

and its phase according to
E(t) = v/n(t) e® (7.56)
we obtain from the real part of (7.51) and (7.55) an equation of motion for the photon number
n(t) = —2kn(t) + Wn(t)D(t), (7.57)

whereas the imaginary part gives the corresponding equation of motion for the phase

w

PO =0 —w+ (@95 -

D(t). (7.58)
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Figure 7.2: Laser active atoms modelled as two-level systems of energies F, Es and occupation
numbers Ny(t), Na(?).

7.5 Phenomenological Laser Theory

We argue now that the rate equations (7.54) and (7.57) for the population inversion D(t) and
the photon number n(t) derived above within the realm of the semiclassical laser theory also
follow from a phenomenological theory for the homogeneous single-mode laser. The underlying
assumptions are the following:

e For the electric field is supposed that only one field mode survives in the cavity. Whereas
in a full quantum mechanical treatment one introduces a photon number n(t), whose
possible values are positive integers, the phenomenological theory assumes that the photon

number n(t) can take any positive real value.

e The laser active atoms are modelled as two-level systems, see Fig. 7.2, so that the number
Ni(t), Na(t) of atoms occupying the states Fj, E are assumed to take positive real

numbers.

The field equation summarizes gains and losses for the photon number n(t). By neglecting the

spontaneous emission one obtains

where k describes resonator losses, Ws; stands for the induced emission, and W5 represents the
absorption. Here the Einstein coefficients Wiy, W5, characterize the strength of the coherent
interaction between light and matter. Within the proper quantum mechanical treatment of
Subsection 4.3.1 and within the phenomenological theory of Einstein for rederiving the Planck

radiation formula in Subsection 4.3.4 we derived that both Einstein coefficients coincide:
W = Wiy = Wy . (7.60)

With this the evolution equation (7.59) for the photon number n(t) reduces to (7.57), where
we have introduced the population inversion as the difference of the occupation numbers in the

higher and the lower level:

D(t) = No(t) — Ni(t) . (7.61)
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In order to obtain a closed system of equations it becomes necessary to regard also the evolution
of the population inversion. To this end one has to take into account the gains and losses for

the respective occupation numbers Ny (t), No(t):

Ng(t) = ’712N1 (t) — ’)/QlNQ(t) + W12N1 (t)n(t) — ngNg(t)n(t) s (762)
Nl (t) = —’}/12N1 (t) + /721N2(t) — ngNl(t)TL(t) + WleQ(t)TL(t) . (763)
Here 7,5 describes the pumping process and 7, the non-radiative transitions, which are due to
interactions of the laser active atoms with the surrounding solid-state matrix, see also Fig. 6.3.
The last two terms take absorption and induced emission processes into account. As a result

of these respective gains and losses for the occupation numbers N;(t), Na(t) the total number

of laser active atoms is conserved:
Ni(t) + No(t) = N . (7.64)

Correspondingly, the evolution equation for the population inversion (7.61) results due to (7.60)

D(t) = 2y12N1(t) — 2921 Na(t) — 2Wn(t)D(t) . (7.65)

Eliminating Ny, Ny via N, D from (7.61) and (7.65) yields

Ny(#) = %[N LDW], N = %[N ~ D], (7.66)
and one gets then from (7.65)
D(t) = (712 — 721) N — (12 +721) D(t) — 2Wn(t) D(t). (7.67)

Introducing the unsaturated population inversion (7.36) together with (6.74) and the longitu-
dinal relaxation parameter (6.75) thus finally converts the evolution equation of the population
inversion (7.65) to the form (7.54). We conclude that the unsaturated inversion Dy is the
stationary solution of the population inversion provided that no interaction between light and
matter would be present, i.e. W = 0. In order to guarantee that Dy is positive, the pumping

parameter ;5 has to be larger than the parameter ~9; describing the non-radiative transitions.

Note that without a net pumping, i.e. Dy = 0, the rate equations (7.54) and (7.57) of the
phenomenological laser theory have the form of the Lotka-Volterra model, which was originally
designed to explain temporal oscillations of fish populations. To this end one has to identify
the photon number n(t) with the number of predator fishes and the population inversion D(t)
with the number of prey fishes [53].

As the semiclassical laser equations allow to derive the rate equations (7.54) and (7.57), we
conclude that they already contain the induced emission and absorption as the elementary co-
herent interaction processes of light and matter. Consequently, we can read off from (7.55) how

the corresponding Einstein coefficient (7.60) depends on the respective microscopic parameters.
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But note that the frequency @ of the co-rotating frame has not yet been determined and does

not explicitly appear in the rate equations.

The rate equations of the phenomenological laser theory (7.54) and (7.57) represent a set of
first-order differential equations for the photon number n(t) and the population inversion D(t),
which self-consistently depend on each other in the sense of circular causality as discussed on
page 177. As it is not possible to solve them analytically, we perform further approximations
in such a way that one can extract at least the most important information of the dynamics.
In particular, the performed analysis aims at obtaining an approximate solution, which reflects
that circular causality. To this end perform successively first a linear stability analysis and

afterwards a nonlinear analysis.

7.6 Linear Stability Analysis

The rate equations of the phenomenological laser theory read due to (7.54) and (7.57):

a(t) = Fi(n(t),D(t) = —2kn(t) + Wn(t)D(t), (7.68)
D(t) = Fy(n(t). D(t)) = 5 [Do — D(t)] - 2Wn(t)D(t). (7.69)

They possess two stationary solutions, where the first one corresponds to the lamp light
0 _ 0 _

whereas the second one deals with the laser light

o I 2K 0 2K
=— | Dy— — D, = — Dy > Dy it - 71
nQ 4/€ ( 0 W) ) 2 0= 0,crit. (7 7 )

Here the critical value of the unsaturated population inversion turns out to be given by the

resonator damping in absence of any matter x and the Einstein coefficient W

2K
DO,crit. = W . (772)

In order to perform a linear stability analysis around both stationary solutions one needs the

Jacobian
8F1(TL, D) 8F1(n, D)
on oD —2k+ WD Wn
L(n,D) = = : 7.73
(n, D) OFy(n,D) 0Fy(n,D) ( —2WD  —y —2Wn ) (7.73)
on oD

The linear stability analysis of the first stationary solution (7.70) yields from (7.73) the Jacobian

(7.74)

) D
L=l pl = 2P0
—2WD0 =
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Figure 7.3: Bifurcation diagram of the rate equations (7.54) and (7.57): Increasing the unsatu-
rated population inversion Dy as the control parameter changes a) the photon number and b)

the population inversion. Stability (instabilitiy) corresponds to a solid (dashed) line.

which has the eigenvalues
)\11 = —2K + I/VD()7 )\12 = —’7” . (775)

Increasing the control parameter of the unsaturated population inversion (7.36) by increasing
the pumping, the stability of the first stationary solution changes as is generic for dynamical
systems [53, 55]. For a smaller value of Dy the first stationary solution (7.70) is a stable node

due to

2K
DO < DO,crit. = W : )\11(D0> < O, )\12(D0) < 0, (776)

but for a larger value of Dy it becomes an unstable saddle because of

2K
DO > DO,crit. = W : /\11(D0) > O, >\12(D0) < 0. (777)

Thus, provided that the pumping reaches the critical unsaturated population inversion Dy =
Dy ait., two effects occur simultaneously, namely the first stationary solution (7.70) becomes
unstable and the second stationary solution (7.71) starts to exist. The linear stability analysis

of the second stationary solution (7.71) yields from (7.73) the Jacobian

W 2
o L= <D0 - —“>
L= L(ny, DY) = ir vl (7.78)
P LU
2k 0
which has the eigenvalues
WD W Do\ > 2k
Aot = _% + \/(%) — ”yHD (DO — W) <0, Dy > DO,crit. . (779)

Thus, whenever the second stationary solution exists, it represents a stable node. The results of

the linear stability analysis are summarized in the bifurcation diagram of Fig. 7.3, which shows
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how the stationary solutions of both the photon number n and the saturated population inver-

sion D change with increasing the control parameter of the unsaturated population inversion
Dy.

As the second stationary solution (7.71) corresponds to coherent laser light, we can now answer
the question, which frequency @ the laser light has. To this end we go back to the evolution

equation of the phase (7.58) and demand stationarity:

- - W - w—i—QDW/nyL
=@ — - Q)—D - = .
0=0—-—w+ (@ )Q’M w T DWW/,

(7.80)

Inserting the stationary population imbalance D from (7.71) into (7.80) yields for the laser

frequency the result

Yiw + kS

7.81
YLtk (7:81)

O =
It represents a law of levels, where the laser frequency @ lies between the cavity mode frequency
w and the atomic transition frequency 2. Which of the latter two frequencies dominates depends
on the respective weights in form of the damping constant x of the cavity mode and the line
width v, of the atomic transition. For instance, provided that s is larger than ~, the cavity
mode has such a short lifetime that the atomic transition survives and, thus, the laser mode
frequency @ coincides approximately with the atomic transition frequency €2 and vice versa. A
special case occurs for the resonance w = €2, when cavity mode frequency and atomic transition

frequency coincide, so the laser frequency (7.81) reduces to
w=w=10. (7.82)

Furthermore, inserting the obtained laser frequency (7.81) in the Einstein coefficient (7.55)
yields
_2|g’ (5 +71)?

T ) T (7:5)

Thus, the largest Einstein coefficient (7.83) for varying detuning A = w — Q occurs in the

resonant case (7.81), where we get

21g/”
W= =9 (7.84)

pan

which is independent of both frequencies w and §2.

7.7 Adiabatic Elimination

From the linear stability analysis of the rate equations in the previous section we deduce that

the dynamical behavior of the laser changes qualitatively provided that the control parameter
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Figure 7.4: Eigenvalues of the first stationary solution (7.75) in the complex plane in the vicinity

of the critical control parameter value (7.85).

Dy reaches the critical value Dy .. This motivates in the following to perform a subsequent
nonlinear analysis of the equations, which is valid in the neighborhood of this critical control

parameter value:

2K
DO ~ DO,crit. = W . (785)

In this region of the control parameter the eigenvalues of the first stationary solution (7.75)

obey the inequality
[A11(Do)| < [Ar2(Do)] (7.86)

as is illustrated in Fig. 7.4. Each eigenvalue (7.75) generates a typical time scale

1 1

TPl T bl (7:87)

T’Vl
Therefore, the inequality of the eigenvalues (7.86) is equivalent to a hierachy of the time scales
(7.87):

Tn 2> TD - (788)

This means that the photon number n(t) as the unstable mode is a slowly varying quantity.
Depending on the value of the control parameter Dy the photon number n(t) slowly decreases,
does not change, or slowly increases as is depicted in Fig. 7.5a). Contrary to that the population
inversion D(t) as the stable mode is a fast evolving quantity. Therefore, the inversion D(t) quasi

instantaneously tends to an equilibrium value
Deq.(t) = Deq.(n(1)) (7.89)

which is presribed by the slowly varying quantity, i.e. the photon number n(t). Note that
such an equilibrium (7.89) is known in the theory of dynamical systems as a center manifold.
In order to obtain the equilibrium value (7.89) one applies the approximation of an adiabatic

elimination of the fast decreasing quantity, i.e. the population inversion:

Deq.(t) = ¥ [Do = Deq.(t)] — 2W Deq (£)n(t) 0. (7.90)



212 CHAPTER 7. SEMICLASSICAL LASER EQUATIONS

ADIE)

P .
~— " :;"-Dc/ ut e, T—— D@;\ L)

Do < Vs, it
2) = T b) =

Figure 7.5: a) Photon number n(t) and b) population inversion D(t) change on a slow and a

fast time scale, respectively, in the vicinity of the critical control parameter value (7.85).

Solving (7.90) for the saturated population inversion in equilibrium D, (t) yields the quasi-
stationary result

Dy
Deq (t) = L4 2Wan(t) /v’

(7.91)

which is smaller than the unsaturated population inversion Dy being prescribed by the pumping
mechanism as is illustrated by Fig. 7.5b). Near the instability, when the photon number n(¢)

is smaller, this relation can be further approximated by

2W D,

Deqy.(t) = Do —
b ol

n(t) + O (n(t)?) . (7.92)

In the language of the self-organization theory synergetics one says that the photon number n(t)
has enslaved the population inversion Deq (t) via (7.91) or (7.92) [53]. This has the consequence
that the population inversion D(t) no longer represents an independent dynamical variable, so
that the two-dimensional system effectively reduces to a one-dimensional one. Indeed, inserting
the relation between the population inversion D, (f) and the photon number n(t) in the original

ordinary differential equation of the photon number n(t), one results in

2W?2Dy
Rl

A(t)

(—2k + W Dy) n(t) n(t)* + O (n(t)?) . (7.93)
This is the order parameter equation, which correctly describes the activity of the laser near
its threshold. Within the theory of dynamical systems it is classified as the normal form of a

transcritical bifurcation.

The order parameter equation can be compared with the evolution equation of a classical

particle in a conservative potential under the influence of friction:

mi(t) = —ax(t) — %{fg» . (7.94)

In the overdamped case it is allowed to neglet the inertial force. By choosing an appropriate

time scale according to t' = at and 2/(t') = x (/) we obtain

da'(t) OV (2'(t))
at’ 9/ (t')

(7.95)
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Figure 7.6: Shape of the potential (7.97) changes with the control parameter of the unsaturated
population inversion Doi a) DO < DO,CI‘it.7 b) D() = .D()’Cﬁt., and C) DO > DO,Crit.‘

This result shows that the order parameter equation (7.93) can be interpreted as the over-
damped mation of a particle in a conservative potential. Indeed, the order parameter equation

(7.93) can be reformulated as

OV (n(t))
)= '
n(t) an(t) (7.96)
by introducing the conservative potential
1 2W?2D
V(n) =5 (25 = WDy) n® + Torﬁ +0(n). (7.97)
I

The dependence of the potential shape on the control parameter Dy is illustrated in Fig. 7.6.
The extrema of the potential correspond to the stationary solution of the order parameter
equation (7.93). In case of Dy < Dy . the equilibrium value of the photon number vanishes,
which corresponds to lamp light, see Fig. 7.6a):

nd=0. (7.98)

At the critical point Dy = Do i, it takes longer to reach the equilibrium (7.98) as the potential
becomes flatter there, see Fig. 7.6b). This is a generic phenomenon of phase transitions known
in the literature as critical slowing down. But in case of Dy > Dy qit. the photon number

acquires a positive value

0 4] 2K 4] 2K
— N (p,—E)Y < W (p,—2E .
"2 = 5w D, ( 0 W) 1 ( 0 W) ’ (7.99)

which characterizes the laser light, see Fig. 7.6¢). In this way one recovers the results of the
linear stability analysis in the previous section from the nonlinear analysis. But in addition
it is possible to integrate the order parameter equation (7.93) analytically by applying the
method of separating variables. Thus, one obtains an approximation for the time evolution of
the photon number n(t) and the inversion D(¢) which is valid near the instability (7.85).
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Chapter 8

Quantum Theory of Laser

The semiclassical laser theory allows to describe many properties of the laser, which ultimately
originate from the induced emission and the absorption as elementary processes of the light-
matter interaction. For instance, we found both wthin a linear stability analysis and a nonlinear
analysis that there exists a critical pumping threshold above which the laser activity sets in, but
below which no light exists. The latter finding is insofar unsatisfactorialy as the semiclassical
laser theory does not cover the description of usual lamp light, which is based on the spontaneous
emission and which is, thus, only accessible within a full quantum mechanical treatment. This
means that, apart from the damping of the respective physical quantities, also their fluctuations
have to be taken into account systematically. With this it is then possible to analyze in detail
the fluctuation properties of the both the lamp and the laser light as well as the peculiar

coherence properties of the laser light.

To this end we set up in a first step the quantum Langevin equations for the homogeneous
single-mode laser and perform systematically an adiabatic elimination of the matter operators
at zero temperature up to leading order in the light-matter interaction strength. With this
we obtain a redual quantum Langevin equation for the photon operator, which contains apart
from deterministic terms also an additive noise term, whose strength represents the spontaneous
emission from all excited atoms. Subsequently we analyze the solution of the quantum Langevin
equation in the immediate vicinity of the classical stationary solutions found within the linear
stability analysis in the previous chapter. In this way we derive both for the lamp and the laser
light the seminal Schawlow-Townes limit, i.e. the minimal spectral linewidth of a laser, which

can not be undershot.

8.1 Homogeneous Single-Mode Laser

Let us start with the basic equations for the quantum theory of the homogeneous single-mode
laser. In order to simplify the following discussion we assume now to be at resonance, i.e. the

cavity mode frequency w coincides with the atomic transition frequency 2. With this we obtain
215
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from (7.2), (7.4), and (7.5):

S b)) = (miw—n) b(t) —ig" > du(t) +Tu(t), (8.1)
9 6,01) = (i =70 (1) g (DB(0) + T, (1) (52)
G4ty = [do = dul0)] + 2 [ B 0, 0) — 08, 0KO)] +Tu ). (83)

Here the bath expectation values of the respective Langevin operators are defined in (7.6)—
(7.15). They reveal the Markow property, i.e. a short memory of the Langevin operators, which
turns out to be crucial in the following as it allows to work out an approximative solution
for the quantum Langevin equation of the laser. Namely, the structural similiarity between
those quantum mechanical equations and the previous semiclassical laser equations (7.31)—
(7.33) motivates us to work out an adiabatic elimination solution strategy along similar lines as

in the previous chapter. To this end we start with the transformation into a co-rotating frame:

Q1) = G0, al(1) = GLOE, du(t) = d,(0). (8.4)

which also necessitates a corresponding transformation of the Langevin operators:

~
A =

Dy(t) = Ty(t)e™ Do (t) =Ta,(e™™, Ty (t) =Ty (1). (8.5)

Inserting (8.4) and (8.5) in (8.1)—(8.3) as well as omitting the tilde for all quantities we end up
with

9 b - BUCRLDICICESUE (8.6)
g%@u@) = LGy (t) +igd,()b(t) + Ta, (), (8.7)
9 a0y = [~ du(0)] + 2 [ B a0 06l OBO] + a0 (33)

Note that the transformation of the Langevin operators (8.5) does not affect the bath expec-
tation values (7.6)—(7.15) due to the assume resonance. In this co-rotating frame the damping
constants r, v, and 7 determine the time scales upon which the respective quantities vary.
Due to (7.46) and (7.47) the inequality of the damping constants

K<L, (8.9)

implies a time scale hierarchy. Whereas the field operator l;(t) varies slowly, the matter oper-
ators a,,(t), d,(t) vary fast. This motivates to perform an adiabatic elimination of the matter

operators &,(t), d,(t) as follows. The adiabatic elimination of &, (¢)

J .

5% G,(t) =0 (8.10)
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yields with (8.7):
() =i L d, (1)b(t) + — T, (£) . (8.11)

Inserting (8.11) into (8.8) yields together with an adiabatic elimination of d,,(t):

%Czu(t) = [do - CZ#@)} — % b (£)b(t)d,(t) + T, (t)
22 808, 0) = o}, (030] =0, o1

In the vicinity of the laser threshold the photon number operator

a(t) = b (£)b(t) (8.13)
is small, thus we conclude from (8.12)
5 N 4lg|? IV :
d,(t) ~do|1— b'(t)b(t)| + fluctuating terms. (8.14)
YL

Now we have to insert (8.14) in (8.11) and, subsequently (8.11) in (8.6) in order to obtain a
resulting evolution equation for the field mode operator l;(t) By doing so, we observe that the
fluctuating terms, which have not been further specified in (8.14), would lead to noise terms
for the field mode operator IA)(t), which are of quadratic or higher order in the light-matter
interaction strength g. As we restrict ourselves here to noise terms in (8.6), which are at most
of first order in g, we neglect the unspecified noise terms in (8.14). Note that the noise terms in
(8.14) would lead to multiplicative noise in (8.6), so their neglection simplifies considerably the
subsequent analysis. With this the adiabatic elimination of the matter operators &,,(t) yields
at first
: 2

%I;(t) = —rb(t) —ig" Y {Z% {1 - % bt (£)b(t) | b(t) + % f%(t)} +Ty(t). (8.15)

Using the unsaturated population inversion (7.36) with the atom number (7.37) as well as the

Einstein coefficient (7.84), the final quantum Langevin equation for the field mode operator
b(t) reads:

%B(t) _ (—/@' + sz 0) b(t) — @ bR (E) + Tronlt) (8.16)

Provided that the cavity mode is occupied with a large number of photons, the second quantized

photon operators could be substituted by c-numbers according to
b(t) ~ \/n(t), b (t) ~ \/n(t), (8.17)

so the deterministic part of the quantum Langevin equation (8.16) turns out to be equivalent
to the order parameter equation for the photon number n(t) derived in the previous chapter in

Eq. (7.93). Furthermore, we note that the resulting Langevin operator in (8.16) is given by

Pinlt) = To(t) —i2= 3" T, (1) (8.18)
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Its bath expectation values follow from those of the Langevin operators I'y(¢) and T a, (t), which
are defined in (7.6)—(7.12). The trivial bath expectation values read

(Ta®)) = (Fla®) = (Pa®lan(®)) = (FLu®L)) = 0. (8.19)

and the non-trivial bath average yields at first

(Fla®Twat)) = (CIOLWE)) +@22<fzu<t>fa,ﬁ<t'>> . (8:20)

B s

Inserting (7.9) and (7.12) we get again a correlation function with Markov property

(Tl wnlt)) = Qot —1) (8.21)

with the operator-valued amplitude
- _ l9/? ; 1 ;
Q = 2m(T) + RN [1 + (du(t))B} + 57 [do - <du(t)>B] . (8.22)
“w

The latter involves the bath average of the atomic population inversion, which follows from
(8.14) and depends on the thermal average of the photon number operator (8.13) via

4lgl?
Y1

(1)) = do [1 _ <ﬁ<t>>B} (8.23)

as the bath average of each Langevin operator vanishes according to (7.6). Furthermore, per-
forming the sum over all atoms in (8.22) with the help of (7.36) and (8.23), e.g.

™ (A1) = Do [1 _ HgP <ﬁ<t>>B] , (8.21)

” YL
as well as taking into account (7.37) the operator-valued amplitude (8.22) yields

~ 2 2 4 _9

YL Qhtal

Dy (4(1)y (8.25)

As already mentioned above, concerning the noise we restrict ourselves to the leading order in
the light-matter interaction strength g, which is of quadratic order, so the last term in (8.25)
can be dropped. Again this has the consequence that the more complicated multiplicative noise
term is neglected, which simplifies the further considerations. Provided that the temperature
T is small enough, we can neglect in addition also the thermal contribution and the operator-

valued amplitude (8.25) reduces to the c-number
5 gl
O =" (N+Dy). (8.26)
gan

Thus, under these assumptions the noise term in the quantum Langevin equation (8.16) turns

out to be additive due to (8.21) and (8.26). However, the question arises how the c-number noise
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strength (8.26) can be physically interpreted. To this end we recognize that (8.26) represents
the product of two factors. The first is identified to be the Einstein coefficient W defined for
vanishing detuning in (7.84), whereas the second one is recognized to coincide with the number

of excited atoms Ny due to combining (7.61) and (7.64), so we conclude
Q=WN;,. (8.27)

Therefore we arrive at the physical interpretation that the c-number noise strength (8.27)

corresponds to the spontaneous emission rate of all excited atoms.

8.2 Schawlow-Townes Limit

Let us analyze now the residual quantum Langevin equation of the photon operator (8.16). In
order to simplify the discussion we focus here upon the case that we are below the threshold
with a small number of photons, so that the nonlinear term is negligible. In that case the

nonlinear Langevin equation (8.16) reduces to a linear one

O - . .
57 0(8) = —Ab(t) + Duog(8). (8.28)

where we have introduced the abbreviation

~ WDy
5

K=k

(8.29)

As the damping constant x desribes the losses of the electric field due to resonator losses without
light-matter interaction, one is tempted to interpret (8.29) as the effective damping constant
in case that the light-matter interaction is taken into account. This would mean then that
increasing the control parameter Dy would correspond to a reduced laser linewidth. In order

to justify this interpretation we determine

for both lamp and laser light. Here we follow the physical notion to analyze the fluctuations of
the photon operators around the stationary solutions of the previous chapter. To this end we

perform the ansatz
b(t) = Vn® + 8b(t) (8.30)

where we have for lamp light according to
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Appendix A

Harmonic Oscillator

The harmonic oscillator represents a standard quantum mechanical model with which it is
possible to describe quite successfully, for instance, collective oscillations in molecules or in
solids. The Hamilton operator of a one-dimensional harmonic oscillator with mass M and

frequency w reads
. M
=L = 22 (A.1)

where one demands non-trivial commutation relations between the coordinate operator ¢ and

the momentum operator p:

[#,2]_=[pp]_=0,  [p2]_=-. (A.2)

The problem is now to solve the eigenvalue problem of the Hamilton operator
Hla) = Eola) (A.3)

i.e. to determine how the energy eigenvalues E, and the energy eigenfunctions |«) depend on the
quantum number «. Usually this representation-free eigenvalue problem (A.3) is transformed
into the coordinate representation, so it amounts to solve the corresponding Schrodinger equa-
tion by taking into account the appropriate Dirichlet boundary condition. In the following,
however, we proceed differently by solving the representation-free eigenvalue problem (A.3)

directly by taking into account the commutator relations (A.2).

At first, the two hermitian operators # and p are transformed into two new operators af and

a, which are adjoint with respect to each other:

Mw 1 Mw 1
it = /22 (35— —p i= /o (a4 —p) . Ad
¢ 2h (x wa>’ ¢ 2h (“wa) (A4)

The inverse transformation reads correspondingly

h
A /\T A~ A — . /\T A
T =\5370 (a' +a) , D i(a' —a) . (A.5)
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Here the physical dimension of the coordinate operator  is provided by the oscillator length
h/(2Mw), whereas the corresponding one \/hMw/2 of the momentum operator j is related
to the oscillator length via the Heisenberg uncertainty relation. Inserting (A.5) into (A.1), the
Hamilton operator of the harmonic oscillator can be expressed in terms of the new operators
a' and a, yielding
o hwo
H= 7(@% +aa'). (A.6)

Furthermore, the transformation (A.4) allows to deduce from (A.2) the commutation relations

between the new operators af and a:

la,a] = [al,a']_=o0, [a,a']_=1. (A7)
Using (A.7) the Hamilton operator of the harmonic oscillator (A.6) reduces to
ﬁ_m<ﬁ+%> : (A.8)
where the zero-point energy hw/2 and the operator
n=a'a (A.9)

appear. Applying the ABC-rule for commutators (2.61) we obtain the commutation relations
for the operator (A.9):

>

[

afl o = al, (A.10)
noal o = —a. (A.11)

—

Let us now consider the eigenvalue problem of the operator (A.9):
n|A) = A|A) (A.12)

As the operator (A.9) is hermitian, its eigenvalues A\ must be real. Furthermore, the com-
mutation relations (A.10) and (A.11) allow to investigate which consequences occur once the

operators a' and @ are applied to the eigenfunctions |\). On the one hand we read off from
(A.10) and (A.12)

nal|x) = (aln +af)|x) = (A +1)a’|A) = af[A) ~ [A+1), (A.13)
on the other hand we conclude from (A.11) and (A.12)
Mal\) = (ah—a) = (A —1)aly) = a4\ ~A—1). (A.14)

Thus, the operators a' and a can be considered as ladder operators, which allow to climb up or
down the ladder of eigenfunctions |\). Applying the raising (lowering) ladder operator a' (a)
to |A) yields an eigenfunction corresponding to an eigenvalue which is increased (decreased) by

one, see Fig. A.1
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A ’
7 ! | A+ >
A+A N a+
| AD
o -
5o 1A= 4>

Figure A.1: Raising (lowering) operator a! (@) increases (decreases) the quantum number \ of
the harmonic oscillator by one.

Furthermore, one can show that the eigenvalues A of the operator n are always positive by
taking into account (A.9) and (A.12) and by assuming without loss of generality that the

eigenfunctions |A) are normalized:
0 < (@Aax) = (Aafalx) = (A[R[A) = AAA) = A. (A.15)

From (A.14) and (A.15) we conclude that the eigenvalues A are given by positive integer number

including zero:
A=n=0,1,2,.... (A.16)

If there were a positive, non-integer eigenvalue A, one could apply iteratively the lowering ladder
operator a and reduce in this way the eigenvalue due to (A.14) until it would become negative.
But this would then contradict the inequality (A.15). Thus, due to this contradiction proof,
there must be a ground state |0) with the property

al0) =0 — (0la" =0. (A.17)
Based on this we construct now eigenfunctions |n), which are normalized
(njn) =1. (A.18)
At first, we deduce from (A.7), (A.9), (A.12), (A.16), and (A.18):
(a'na'n) = (n|aa’in) = (n|(a'a +1)|n) = (n|(A+1)In) =n+1. (A.19)

From (A.13), (A.16), (A.18), and (A.19) follows a rule how applying the raising ladder operator

a' upon the normalized eigenfunction |n) yields the next normalized eigenfunction |n + 1):

a'ln) =Culn+1) = C*n+1n+1)=n+1 = a'ln)=vn+1|n+1). (A.20)
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And then iterating (A.20) yields a prescription how the eigenfunctions |n) can be constructed
from the ground state |0) defined by (A.17):

n:LATn— :; &2271— — n:L&Tn
) \/ﬁ| 1) n(n—l)()| 2)=... = |n) m()|0>.(A.21)

Apart from being normalized according to (A.18), two different eigenfunctions |n) and |n') are

orthogonal:
(n|n"y =0, n#n'. (A.22)

Indeed, we have due to the eigenvalue problem (A.12) with (A.16) and the hermiticity of the
operator (A.9)

n(n|n’y = (An|n') = (n|an’y = n'(n|n'), (A.23)

which implies (A.22). Thus, (A.18) and (A.22) can be summarized by the orthonormality

relation
(n|n'y = 0p - (A.24)

Furthermore, the eigenfunctions (A.21) represent a basis for the Hilbert space of the quantum

mechanical harmonic oscillator, so they fulfill the completeness relation

> In)n|=1. (A.25)

For the sake of completeness we also determine the action of the lowering ladder operator a
upon the eigenfunction |n). At first we obtain from (A.12) with (A.16) and (A.18)

(an|an) = (n|a'aln) = (n|nln) = n. (A.26)
Thus, we conclude from (A.14) and (A.26)
an) = Dyn—1) = D n—-1n—-1)=n = aln)=+n|n—1). (A.27)

Finally, we read off from (A.8), (A.9), (A.12), and (A.16) the energy eigenvalues of the harmonic

oscillator

B, = hw (n + %) . (A.28)



Appendix B

Values of Riemann Zeta Function

Here we consider the generating function

(k) = /OoodxM (B.1)

et —1 7

A Taylor expansion of the sine-function in the numerator yields

I(k)=> % s (B.2)

—~ (2n+1)
so the integrals
00 2n+1
I, = / dz 2 (B.3)
0 e? —1

follow from the knowledge of the generating function via

2n+1
L, O

I, = I(k)

(=1) il (

(B.4)
k=0

Furthermore, from the geometric series follows a useful series representation for the Bose-

Einstein function

1 o0
= e B.5
pr— mZ e (B.5)
and taking into account the Schwinger trick (2.184) we obtain from (B.3)
I, = (2n+1)!{(2n +2) (B.6)

with the Riemann zeta (2.222). Thus, together with (B.4) we recognize

(_1)71, 62%4—1

I(k)|
(2n+ 1) o2t Y|

(2n+2) =

n € Ny, (B7)

i.e. the Riemann zeta function for even integers follows from the generating function (B.1).
225
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A2 &

1i—¢ ,)Z(;L( h

\ @< A e,

E ” ()[
\)} > =—> Re2
(}
A

Figure B.1: The Dirac comb (2.212) is an infinite series of Dirac delta functions with unity

spacing.

In order to calculate the generating function (B.1) we proceed as follows. At first we write

sin(kz) as the imaginary part of e**, so we can restate (B.1) as
o0 eikx
I(k)=1lim1 d . B.8
(k) = lim Im T (B-8)

€

In order to evaluate the integral we consider the following contour integral in the complex plane:

ikz
7{ dz—— . (B.9)
cery € —1

Here C(¢, R) denotes the contour from € to R, then to R + 27i, then to € + 2mi, then we go to

the point 27 — €2 avoiding the pole at 272 by taking a clockwise quarter circle with radius e

and center 2mi. From there we go to ez, and finally we return to €, avoiding the pole at zero by
taking a clockwise quarter circle with radius € and center zero, see Fig. B.1. Because there are

no poles in the integration contour we conclude from the residue theorem

ikz
f dz =0 (B.10)
cer) € —1

for any R > €. In the limit R — oo the integral along C, vanishes, and the integrals over C;

and Cj yield together:

’ / P eikz N / p eikz (1 —27rk) /oo J eik‘z (B 11)
1m z z = — € X . .
Rooo \ Jo, € —1 e, €°—1 . et —1

Correspondingly, we get for the integral over Cs:

eikz 2m—e e—ky
d = —1 dy — : B.12
/65 e 1 Z/e Ve 1 ( )

And, finally, for the integrals over C4 and Cg we use the fact that the integrations over clockwise

quarter circles around simple poles are given by —im/2 times the residues at the poles:

g0 T Res € T (B.13)
e e o1 9 s=2mi e — 1 2 ’ ‘

ikz ikz
/ dzS = T Res ¢ _ ;T (B.14)
Cs

er — 1 2 =0 ez —1 2
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We remember that the residue of a function f(z) at zy is defined as an anti-clockwise integral

along a circle C around zy, i.e.

Res ¢, _ b z f(z
/(2) / dz f(2), (B.15)

2=20  2mi

which is practically evaluated in case of f(z) having a simple pole at zy according to

Res £02) = 1im (2 — 2) f(2). (B.16)

2=Zz0 Z—20

Thus, we conclude from (B.8)—(B.14):

(1 - 727‘(‘/{) /ood eikx _ 1 /Qﬂed —ky _ E (1 + *27Tk) =0 (B 17)
€ ) i ot — 1 5 ) ye 5 e =V. .

In the limit € | 0 we then finally get for the generating function (B.8):

H@z—i+%aﬁh@. (B.18)

Using the Taylor expansion of the hyperbolic function

1 1 1
he=—-+-o——2°+... B.1
coth z x—l—gx 45x—|— , (B.19)

we obtain from (B.7) the special values of the Riemann zeta function for even integers:

((2) = %2, (B.20)
quz%. (B.21)






Appendix C

Atomic Units

The Bohr-Sommerfeld model for the hydrogen atom assumes that the electron is held in a
circular orbit of radius a by electrostatic attraction from the nucleus. The centripetal force is
equal to the Coulomb force, e.g.
Muv? B e?
a  4dmepa?’

(C.1)

where M and e denote the mass and the charge of the electron, respectively. This equation

determines the velocity v of the electron at any radius a:

62

The total energy E of the electron

reduces due to (C.2) for any radius a to

E=-—

(C.4)

S8mepa

Thus, the total energy (C.4) is half the potential energy, i.e. it is negative and inversely propor-
tional to a. This means that it takes energy to pull the orbiting electron away from the proton.
For infinite values of a the energy is zero, corresponding to a motionless electron infinitely far

from the proton.

According to the Bohr-Sommerfeld condition the angular momentum of the electron
L = Mva (C.5)
is not arbitrary but quantised via

L =nh (C.6)
229
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with the principal quantum number n € N. Inserting (C.2) into (C.5) yields with (C.6) that

the radius of the circular orbit is not arbitrary but takes the quantized values

an = apn’. (C.7)
Here the Bohr radius represents the characteristic length scale of the hydrogen atom, which is
given by
Amegh?
= C.8
B Me? (C8)
with the value
ag =05A=5-10""m. (C.9)
Another important length scale is the Compton wavelength of the electron:
2mh
Ac = —. C.10
©7 Mc ( )

The ratio of the two length scales (C.8) and (C.10) yields the Sommerfeld fine-structure con-
stant, which represents the smallness parameter of quantum electrodynamics:
. >\C . 62 _ 1

"~ 27map  4mhee 137

«

(C.11)

Furthermore, inserting (C.7) into (C.1) we get for the energy of the electron in the hydrogen
atom a result, which also follows from Schrodinger theory, i.e. a non-relativistic quantum theory

without spin:

1
E,=-Ry . neN. (C.12)

Here the Rydberg energy represents the energy scale

Me*

Ry = ———
Y 32m2e3h?’

(C.13)
which can be re-expressed in terms of the rest energy Mc? and the Sommerfeld fine-structure

constant (C.11):

1
Ry = 3 Mca? . (C.14)

With the rest energy Mc? of the electron being 0.511 MeV, this yields for the Rydberg energy
(C.14) the value

~0.511 MeV

_ — 13.6¢eV. 1
Ry TEGE 3.6V (C.15)

Any atomic frequency is then of the order

E(ay) o Mc? 5 C
o~ ot e~ — 1
Wi - o — « o (C.16)



Appendix D

Heisenberg Uncertainty Relation

Here we recall the Heisenberg uncertainty principle, which is of fundamental importance for
quantum mechanics. Defining the expectation value of an operator O with respect to some
state |¢) as follows

(0) = (¢|Of), (D.1)

we consider the variances of two hermitian operators A and B:

2

(AA)?) = (A7) —(4) = (A (A4)*) (D.2)
(AB)) = (BY)—(B)" =((B—(B) . (D.3)

o
Y

—~

The product of both variances then yields at first
(AAP) - ((AB)*) = (A= (A))*) - (B = (B))?)
= (A= (A)IA = (A)w) - (B~ (B)YI(B — (B))Y) - (D.4)

(D.5)

The right-hand side represents the absolute square of some complex number z € C for which

the following general inequality holds:

)
2> mm 2 = |22 D.
|27 > [Im 2| 5 (D.6)
With this follows the downward estimate
. . 11 . . 2
(A4®) - (aB?) = 1|48 (D7)

which represents the Heisenberg uncertainty for any pair of hermitian operators A and B.
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Appendix E

Useful Integrals

Here we deal with two integrals, which appear occasionally in theoretical physics.

E.1 First Integral

At first we determine the integral

/ dz 22T (E.1)

o x

where the integrand is known as the sinc-function. To this end we consider the family of

auxiliary integrals

I(a) = / dz 22 e ", a>0, (E.2)
0 T

which vanish in the limit that the family parameter a tends to infinity:
I(c0) =0. (E.3)

The partial derivative of (E.2) with respect to a then yields the elementary integral

ol e
(a) = —/ dr sinx e | (E.4)
da 0
which is straight-forwardly calculated, for instance, as follows:
0l (a) o ai 1 a-+1 1
da m/o re R Pt a’?+1 (E:5)
Integrating (E.5) with respect to a and implementing (E.3) we get b = 7/2 and with this
I(a) = g — arctana. (E.6)
Thus, due to (E.2), evaluating (E.6) at a = 0 leads to the wanted integral (E.1):
/ de 20— 9 1(0) = 7. (E.7)
o T

233
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E.2 Second Integral

Now we deal with the integral, which appears in (4.55):

00 a2
/ dr =2 (E.8)

2
00 T

where the integrand is the square of the sinc-function, which occurs, for instance, also at the

slit diffraction. Again we proceed by considering a family of integrals

J(b) = / " g S 0n) (E.9)

which fulfill the property
J(0)=0. (E.10)

Performing here the derivative with respect to the family parameter b yields

/) _ /OO 4 S0 C) (E.11)

ob x

—00

which reduces with the substitution z(x) = 2bx to the integral (E.7). Thus, we obtain a result,

which turns out to be independent of b:

aJ(b)
ob
Integrating (E.12) with respect to b and taking into account (E.10) we finally obtain

o (E.12)

/OO g ST _ J1) =7, (E.13)

xr2

—00



Appendix F

Selection Rules

In this Appendix we calculate the selection rules (4.106) for electric dipole transitions in the
hydrogen atom. To this end we have to investigate for which quantum numbers the dipole
matrix elements (4.105) do not vanish. To this end we have to take into account the wave
functions of the electron in the hydrogen atom, which are given in spherical coordinates by [40,
Sect. 9.2]

wnlmoﬂa 197 90) - Rnl(r)}/lm(ﬁ, QO) . (Fl)

It turns out that the selection rules are not affected by the radial wave function R,,(r), only

the angular dependences are decisive, which are determined by the spherical harmonics
Yim (9, @) = Ny P'™ (cos 9)e . (F.2)
Here the associated Legendre polynomials

m am
B (x) = (=)™ (1 = 2®)" o B(x) (F.3)
depend on the Legendre polynomials
1 d
) =g g

The spherical harmonics (F.2) are normalised according to

(% — 1) (F.4)

™ 2
/ dv sinﬁ/ ng }/l:n(’ﬁ, Qp)l/l’m’ (19, 90) = 5ll/6mm/ s (F5)
0 0

which determines the normalisation constants to be

Nlm:\/%“ (1 —m)! .6

4 (I+m)!

Now we investigate the matrix element (4.105), which is responsible for the spontaneous emis-

sion rate. Due to the assumption (4.100) it reduces to

i = [ @10, 0 2 i (9. (®.1
235
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Evaluating (F.7) in spherical coordinates, this matrix element factorises according to

Zfi = L« . [19#, (FS)
into the radial component
I. = /0 drr3 Ry i, (1) R, (1) (F.9)
and the angular component
s 2m
Iy, = /0 dvy sinﬁ/o do Yy, (9, ) cosV Y, m, (D, ). (F.10)

Inserting (F.2) into (F.10) yields
i 2
Iﬁ,go = / dy sinﬁ/ dgp lemfpl(fmf)(cos ﬁ)e*imfso cos ﬁNlimi Pl(imi)<cos ﬁ)eimw ) (F.ll)
0 0

Note that the associated Legendre polynomials satisfy the following recurrence relation [23,
(8.733.2)]

m l+1—m _m l+m _m
rP™ (z) = T (@) + G P")(x). (F.12)
Therefore we obtain for the angular integral (F.11)
g 2
Iy, = / i sin ¥ / dip Ny, P (cos ) e~ 26 (F.13)
0 0 '

li + mi Niym,

{li +1—m; Nym,

Ny 11 P (cos
2[1_1_1 Nli_i,_lmi li+1m; (COS )+

i Vi P cos0) |

Taking into account the normalization constants (F.6), we yield the side calculation

2ivi Nigim, (26 + )2l + 3) (L + 1 —my) '
= . F.15
2l + 1 Nyy—1m, \/(2@- +1)(20 — 1)l +my) (E-15)

With this the angular integral (F.13) goes over into

i u Li+1+my
Ly, = dv sin(d do Yy, (0 : : Vi ymi (9,

li — m;
+\/ @+ D@~ DG ) e <P)} ’ (F.16)

so that the orthonormality of the spherical harmonics (F.5) leads to

e O Ot 15 (Ormgmi (F-1
B {\/(2& D+ 3)(+ L=y T \/(QZi T (20 — D)0 +my) zf,lz_l} omi(FL17)

From (F.17) we read off the selection rules for the z-component of the dipole matrix element
in form of (4.106).




Appendix G

Lie Algebra Methods

G.1 Lie Algebra

A Lie algebra is a vector space G equipped with an inner product, called Lie bracket, which

maps the vector space into itself:

Gxg — g,
(AB)-»[AB} (G.1)
Such a Lie bracket has to fulfill the following properties. It is bilinear in both arguments, i.e.
[afw bB,C*} —a [A, é] b _B,O] , (G.2)
[A,bé + CCA'} = [121, B] +c [/1, CA'} , (G.3)
respects the alternativity
[AA}:Q (G.4)

and obeys the Jacobi identity
[A,[B.¢]] +[B.[c.4]] +[c.[4.B]] =0. (G.5)
In case of quantum mechanics the Lie bracket is obviously realized by the commutator
L&ﬂizAé_BA. (G.6)

From the closedness of the Lie algebra (G.56) follows that the commutator of any two operators
O;, Oj in the vector space G must be an operator [Ol, O]] within this vector space G. In case
of a finite-dimensional vector space G there must be a basis of linear independent operators

Ol, 02, cee On so that also the operators [O,, OAJ} can be expanded with respect to them:

N
|:0Ai, OAji| B = Z Cijkok . (G7)
037
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The basis operators Ol, Og, ..., Oy are called generators and the expansion coefficients c;;;, are
known as the structure constants of the Lie algebra. Note that the anti-commutativity of the

commutator (G.6)
[Oi, Oj] _— [Oj, Oi] (G.8)
and the Jacobi identity (G.5) imply the following constraints for the structure constants:

Cijk: = _Cjik s (Gg)
Cijk + Cjki + Crij = 0. (GlO)

G.2 Similarity Transformation

Let S be an invertible operator, so there exists its inverse S with the property

~

S5t =8"1§=1. (G.11)

Then such an invertible operator defines for any operator A of the Lie algebra G a so-called

similarity transformation:
A— SAST. (G.12)

For instance, the similarity transformed generators

~

O; — SO,57'; i=1,2,....N (G.13)

have the property that they have the same structure constants c;;;, of the Lie algebra as definied
via (G.7):

N
[50,571,80,57] =3 enSOL5. (@.14)
k=1
Thus, instead of considering the set of operators Ol, 02, e ,ON as the generators of the un-

derlying Lie algebra, one could also view SO1571, 50,871, ...,SONS™! as the generators.

Furthermore, let f(z) be any analytic function with a Taylor series
fl2) =) fid". (G.15)
k=0

Then the similarity transformation of the operator-valued function f (fl) can be pulled inside

the function by inserting multiple identities (G.11):

SIS =3 84S =Y i (5457) = g (345 (.16)
k=0 k=0
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In particular, in quantum optics we are often interested in a similarity transformation of the

form
Oi(t) = e20,e 2 (G.17)

where ¢ denotes a parameter, O; represents a generator, and Z is an arbitrary element of the

Lie algebra, so that it can be expanded with respect to the generators:

N
i=1

The similarity transformation (G.17) can be evaluated as follows. At first, we differentiate the
transformation with respect to the parameter ¢, which yields
dO;(t) tZ 5 A —tZ Z A5

ek 20,7 — 70, Ze7 = ¢t [Z, OZ] e 7 (G.19)

Inserting (G.18) therein allows to evaluate the commutators via the structure constants accord-

ing to (G.7), so we get

dO(t) N ) N N ) )
c;t =% Z 2 [Oj, OZ} B et = Z Z zjcjiketZOke_tZ. (G.20)
j=1 j=1 k=1

Thus, the similarity transformation (G.17) follows from solving an operator-valued set of cou-
pled first-order linear differential equations:

A N N
= ZjCjikOk(t) . (G21)

=1 k=1

The corresponding initial conditions can directly be read off from (G.17):

0;(0) = O; ; i=1,2,...,N. (G.22)

G.3 Disentangling an Exponential

Lie algebra methods can also be used to disentangle an exponential of operators into products:

etZ _ ef1(t)élef2(t)02 . efN(t)OAN ] (G.23)

Here Z is again an arbitrary element of the Lie algebra with (G.18). The aim is now to find
the unknown functions fi(t), f2(t),..., fx(t). To this end we follow the same strategy as in
the previous section and differentiate (G.23) with respect to the parameter . Multiplying in
addition from the right with the inverse of (G.23) yields

d;t eftZ _ Z — C;lt <ef1(t)01€f2(t)02 . €fN(t)ON> e*fN(t)ON L e*fg(t)02€ff1(t)01 ) (G24)
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Together with (G.18) this reduces to

ZZOAZ — f1<t)01 + f2(t)€f1(t)01026—f1(t)01 + f3(t)eﬁ(t)élef2(t)éz036—f2(t)026—f1(t)01

WE

=1
I fN(t)efl(t)OlefQ(t)OQ .. efol(t)OAN—lONe_fN—l(t)ON—l . e—fz(t)éze—fl(t)él . (G.25)

Here each similarity transformation SO,;57! on the right-hand side must be evaluated by us-
ing the techniques of the previous section. With this the right-hand side becomes a linear
combination of the generators O;. Comparing the respective coefficients on both sides of this
operator-valued equation yields a set of coupled first-order linear differential equations for the
functions fi(t), fa(t),..., fn(t). The corresponding initial conditions follow from (G.23) and

read

£i(0)=0; i=1,2,...,N. (G.26)

G.4 Heisenberg-Weyl Algebra hy

A prominent example for a Lie algebra is the four-dimensional Heisenberg-Weyl algebra hy,
whose generators consists apart from the identity operator 1 of three operators occuring for
a harmonic oscillator, namely the raising (lowering) ladder operator a' (@) and the number
operator i = a'a. From the respective non-trivial commutators (A.7), (A.10), and (A.11) one

can immediately read off all non-vanishing structure constants:

Caat1 = 1, Cata1 = —1, (G-27)
Chatat = 1, Catnat = —1, (G-28)
Chaa = —1 s Cana = 1. (G29)

G.4.1 Similarity Transformation

Let us consider for some complex number « the operator

A

and the corresponding similarity-transformed annihiliation operator

a(t) = eZae7 . (G.31)

From (G.20) and the non-trivial commutators (G.27)—(G.29) we read off that (G.31) satisfies

the differential equation

= ac&metz L J— (G.32)
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It is solved by
a(t) =¢ —ta, (G.33)

where the operator-valued integration constant ¢ is determined by the initial condition following
from (G.31):

a(0)=é=a. (G.34)

Thus, the similarity-transformed annihiliation operator (G.31) reads

a(t) =a—ta, (G.35)
Specializing for t = 1 we find that the similarity transformation for the coherent displacement
operator
D(a) = e? = ot~ (G.36)
is given by
D(a)aD () = a -« (G.37)

as (G.36) represents a unitary transformation:

~ A

D'(a) = D7 (). (G.38)

G.4.2 Disentangling an Exponential

Let us aim now for disentangling the operator e'? with Z given in (G.30) as follows:

ptaal—ta*a _ f1()al o fa(t)i fa(t)a fa(t) (G.39)

Applying the general disentangling rule (G.25) to the case (G.39) yields

il 0% = Fit)al + falt)eh ORI - fy(1)eh O OG0 0N
+f ( ) (t)at ef2(On  f3(t)a ,—f3(t)a f2(t)n6—f1(t)aT ) (G'40)

Here the occuring similarity transformations have to be evaluated one after the other in an

iterative way:
1al 5 —fital _ st fital 5 —Aal _ 5 atfi(t), (G.41)
10T (P20 g o= F2 (O o~ f1(aT _ —f2(8) Jf1(DaT 5 o~ fr(DaT _ o~ fa(t) a— fi(t)], (G.42)
10T (F2(8)i o f3(1)a g~ F3 (D)~ fa ()i~ fr(t)al _ 1 (G.43)

Note that we have used in (G.41) and (G.42) similarity transformations, which can be evaluated
along the lines of Section G.2:

ae " = G-, (G.44)

e ae™ " = e, (G.45)
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Thus, inserting (G.41)—(G.43) into (G.40) leads to the following set of differential equations:

a = fi(t) = ft)/i(t), (G.46)
0 = fot), (G.47)
—a* = f3(t)e PO (G.48)
0 = —fs() )+ f(t) (G.49)

They have to be solved by taking into the initial conditions, which directly follow from (G.39):

f1(0) = f2(0) = f3(0) = f4(0) = 0. (G.50)
The solution reads

A =at.  B=0.  fHB=-ot.  AH=-"20 0 (@sy

so the disentangling formula (G.39) reduces for t = 1 to the following result for the displacement
operator (G.36):

A

D(a) = e gmataglal?/2 (G.52)

Note that (G.52) represents the displacement operator D in normal ordering as the operators
are arranged in such a way that the creation (annihilation) operators are positioned to the
left (right). The corresponding antinormally ordered product form can be found by inserting a

unity factor:
a _ adl —a*a _—aal\ aal —|al?/2
D(a) = (e e % > e“e . (G.53)

The term within the round brackets is recognized to be a similarity transformation of the
operator-valued exponential function e=®"%. It is evaluated according to (G.16) by pulling the

similarity transformation inside the exponential function

~

D(«) = exp [eaé‘f (—a*a) eoal | gaal o—lal*/2 (G.54)
and by using (G.44), yielding

A

D(a) = e~ deadl glal’/2 (G.55)

G.5 Lie Algebra su(l,1)

The Lie algebra su(1, 1) is three-dimensional and the generators K1, K, K3 are defined by the

commutation relations

[K’l, f(z] =ik, [f(g, R’g} =ik, [K'g, K’l] =ik, (G.56)
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We recognize that they differ in one minus sign from the corresponding commutation relations
of the three-dimensional Lie algebra su(2), which is better known as the angular momentum

algebra, where the generators Ly, Ly, Ly obey
[ﬁl,EQ] — il [/iz, Eg} — Ly, [ig,ﬁl} — L. (G.57)

Note that for the Lie algebra su(2) one can choose as a different basis Ly=1L,+ilLyand ﬁg,
in which case the commutation relations (G.57) turn into
|:ZA—J+, f/,] - 2£3 5 |:j—/3, ii] - :i:f/i . (G58)

Correspondingly one can also consider f(i - K == zf(g and IA(g as the generators of the Lie
algebra su(1,1), which converts (G.56) into

[fg,f(_} — 9Ky, [f(g,f(i] — 4K, (G.59)
Thus, also the commutation relations (G.58) and (G.59) differ by one minus sign. Using the
raising (lowering) ladder operator a' (a) and the number operator 7 = a'a of the harmonic
oscillator one can construct a representation of the Lie algebra su(1,1) as follows:

42

. a . a? SR NS
K+—7, K_—?, Kg—g(ﬂﬁ‘g) (G60)

Indeed, from the respective non-trivial commutators (A.7), (A.10), and (A.11) we deduce that
(G.59) is fulfilled.
G.5.1 Similarity Transformation

Here we consider the similarity transformation of the annihilation operator a

a(f) = e“ae™? (G.61)
with the operator
A a’ at?
Z=——§&—. G.62
-6 (G62)

Taking the derivative

G.5.2 Disentangling an Exponential

In order to obtain the squeezing operator in normal ordering, we make the ansatz

otZ _ oI (Da?/2 f3(t)(+1/2)/2  f - (t)a® /2 (G.63)
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with the operator (G.62). Rewriting (G.63) in terms of the generators (G.60) of the Lie algebra

su(1, 1), this disentangling of the exponential reads

Pl K- —€Ky) _ o f+ (DK f3()Ks f- (VK- (G.64)

Applying the general disentangling rule (G.25) to the case (G.64) yields at first

f*f(, — SKJF = f+(t)f(+ + fS(t)eer(t)KﬂL[A(Se*er(t)KjL
+f_ (t)eer(t)f(wL€f3(t)f<3K_e—f:s(t)kgge—fl(t)KﬂL ) (G.65)

Here the respective similarity transformations have to be evaluated one after the other in an

iterative way following Section G.2:

e Kt Kye K = Ky — sK, (G.66)
SRR e Ks = e K (G.67)
K e R = K —2sKs+ K, (G.68)

Thus, inserting (G.66)—(G.68) into (G.65) leads to the following set of differential equations:

& = fo(t)e PO, (G.69)
0 = fa(t) = 2f(t)f-(t)e 1, (G.70)
—& = fo(t) = Fo @) fa(t) + Fo () f2(H)e D (G.71)

They have to be solved by taking into account the initial conditions, which follow straight-
forwardly from (G.63):

f+(0) = f3(0) = f-(0) = 0. (G.72)

Combining (G.69)—(G.71) leads to the Ricatti differential equation:

fit) - €200 = —¢. (.73
With the polar decompositions & = [£|e?, £* = ||e™"?, and the solution ansatz
— et @ 4

the nonlinear Ricatti differential equation (G.73) reduces to the linear differential equation
iit) — |§]*u(t) =0 (G.75)

provided one chooses the constant ¢ to be fixed by ¢ = —1/|¢|. Solving (G.75) by taking into
account the initial condition (G.72) yields due to (G.74)

Fo(t) = —€ tanh (|€]t) . (G.76)
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Correspondingly we then obtain from (G.69)—(G.72) also the other functions:

f3(t) = —21In[cosh (|¢]t)] , (G.77)
f—(t) = e tanh (|¢|t) . (G.78)

Substituting the results (G.76)—(G.78) back into Egs. (G.62), (G.63) and specializing to t = 1,
we find that the disentangled exponential reads

) n+1/2 )
6(5*A27£a1‘2)/2 _ e—el‘Ptanh|§\dT2/2 ( 11 |§|) eeflvtanh\§|&2/2 ) (G79)
COS
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